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ABSTRACT

Title: Topological Classes of Stationary Axisymmetric Black Holes

In recent years, the study of black holes has gained significant attention, particularly in the
context of their topological properties. In this thesis, we investigate the topological numbers
of Kiselev black holes, rotating Kiselev black holes, Kerr-Newman black holes, and Kerr-AdS
black holes in the presence of a quintessential field. Our primary focus is to analyze whether
the quintessential field influences the topological number of these black holes. We classity the
black holes into three topological classes based on the topological: —1, 0, and 1. Through our
analysis, we find that the presence of the quintessential field does not affect the topological
number of these black holes. Additionally, in the case of Kerr-Ads black holes, we observe the
presence of an annihilation point. To further investigate the impact of the quintessential field,
we explore the effect of the state parameter @ within the interval —1 < @ < —1/3 by selecting
different values. Our results indicate that while the curves exhibit slight deviations, the winding
number and topological number remain unchanged. Similarly, we analyze the impact of varying
the quintessential parameter ¢ and find that it does not alter the topological number of black
holes. These findings suggest that the quintessential field does not play a role in modifying the
topological nature of black holes. Since topological numbers are crucial in understanding black
hole thermodynamics, our study provides valuable insights into the stability and classification of

black holes in the presence of exotic fields..
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CHAPTER 1

INTRODUCTION

1.1 General Relativity

The Newtonian theory of gravity is based on the idea of time as a universal quantity that is
the same for everyone, regardless of whether they are moving or at rest. In this framework, time
is independent of the observer’s velocity and position in space. Thus, according to this theory,
the arena of physics is 3-dimensional space. Furthermore, Newton explains gravity as a force
that attracts distinct objects to each other, which is proportional to their masses and inversely
proportional to the distance between them. The Newtonian theory provides a mathematical
expression for calculating the gravitational force, but it does not explain why distant objects are
attracted to each other. This theory best describes the motion of bodies moving at low velocities
compared to the speed of light and motion in weak gravitational fields. However, it is unable to
explain the bending of light due to massive gravitational objects and, particularly, the shift in
Mercury’s orbit.

In 1905 his theory of special relativity, Einstein proposed that time is not universal; that is, it
is not the same for everyone. Instead, it depends on the observer’s velocity [1, 2]. So, instead of
a 3-dimensional space, he introduces the idea of spacetime, which combines space and time into
a single 4-dimensional manifold called spacetime. John Wheeler summarized this as "spacetime
is the arena of physics where all events occur" [2]. Einstein extended the framework of special

relativity to include gravity, introducing the concept that gravity arises from the curvature of



spacetime caused by mass and energy. Therefore, general relativity focuses on understanding the
shape and structure of spacetime using a type of geometry called pseudo-Riemannian geometry.
The line element that provides the spacetime interval between two events in the special theory of

relativity can be written as
ds® = —c*dt* + dx*> + dy* + d2, (1.1)

where c represents the velocity of light and negative sign in the first term on the right-hand side
is due to the signature choice (—,+,+,+). The line element is an invariant quantity, equivalent
to the distance measured in Euclidean space. The spacetime interval between two events can be
zero, positive, or negative. The general form of the line element required to study the spacetime

manifold used the pseudo-Riemannian metric and is can be expressed as [2]
ds* = guvdxtdx', (1.2)

where i1, v =0,1,2,3 and g,y represents the second-rank. Einstein’s theory of general relativity
relates the curvature of spacetime to the distribution of matter and energy within it through the

EFEs, given as [2, 3, 4]

1
Ruv_ERguv +Aguv = kTyy, (1.3)

Here, Ry, represents the Ricci curvature tensor, R denotes the Ricci scalar, A is the cosmological
constant, and 7y, is the stress-energy tensor representing the distribution of matter and energy in

spacetime. The constant k, referred to as Einstein’s constant, is defined as

where G is Newton’s gravitational constant and c is the speed of light in vacuum. This constant
determines the strength of the coupling between the geometry of spacetime and the matter-energy
content within it. According to J. A. Wheeler, this theory implies a dynamic interplay between
space and matter: space drives matter movement, while matter controls space curvature. In the
above field equation, Einstein introduce the the cosmological constant A, used this constant
to maintain a static universe solution, as the popular belief then was that the cosmos was
unchanging, neither expanding nor contracting. The cosmological constant was designed to
oppose the gravitational attraction between matter in the cosmos, creating a repulsive force
that could balance the gravitational pull and keep the universe steady. It was mathematically

expressed as A in EFEs. However, in 1929, Edwin Hubble’s pioneering observations of distant



galaxies revealed that the cosmos is not static, but rather expanding. Hubble’s finding, known as
Hubble’s Law, revealed that galaxies are moving apart, indicating that the universe is expanding.
As a result of this realization that the cosmos was not static as he had first believed, Einstein
was able to declare the introduction of the cosmological constant the "biggest blunder" of his
career. Even though Einstein was initially skeptical, the cosmological constant has subsequently
been reexamined in cosmology as a potential explanation for the universe’s observed accelerated
expansion, especially in light of dark energy. Therefore, EFEs without a cosmological constant
can be expressed as,

1

The four dimensions of spacetime (one-time dimension and three spatial dimensions) are rep-
resented by the numbers 0, 1,2, and 3 for the indices u and v. A system of ten equations
comes from each pair of indices (i, v) since the metric tensor guvis symmetric (i.e., guy = 8vu)-
Expanding the EFEs forms a system of ten partial differential equations. These mathematical
equations clarify how matter and energy (represented by the stress-energy tensor, 7y, affect
spacetime geometry (through the metric tensor g,v). Second derivatives of the metric tensor
components are involved in these second-order equations. Due to their extreme nonlinearity,
the terms include complex relationships between the derivatives and products of the metric
components. The first and second derivatives both illustrate this non-linearity. Because the
EFEs are linked and non-linear (each equation depends on several variables and functions),
solving them directly for a generic situation is very difficult. There are certain presumptions
and simplifications made to handle this complexity. Physical relevance has been suggested for
matter and energy distribution (the stress-energy tensor 7;,y. The equations are made simpler by
making assumptions about spacetime symmetries (such as spherical symmetry or static solutions).
By making assumptions about the symmetries and features of spacetime, we can reduce the
number of independent variables and functions to solve. Selecting a suitable coordinate system
can make the problem even simpler. A vacuum, which has no matter or energy in it, is the
most straightforward scenario to think about. The stress-energy tensor 7, = 0 in this instance.
The Minkowski spacetime, which is a representation of flat, space with no curvature, is the
solution with the highest symmetry in a vacuum. In Minkowski spacetime, the metric tensor has
been given by g,y = diag(—1,1,1,1), showing a flat spacetime with different time and spatial
dimensions, where distances are measured as they would be in Euclidean space [2, 3, 4].

Astronomically, these objects are formed when a massive star (greater than 1 the mass of



three solar masses) collapses due to its gravitational pull at the end of its life cycle. Astronomers
categorise BHS into three primary groups: intermediate-mass, supermassive, and stellar mass.
A stellar-sized BH is formed when a star is at least 20 times as massive as the Sun collapses.
Supermassive BHs are huge-sized black holes with a mass range from 105 to a billion solar
masses. Every galaxy is believed to have a supermassive BH in its center. Recently, the Event
Horizon Telescope has released images of the supermassive BH at the center of our Milky Way
and the neighbouring galaxy M87 [5].

Spacetime, as described by black holes, is a fascinating and complex concept in the context of
general relativity, Albert Einstein’s theory of gravity. According to general relativity, space and
time are interconnected into a four-dimensional fabric known as spacetime. Imagine spacetime
as a massive, flexible trampoline. Normally, everything is smooth and flat, but near black holes,
things become chaotic. According to physicist John Wheeler, spacetime is not constant at the
smallest scale. Instead, it resembles a bubbling pot of water, constantly moving and rattling.
This "foamy" character implies that spacetime is not stable but fluctuates constantly. Wheeler’s
idea helps us understand how space and time operate in the severe conditions around black holes
when gravity’s pull is powerful [2]. We’ll review fundamental concepts from Newtonian and
special-relativistic perspectives on space and time to understand the relativistic theory of gravity.
To define an event uniquely, we must assign it three Space and time coordinates defined relative
to a frame of reference. To define a system S, consider three mutually orthogonal Cartesian axes
(x,v,z) and a system of synchronized clocks at rest z. The four coordinates (z,x,y,z) label time
and space events. In technical terms, it constitutes a 4-dimensional manifold (M, g); essentially,

a space resembling a Euclidean 4-dimensional space on a local scale.

1.2 Black Hole

The escape velocity of a gravitation body is the minimum speed required for an object to
overcome the gravitational pull of body, without needing any extra thrust. It is a fundamental
concept in astrodynamics and celestial mechanics, crucial for understanding space travel and the

behavior of celestial objects [6]. The escape velocity of any gravitational object of mass M at a



distance r from its center of mass is defined as

2GM
Vese = P (15)

where G denotes the universal gravitational constant. From the definition of escape velocity, we
can see that at any point P, the escape velocity of a gravitational object is directly proportional to
the square root of its gravitational mass M and inversely proportional to the square root of the
distance r from the center of the gravitational object. For reference, the escape velocity at the
surface of Earth is 11.3km/s, while for the Sun, it is 615km/s.

A black hole forms when a significant amount of mass is compressed into a very small space,
usually within the Schwarzschild radius. For example, if you could compress three times the
mass of the Sun into a space smaller than its Schwarzschild radius, a black hole would develop.
The concept of escape velocity is critical to understanding black holes. As an object’s mass
increases, its escape velocity also increases, meaning the gravitational pull becomes stronger,
making it more difficult for anything—including light—to escape.

Classically, black holes are defined as gravitational objects with extraordinarily strong
gravity, such that their escape velocities exceed the speed of light [2]. Therefore, to escape a
black hole’s pull, an object would need to move at a velocity greater than the speed of light,
which is not possible. Consequently, nothing not even light can escape from the black hole’s
spacetime. As light loses its ability to escape the gravitational pull, we cannot see these objects
directly; however, we can observe them by studying the behavior of neighboring stars and their
environments. Initially, these objects were called dark stars and were later named black holes [7].
A spherical boundary in spacetime around the singularity, at which the escape velocity is exactly
equal to the speed of light, is called an event horizon. Inside this surface, the escape velocity
exceeds the speed of light, meaning that nothing can escape—not even light. Outside this surface,
the escape velocity is less than the speed of light, allowing light to reach an observer at a distance
far away from the central object. This boundary is known as the black hole’s event horizon [8].
Matter collapses under its gravitational pull to form a black hole, and when it reaches a critical
density, the escape velocity becomes greater than the speed of light.

A black hole’s "information paradox" arises because any knowledge about its contents is
permanently concealed beyond its event horizon. There are two types of black holes: static
and rotating. The event horizon of a non-rotating black hole is spherical and stationary, while
rotating black holes have two horizons. These have an oblate spheroid shape, with an inner and

outer event horizon (the outer being analogous to the Schwarzschild horizon). The event horizon



itself is undetectable; therefore, gravitational lensing and Hawking radiation are used to explain

observations [9, 10]

2GM
Rs= "5

(1.6)

C

In this case, G signifies Newton’s gravitational constant, and c¢ stands for the speed at which light

travels in a vacuum.

1.3 Schwarzschild Black Hole

In 1916, shortly after Einstein presented his theory of general relativity, Karl Schwarzschild
provided the first solution to EFEs. He considered a point gravitational source of mass M is
located at the origin and else there is a vacuum everywhere. Further, he consider the spacetime to
be spherically symmetric and static and obtained the solution of EFS known as the Schwarzschild
spacetime solution.

The line element of a Schwarzschild black hole in spherical coordinates (in natural units,

G =1,c=1) can be written as [1, 2]

ds? = — (1 — ZTM) dr* + (1 — 27M) _ldrz + r2d0?% + r?sin® 0d 9> (1.7)
Here ds” is the line element representing the distance between the two spacetime events, 0
coordinate (similar to latitude) and ¢ is coordinate (similar to longitude) and M is mass of the
central body, ¢ is time coordinate r is coordinate (distance from the center). As gravity increases
(higher M), these terms diverge from one, showing that spacetime is no longer flat. The metric
coefficient g;; is not defined at r = 0, the origin itself, which is the essential singularity of the
spacetime where the curvature invariants are not well defined and the laws of physics break
down. There is another location » = 2M called the Schwarzschild radius, at this location the
metric component g, is not define how ever the curvature invariants are finite, hence showing
that this is not an essential singularity but it is a coordinate singularity that can be removed
using a coordinate transformation. This surface is of great instead and is the event horizon of the
Schwarzschild black hole, and behaves like a point of no return because inside this surface the

escape velocity is greater than the speed of light, and at this surface the escape velocity is exactly

equal to the speed of light.



The Schwarzschild solution is suitable for describing the gravitational field outside a spherical,
non-rotating mass (for example, a star, planet, or black hole), assuming the black hole is either
non-rotating or rotating slowly. If the conditions for collapse are just right, black holes of various
masses may exist. The photon sphere is a region located just outside the event horizon, at 3/2
times the Schwarzschild radius. In this region, light can theoretically travel in circular orbits;

however, even a minor disruption can causes the light to either fall into the black hole or escape.

1.4 Reissner-Nordstrom Black Hole

Following the formulation of general relativity by Einstein in 1915 and the subsequent
discovery of the Schwarzschild solution in 1916, the study of black holes expanded significantly.
In this context, Hans Reissner and Gunnar Nordstrom independently developed the Reissner-
Nordstrom solution, with Reissner’s work in 1916 and Nordstrom’s in 1918. This solution
builds on the Schwarzschild metric by incorporating the effects of electric charge, addressing
both electromagnetic and gravitational fields. Specifically, the Reissner-Nordstrom solution
considers the influence of an electric charge ¢ and a mass M. Outside a charged black hole, the
metric describing spacetime remains static and spherically symmetric, indicating that it does
not change over time. Notably, the solution satisfies both Maxwell’s equations, which govern
electromagnetic fields, and Einstein’s field equations, which describe gravitational fields.

The line element of the Reissner-Nordstrom black hole can be written as [1, 11]
M P M P\
ds?> = — (1 -+ —2) dr* + (1 -+ —2> dr* +*d6* + r’sin® 0d¢>.  (1.8)
r r r r

Here, the time component g;; represents the time dilation effect due to the blak hole mass and
charge. The radial component g, explains how the gravitational and electromagnetic fields
increase distances in a radial direction. The angular components (ggg and g¢¢) describe the
geometry of a 2-dimensional sphere of radius r in terms of the angles 0 (colatitude) and ¢
(longitude). The term 2M /r represents the gravitational potential due to the mass M of the
BH. The expression ¢?/r? describes the electrostatic potential resulting from the charge g of
the spacetime. The metric reduces to the Schwarzschild solution for ¢ = 0, where the BH is
described as uncharged. In addition to gravitational attraction, the presence of g modifies the

Schwarzschild metric by adding a repulsive electrostatic force.



Note that, unlike the Schwarzschild black hole, the Reissner-Nordstrom line element has two
locations where the metric component g, is not well defined, referred to as the two horizons:
the inner horizon (r_) and the outer event horizon (7). These horizons are found by solving the

horizon equation > — 2Mr + ¢*> = 0, yielding the value
ry =M%~/ M?— g2 (1.9)

The above equation shows that the line element (1.8) represents the Reissner-Nordstréom black
hole with two horizons only if ¢ < M. For M = g, the two horizons merge to a single horizon
and the line element represents an extremal black hole. However, for M < ¢ the horizon equation
has no real root and the essential singularity at r = 0 is not covered by an event horizon and can
therefore be observed by an outside observer. In this case, the element is referred to as a naked
singularity, and the spacetime is not classified as a black hole.

The electromagnetic field surrounding the charged black hole is described by the vector
potential A%, which has four components. The first component of the four-potential corresponds
to a purely electrostatic field (with no magnetic component) and has a potential that falls off as
1 /r. This solution illustrates how the interaction between general relativity and electromagnetism
shapes the geometry of spacetime around a charged black hole.

A charged, non-rotating massive object is described by the Reissner-Nordstrom metric. The
Schwarzschild metric, which represents an uncharged, non-rotating massive object, is obtained
by setting the charge g = 0. Both metrics approximate the Minkowski metric, which describes

flat spacetime, as the ratio 2M /r approaches 0. [2, 3, 4].

1.5 Kerr-Newman Black Hole

The Kerr and Kerr-Newman black holes are types of rotating black holes proposed by Roy
Kerr and Ezra Newman in the early 1960s. Rotating black holes form when a massive, spinning
star undergoes gravitational collapse, or when compact objects, such as stars, collide with a total
angular momentum that is not zero. Since all known stars rotate and realistic collisions typically
involve nonzero angular momentum, it is expected that all black holes in nature are rotating.

The Kerr black hole is characterized by two parameters: mass M and rotation a. In contrast,

the Kerr-Newman black hole generalizes the Kerr solution by introducing an additional parameter:



the charge g of the black hole. This generalization was a significant advancement, providing a
comprehensive description of rotating, charged black holes.

A key result in the study of general relativity is the Kerr-Newman solution, which represents
the most complete description of a black hole that accounts for mass, charge, and rotation.
It offers valuable insights into how black holes behave under various physical scenarios and
highlights the diversity and complexity of solutions to Einstein’s field equations [2, 3, 4]. The
spacetime surrounding a BH is described by the three parameters of the Kerr-Newman metric is

given by:

2 in2 2
ds? = A[a’t—asinzedtp] +§dr2+zdez+¥[(r2+a2)d¢—adt], (1.10)

'z

where
A:r2—2Mr+Q2+Cl2 and ¥ =r’+ a*cos?0. (L.11)

The one-form of the electromagnetic 4-potential, which defines the electromagnetic field in

spacetime, is expressed as

,

Apdxt = —% <dt - asin26d¢>. (1.12)
This expression provides a description of the electromagnetic interaction in the context of
spacetime geometry, incorporating the influence of the black hole’s rotation.

The black hole possesses two horizons, which correspond to the real solutions of the equation.
P —2Mr+Q*+a*> =0, (1.13)

and can be expressed as
re =M+ VM?>—Q?>—a® with a*+ Q> <M. (1.14)

If M? < a®> 4+ Q?, the solutions become imaginary, and the line element (3.7) in this scenario
represents a non-static solution. The Kerr-Newman black hole (KNBH) features a crucial ring
singularity at ¥ = 0, which corresponds to a special condition at r = 0. When the charge Q is set
to zero, the line element and other quantities reduce to that of the Kerr black hole. In contrast, for

zero rotation, the line element of the Reissner-Nordstrom black hole (RNBH) is fully recovered.
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1.6 Hawking Radiation

Traditionally, black holes are thought to have so strong gravitational attraction that nothing,
even electromagnetic radiation, can escape them. It is impossible for anything to return once

inside. Thus, a black hole can expand over time.

1.6.1 Quantum Mechanics and Hawking Radiation

In 1974, Stephen Hawking made a revolutionary discovery about black holes. Building on
the work of Jacob Bekenstein, who proposed that black holes have entropy and temperature,
Hawking demonstrated that black holes can emit particles using quantum mechanical concepts.
This emission, known as Hawking radiation, takes place close to the event horizon and is driven

by quantum fluctuations along the black hole event horizon [12, 13].

1.6.2 Black Hole Evaporation

Hawking radiation has significantly altered our knowledge of black holes. Instead of being
consuming creatures, black holes are now known to release radiation and lose mass over time.
As a black hole emits Hawking radiation, it loses energy, causing its mass to steadily decrease. If
a black hole loses enough mass through this mechanism, it will eventually evaporate, leaving no
remains. A significant distinction exists between the thermal energy radiated from a black body
and the radiation predicted by Hawking for black holes. Thermal radiation retains information
about the emitting body, whereas Hawking radiation appears to lack such information. By the
"no-hair theorem’, this discrepancy suggests that the characteristics of Hawking radiation are
solely influenced by the BHs mass, angular momentum, and charge. This dilemma is known as

the BH information paradox [12, 14].
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1.7 Black Hole Thermodynamics

Thermodynamics is a branch of physics that deals with heat, energy, and how they move
through or change in systems. Thermodynamics of BH is the study of BHs through the application
of heat and energy laws. In addition to advancing our understanding of BHs, this research has
given rise to new ideas regarding the possible connections between quantum mechanics and
gravity, such as the idea that data about a black hole may be stored outside of it on its surface.
It also tries to make a connection between the characteristics of BHs, particularly their event
horizons, and the laws of thermodynamics, which explain heat and energy.

For the validity of the second law of thermodynamics, BHs need to have entropy. The basic
principle that entropy constantly grows would be broken if BHs had no entropy, leading to a
scenario in which the universe’s overall entropy decreased. Because entropy grows with the
size of the BHs event horizon, the universe’s total entropy also grows, by the second law of
thermodynamics.

According to Jacob Bekenstein, entropy (a measure of disorder or hidden information) is

present in BHs and is correlated with the size of the event horizon, which is the black hole’s
border. Additionally, he suggested that independent of what falls into them, black holes just have
three properties: mass, charge, and spin. These concepts allowed us to better comprehend black
holes and relate them to the rules of thermodynamics. Jacob Bekenstein postulated in 1973 that
a BHs entropy is correlated with the size of its event horizon. He proposed that the constant
of proportionality should be about equal to In2/0.87, or 0.276. If this value was not the real
constant, according to Bekenstein, it should be quite near to it.[15]
Stephen Hawking discovered that black holes release thermal radiation the next year, in 1974.
This radiation is now referred to as Hawking radiation, and it is associated with a certain
temperature, known as the Hawking temperature. Bekenstein’s idea was confirmed by Hawking
using the principles of thermodynamics, which demonstrate a connection between energy,
temperature, and entropy. He discovered that 1/4 is the true constant of proportionality for black
hole entropy.

Bekenstein implies that a black hole’s entropy, which measures its disorder or information
content, is proportional to its surface area rather than its volume. But the Bekenstein-Hawking
formula is a development and improvement of Bekenstein’s concept, which was created in

collaboration with Stephen Hawking. It gives the relationship between entropy and surface area
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and a precise formula for determining a black hole’s entropy. The formula is
KA
=—.

4.7

The entropy is represented by S, the event horizon area by A, the Boltzmann constant by K,

S (1.15)

and the Planck length (a concise length scale) by .,2”1)2. Black holes follow four rules that define
their behaviour. These regulations are similar to the laws of thermodynamics, which describe
the behaviour of heat and energy. Stephen Hawking added to the laws after they were initially
found by James Bardeen, Brandon Carter, and Jacob Bekenstein. A unified spacetime measuring

system illustrates the Laws of BH mechanics, making calculations simpler [16, 17, 18].

1.7.1 The Zeroth Law

When considering a stationary BH, the horizon’s surface gravity remains constant. The
zeroth law of thermodynamics and the zeroth law of BH mechanics are comparable. According
to thermodynamics, an object’s temperature is constant everywhere if it is in thermal equilibrium.
According to this law, the surface gravity of a stable BH is the same anywhere on its event
horizon. Surface gravity is similar to the gravitational attraction of a BH. Over a stationary BH’s

horizon, the surface gravity stays constant, just as temperature is in a stable system.

1.7.2 The First Law

The following relationship applies to stationary black holes: changes in area, angular mo-

mentum, and electric charge are correlated with energy changes.

k
dEzédA+QdJ+CI>dQ, (1.16)

where dE represents the change in the BHs energy. Under general relativity, a BHs energy is
proportionally linked to its mass; hence, this energy change is related to the BHs mass k; denotes
the surface gravity of the BH, dA indicates the change in the area of the BHs event horizon.
Q refers to the angular velocity at the BHs horizon, dJ shows the change in the BHs angular
momentum, P represents the electric potential at the BHs horizon, dQ denotes the change in the
BHs electric charge.

A system’s overall energy is affected when heat is added, which changes the system’s

temperature, or when the system’s disorder, or entropy, increases. The relationship between the
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change in entropy and temperature and the change in energy is demonstrated by the equation

dE =TdS.

1.7.3 The Principle of the Second Law

The complete entropy of a closed system always rises or remains constant over time in any
natural process. It never decreases. It was believed that the black hole’s horizon should never
shrink in size. Considering that the horizon area equals entropy, then this area should always
increase or remain the same, which is why this concept is comparable to thermodynamics’ second

law. This can be stated as

dA
— >0. 1.17
dr — ( )

Hawking’s research demonstrated that black holes can release radiation, or "Hawking radiation,"
which causes the holes to lose mass and energy. The BHs mass and horizon area both diminish
as a result of this emission.

The second law of thermodynamics seemed to be broken if the horizon area of a BH could
contract. The generalized second law of thermodynamics (GSL) was developed to address this.
The BHs entropy and the entropy of the surrounding universe are combined in the GSL. It says
that the total entropy of the universe, which includes the BH, never diminishes when considering
both the entropy inside and outside of it. This implies that even in the presence of Hawking

radiation, the second rule of thermodynamics remains valid.

1.7.4 The Third Law of Thermodynamics

When the temperature becomes closer to absolute zero, the entropy of a flawless crystal
should approach 0, according to the third law of thermodynamics. Since real materials aren’t
perfect crystals and achieving absolute zero isn’t feasible, applying this law is complicated at low
temperatures due to quantum phenomena. For applied thermodynamics, this makes the third law
less helpful. There is controversy around the third law of black hole thermodynamics because

many unique black holes contradict the established theories [13, 18].
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1.8 Dark Energy and Dark Matter

1.8.1 Dark Energy

The accelerated expansion of the universe is widely attributed to dark energy, a mysterious
form of energy that permeates all of space and exerts a repulsive force on cosmic structures.
Unlike ordinary matter and energy, which attract each other through gravitational interaction,
dark energy is believed to possess negative pressure, resulting in a repulsive gravitational effect
that drives galaxies apart.

Edwin Hubble observed very distant galaxies, or collections of stars far from us, in the 1920s
with a large telescope [19]. His observations revealed what is known as "redshift"(a stretch
toward the red end of the spectrum), which is the term used to describe how much light is emitted
from these far-off galaxies. Redshift is the phenomenon of something moving away from us.
Hubble discovered that these galaxies were veering away from our galaxy. He concluded that
the universe was expanding since this indicated that the distance between galaxies was growing.
Initially, scientists believed that the cosmos was growing steadily or that it was expanding at
a constant rate. They also thought that the expansion might eventually slow down because of
gravity, the force that holds stuff together [20, 21, 22].

This is because gravity would resist the expansion and force every constricts again. Two separate
groups of astronomers made a significant discovery in 1998. They saw that the universe was
expanding more slowly in the distant past than it is now.

Galaxies are accelerating in their motion away from us gradually. This indicates that the cosmos
is expanding faster than it was before, and it is not just expanding at a constant rate. Scientists
concluded that this rapid expansion had to be caused by something. Dark energy is the term they
gave to this enigmatic reason. Because dark energy contains negative pressure, which pushes
things apart rather than together, it differs from conventional matter.

Albert Einstein proposed the concept of the cosmic constant as a parameter in his general
relativity equations. It was first included to accommodate the idea of a static universe in which
nothing changes over time. Scientists looked again at the cosmological constant after finding
evidence of accelerated expansion in 1998. It was suggested that the gravitational forces that
push objects apart could be caused by this constant. According to the theory, dark energy, which

exists in space itself, uniformly fills the universe. There were differences in the expected amount
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of dark energy because the cosmological constant model’s predictions and observations did not
line up exactly [23, 21].

Einstein’s equations contain a mathematical term called the energy-momentum tensor. Adding
negative pressure to this term is one way to model dark energy. Different dark energy models
suggested by this approach include quintessence, k-essence, perfect fluid models, and other
theories based on particle physics. The dark energy model known as Quintessence postulates
that the energy density of dark energy varies over space and time. A "scalar field," or a field
that can have varying values at various points in space and time, is the kind of field used in this
concept. This field and its associated energy cause the cosmos to expand faster. A different
theoretical explanation for dark energy that bases its explanation of the universe’s acceleration
on the kinetic energy of a scalar field is called K-Essence [24, 25].

The kinetic and potential energies of the scalar field in k-essence can have a complicated
relationship that impacts the universe’s expansion. Dark energy is explained by perfect fluid
models, which use the idea of a "perfect fluid," or a hypothetical fluid with an idealized pressure-
density ratio. A different strategy is to alter the theories of gravity themselves. This method
introduces functions of the Ricci scalar R, changing the behavior of gravity on cosmic scales and
modifying Einstein’s general relativity. Adding additional scalar fields that potentially influence

the universe’s expansion, scalar-tensor theories expand on general relativity [26, 27].

1.8.2 Dark matter

Swiss astronomer Fritz Zwicky noticed in the 1930s that galaxies in clusters were traveling
far more quickly than was predicted. Concluding these speeds, he proposed that the clusters
must be held together by an additional gravitational attraction from an unknown mass, or what
he called "dark matter" [28].

American astronomer Vera Rubin examined the speed at which galaxies rotated throughout the
1970s. With the quantity of visible matter in those galaxies, she discovered that the stars near
their edges were moving more quickly than they should have. This difference supported the
theory of dark matter by indicating the existence of extra mass that is not visible [29].

Additional support for dark matter came from studies of the Cosmic Microwave Background
(CMB), which is the remnant of the Big Bang. Temperature variations were observed in the

CMB data, which were only clarified in the presence of dark matter.
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Observations of the large-scale structure of the universe and galaxy formation in the 2000s
demonstrated the critical role dark matter plays in forming the universe. It influences the
formation and evolution of galaxies and helps them maintain their structure.

Through experiments on Earth and in space, scientists are still attempting to directly discover
dark matter. Although no direct discovery of dark matter particles has been verified to date, they
are searching for indications of their interactions with ordinary matter.

The Weakly Interacting Massive Particles (WIMPs) theory, which postulates the existence of
theoretical particles with extremely weak interactions with conventional matter, is one prevailing
theory explaining dark matter. Axions and sterile neutrinos, among other hypotheses and

particles, could also be used to explain dark matter [30, 31].
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CHAPTER 2

LITERATURE REVIEW

2.1 Introduction

Black holes have been an important topic in general relativity, with many changes and
improvements made over time. The Kerr-Newman-Kiselev metric, which includes the effects
of quintessence, has gained much attention because of its role in astrophysics and theoretical
studies. This chapter discusses the history of black hole research, from early ideas to recent
developments in the field.

In a letter written in November 1784 and later published, English astronomer and theologian
John Michell speculated about the existence of an enormous celestial body so dense that even light
couldn’t escape from it. Michell made a valid observation when he said that these supermassive
yet non-radiating bodies may be found by their gravitational pull on nearer visible bodies. He
explained this idea using the fundamentals of Newtonian mechanics. Because light has a limited
speed, Michell concluded that if a star’s escape velocity (the speed required to escape the star’s
gravitational pull) were higher than the speed of light, the star’s light would not reach an observer
and would be invisible [32].

Several scientists were thrilled when John Michell first proposed the possibility of massive,
undetectable "dark stars". But in the early 1800s, researchers realized light behaves more like a
wave than a particle. This new understanding confused them about how gravity would affect

light waves. They were unable to explain how gravity would capture light if it behaved like a
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wave, thus their enthusiasm for the concept of "dark stars" vanished. According to Michell’s
theory, a light beam may emerge from a supermassive star, slow down due to the star’s gravity,
come to a stop, and then return to the star. However, the modern theory of gravity called general
relativity, proves that this idea is incorrect. Rather, the curvature of spacetime ensures that light
always travels on the same geodesic, which never leaves the "star" (black hole) surface [33, 34].

A similar conclusion was independently reached at the same time by Pierre-Simon Laplace,
A renowned French astronomer and mathematician. In "Exposition du Systeme du Monde,"
published in 1796, Laplace suggested that there might be things in the cosmos with so much
gravity that light cannot escape [35]. The 19th century experienced significant developments in
the fields of physics and astronomy. Light’s wave nature got more acceptance, particularly as a
result of studies conducted by Augustin-Jean Fresnel and Thomas Young. Michell’s particle-
based theory of gravity became less significant in the scientific discussion of the day as a result
of this change. Black holes and other such things were not directly observed. In those days,
physics and astronomy were mostly concerned with analyzing evident phenomena, such as, and
the nature of light [33].

Significant advancements in various scientific fields, including thermodynamics, atomic
theory, and electromagnetic, occurred in the 19th century. The fast-developing branches of
science took the attention of scientists, giving less room for hypothetical theories on subjects
such as "dark stars". Before Einstein’s general theory of relativity, scientists were unable to fully
understand how large objects affected light and bent spacetime. With a more solid scientific
foundation, this new knowledge sparked interest in Michell’s original theory once again. While
"BH" was not used, Michell and Laplace’s "dark stars" established the foundation for the
contemporary understanding of BHs. Only in the 20th century, When Albert Einstein introduced
his theory of general relativity and established the essential framework to comprehend these
mysterious things completely, was their work ignored. The warping of spacetime by heavy
objects was explained by Einstein’s equations [36].

During the year 1915, Einstein presented his revolutionary model of gravity, which provided a
new model for explaining gravity. Einstein’s work redefined gravity as the warping of spacetime
influenced by mass and energy, in contrast to the previous Newtonian perspective, which
considered gravity as a force between masses. This theory holds that spacetime is bent around
enormous objects like stars and planets and that this curvature influences the paths that other

things (including light) take [37]. Gravity could affect the speed of light, as Einstein had already
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shown. He postulated in 1911 that light would be bent by a huge object’s gravitational field when
it passed close by. In 1919, a solar eclipse provided experimental confirmation of Einstein’s
theory when it was noticed that starlight bending near the Sun corresponded with the theory.
This idea was important because it established the theoretical foundation for understanding
black holes by explaining how huge objects may capture light. According to Einstein’s general
theory of relativity, an object’s gravitational attraction could become so powerful that not even
light could escape if it were compact enough [38]. The development of general relativity changed
Michell’s idea of "dark stars" into a serious scientific theory. It showed that these objects are
not just theoretical but possible and likely results of stellar evolution under certain conditions.
Einstein’s work provided the math needed to explore these ideas further. This established the
groundwork for current research on black holes [32]. A few months later, Karl Schwarzschild
solved the Einstein field equations, which describe the gravitational field around both a point
mass and a spherical mass. Around the same time, Johannes Droste, a student of Hendrik
Lorentz, independently arrived at the same solution for a point mass and provided a more
detailed analysis of its properties. Shortly after the discovery of general relativity by Albert
Einstein, Karl Schwarzschild made a major contribution to the field. A group of ten connected
differential equations make up Einstein’s field equations. Finding precise solutions to them
is very difficult because they are complex and highly nonlinear [39]. Schwarzschild solved
these equations by making several simplifying assumptions.It is assumed that the mass that
generates the gravitational field is non-rotating and completely spherical. He found a solution
outside the mass in space, where no matter exists. He solved the equations and derived a
solution. This result is referred to as the Schwarzschild metric. The Schwarzschild metric
describes how spacetime is curved by a spherical mass. At a certain distance (now known as the
Schwarzschild radius) from the center of a mass, Schwarzschild’s solution exhibited peculiar
behavior. Einstein’s equations stop functioning normally at this radius because some of the
terms become infinite. Scientists were still figuring out what this surface represented at the [40].
Different coordinates could solve the infinite terms in the Schwarzschild solution, as Arthur
Eddington found in 1924 the equations appeared to break down and produce infinite solutions
near the Schwarzschild radius, which was confusing. Eddington demonstrated that the issue
vanished when positions in space were measured using new coordinates. This indicated that the
singularity at the Schwarzschild radius was brought on by the initial coordinate selection rather

than an actual physical problem. This knowledge helps in the scientific study of BHs [41]. It
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was discovered by Georges Lemaitre in 1933 that the singularity at the Schwarzschild radius was
a function of the coordinates chosen rather than a genuine physical issue. When a star’s mass
is squeezed down to its Schwarzschild radius was theorized by Arthur Eddington in his book
from 1926. Based on Einstein’s hypothesis, he mentioned that a star of that kind could not have
the same high density as the Sun. If this occurred, space would bend around the star so much
that it would become invisible to us, the gravity would be so great that light could not escape,
and the spectrum of light would shift completely [11]. Subrahmanyan Chandrasekhar made a
significant discovery in 1931 that changed our understanding of black holes. He discovered that
a non-rotating star formed by dense objects, such as white dwarf stars, cannot remain stable
above a specific mass. This value, approximately 1.4 times the Sun’s mass, is referred to as
the Chandrasekhar limit [42]. The discovery made by Chandrasekhar was significant since it
demonstrated that not all stars have the ability to decay into white dwarfs. A star must collapse
further if its mass exceeds the Chandrasekhar limit after exhausting its fuel. This theory clarified
the formation process of neutron stars and BHs for scientists [43].

Many scientists, especially Lev Landau and Arthur Eddington, criticized Chandrasekhar’s
theory. They considered that an unidentified force would prevent a star from fully collapsing.
Their assumption was partly accurate; when a white dwarf’s mass slightly surpasses the Chan-
drasekhar limit, it undergoes collapse but stabilizes as a neutron star rather than continuing to
contract [44]. A neutron star is an extremely dense object that forms when a big star burns out of
nuclear fuel. It is extremely compact, but unless it is even more massive, it does not collapse into
a black hole. The Tolman—Oppenheimer—Volkoff (TOV) limit is the point at which a neutron
star will continue to collapse into a BH if its mass exceeds it, according to a 1939 prediction
by Robert Oppenheimer and his associates. This theory expanded upon previous research by
Chandrasekhar, which demonstrated that certain stars lose their stability at a given mass [45].
Based on the Pauli Exclusion Principle, which describes why particles such as electrons cannot
belong to the same space, their first calculations indicated that this limit was approximately 0.7
solar masses. The strong force, which holds neutrons together, was later taken into consideration,
and it was discovered that this limit might be higher between 1.5 and 3 times the solar mass.
Based on the analysis of GW170817 data, scientists have improved our understanding of the
TOV limit, estimating it to be approximately 2.17 times the solar mass. This means that if the
mass of a neutron star is greater than this limit, the intense gravitational pull of the sun will

almost certainly cause it to collapse into a black hole because the internal forces of the star will
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no longer be able to balance the force [46]. Oppenheimer was researching the consequences of
a large star collapsing due to its gravity. They discovered that the collapse would continue if
the star’s mass was high enough until the star’s size shrank to its Schwarzschild radius. At this
radius, the star turns into a BH, and the event horizon denotes the point beyond which nothing
can escape. Their calculations show that time acts quite strangely when the star gets closer to
this event horizon. When the star approaches this point, time appears to slow down more and
more to an observer far from it. From the perspective of the distant viewer, time seems to freeze
altogether when the star reaches the Schwarzschild radius. This would give the impression that
the star was "frozen" in time, on the edge of turning into a black hole.

When a person is falling into a star, time appears to pass normally, and they are unaware of any
unexpected occurrences as they cross the event horizon. An important idea in general relativity
is the variation in how time is experienced based on one’s position.

The concept behind the name "frozen star" is that the star appears to be frozen at the precise
instant it turns into a black hole, giving the impression that it is stuck in space. However,
the intense gravitational pull on time close to the event horizon is only an illusion, giving the
appearance of anything "frozen" [47].

In a paper titled "On a Stationary System with Spherical Symmetry Consisting of Many Gravitat-
ing Masses," published in 1939, Albert Einstein attempted to use his theory of general relativity
to deny the existence of BHs. Black holes, in his opinion, are not real [48]. Only a few months
later, on the other hand, a different scientist named Robert Oppenheimer and his student Hartland
Snyder released a paper titled "On Continued Gravitational Contraction." Black hole formation
was demonstrated through the use of Einstein’s theory. The idea of black holes was seriously
predicted for one of the first occasions in the history of modern science. They showed that black
holes may exist, so rejecting Einstein’s recent study, which they neglected to mention in their
work [49, 48].

David Finkelstein discovered something significant about black holes in 1958. He recognized
the Schwarzschild surface as an event horizon, which is the edge surrounding a black hole. A
one-way membrane, such as an event horizon, through which light can only enter and never leave.
Rather than contradicting what Oppenheimer had previously stated, this theory gave further
insight, particularly when considering one’s perspective of a person falling into a BH [50, 51].
In 1967 pulsar discovery by Jocelyn Bell Burnell significantly impacted this shift [52, 53].

Scientists discovered in 1969 that pulsars were neutron stars spinning quickly. Black holes and
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neutron stars were previously only considered hypothetical ideas. However, the discovery of
pulsars demonstrated the reality of these things and increased curiosity about the variety of dense
objects that could arise from gravitational collapse [54].

The understanding of black holes was greatly advanced by physicists in the early 1960s. The
exact mathematical solution, or Kerr solution, was discovered in 1963 by Roy Kerr and describes
a rotating black hole. This work was expanded upon two years later, in 1965, when Ezra New-
man solved the problem of a revolving black hole with an electrical charge. The Kerr-Newman
solution is the name given to this approach [55].

The work of Werner Israel [56], Brandon Carter [57] and David Robinson [58] helped to shape
the "no-hair theorem," which was developed with the help of these discoveries. According to the
theorem, three characteristics are sufficient to characterize a stationary BH: Its gravitational mass,
electrical charge, and rotational energy, which is connected to its spin. In other words, black
holes have no additional "features" or "hair" than these three, which is why the term "no-hair
theorem" developed. Due to this concept, black holes were easier to explain and scientists were
able to concentrate their research on these crucial variables [59].

The belief that singularities, or places where gravity becomes infinitely strong, which are ob-
served in black hole solutions, are merely mathematical variations resulting from particular
conditions used during calculations, and that they would not occur in most real-world scenarios,
has been confirmed by the work of scientists such as Vladimir Belinsky, Isaak Khalatnikov, and
Evgeny Lifshitz [60].

When a star falls under the force of gravity, singularities can occur in a variety of circum-
stances, as demonstrated by Roger Penrose and Stephen Hawking in the 1960s [61]. Their
ground-breaking research contributed to the acceptance of the reality of black holes, with their
singularities, as more than only strange theoretical concepts. For this study, Penrose received
half of the 2020 Nobel Prize in Physics (Hawking died in 2018) [62].

During the early 1970s, investigations of Cygnus X-1, a cosmic X-ray source identified in 1964,
led scientists to generally recognize it as the first known BH. This demonstrated that BHs do
exist in the universe [63].

The theory of BH thermodynamics was developed in the early 1970s by scientists James Bardeen,
Jacob Bekenstein, Brandon Carter, and Stephen Hawking. This theory explains how black holes
act in ways that are comparable to how heat, energy, and work are governed by the principles of

thermodynamics. For instance, they discovered that the mass of a BH is correlated with energy,
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the surface area with entropy, a measure of disorder, and the temperature with surface gravity
[13].

In 1974, Hawking demonstrated that black holes should, by quantum field theory, produce
radiation, just like a stove radiates heat. This strengthened the connection even more. Hawking
radiation is the name given to this type of radiation that indicates black holes can gradually lose
mass and energy [12].

On February 11,2016, researchers from the Virgo and LIGO collaborative research confirmed
the first direct measurement of gravitational waves. The merger of two black holes produced
these waves, which were the first of their kind to be seen [64].

Then, using data from the Event Horizon Telescope (EHT), astronomers published the first direct
photograph of a black hole on April 10,2019. This photograph displayed the Messier 87 galaxy’s
supermassive black hole in its center [65].

Approximately 1,560 light-years away, Gaia BH1 is the closest BH currently believed to exist in
2023. In the Milky Way, scientists believe there are hundreds of millions more black holes than
the few dozen that have been discovered. Because they don’t release radiation and can only be
found by their gravitational pull on nearby objects, the majority of these black holes are probably

single [66].
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CHAPTER 3

TOPOLOGICAL CLASSE BLACK HOLE IN PFDM
BACKGROUND

3.1 Introduction

The black hole is a topic of interest for many researchers from both theoretical and obser-
vational physics. Recently, there was a significant breakthrough in astronomy in the study of
BH shadows [67]. The thermodynamics of BHs has been a subject of research for many years,
with various aspects extensively studied in the literature. For a better understanding of the
thermodynamic behavior of black holes, a recent proposal has been made based on the concept
of off-shell energy and its treatment as topological thermodynamic defects. They suggested
that from the off-shell free energy .# (which is the difference between the BH mass and the
product of the entropy and temperature) we can define a vector field whose radial component is
the derivative of off-shell free energy for event horizon radius parameter ;. In another, paper a
residual-based approach has been given [5]. Therefore, the topological number is a useful tool
for a better understanding of black hole physics.

Recently, in 2022 the Wei et al. [5] classified the BH into three topological classes based on
the topological classes. They proposed that all the BHs can be classified into one of 3 classes for
which the sum of the winding number is —1,0, 1. The mentioned study is based on the concept
of winding numbers which an integers representing the total number of times that the curve

travels counterclockwise around the zero point, that is, the curve’s number of turns corresponds
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to the sum of the winding numbers of the vector field’s zero points, resulting in the topological
number.

Now, we talk about the "off-shell free energy of the thermodynamical system," it typically
refers to the thermodynamic properties and free energy of the system when they are not in their
equilibrium states. In other words, it’s related to considering systems when the change in the
properties of the system is allowed. This concept is used in various theoretical physics contexts.
For example, a BH can be considered a thermodynamical system with well-define attributes like
Hawking temperature and entropy (Entropy is a measure of a system’s disorder or randomness),
and the study of BH thermodynamics, particularly in the context of Hawking radiation, where
the creation and evaporation of virtual particles near the event horizon are considered is very
important.

In the next section, we examine the process of identifying the topological number of Kerr

BHs. For this purpose, we consider Kerr BH whose line element can be expressed as [68],

A x
ds’ = == (dt —asin 0d9)” + Tdr? +d6?
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where
A=r*—2mr+d*>, L=r>+d’cos’0. (3.2)

Here, m indicates mass, and a refers to the spinning parameter of Kerr BHs. To evaluate the
thermodynamic spacetime defined by (3) are as follows,

a

M=m, Q—=—-%_
s +a?

(3.3)
2_ 2
S = n(r,zl—{—az), T = W,
The parameter m defines the black hole’s geometric mass in the metric, while M represents its
physical mass measured by a distant observer. The position of the horizons of BHs defined by
(3)is givenas r,=m=+ Vm? —a?. At this point, our focus shifts to investigating the topological
value of Kerr BHs by using the expression of thermodynamic quantities mentioned above.

According to Ref [5], First, we introduce the modified off-shell energy of a BH

EZM—% 3.4)
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Here M is mass S is entropy, and 7 refers to the inverse temperature associated with the cavity

near the Kerr BHs. It is assumed that a vector ¢ is

o>
o= (g_ri ,—csch cotO) , (3.5)

where the angular parameter is in the range 0 < 6 < 7. It is possible to derive the origin of the
vector field by setting ¢ = 0 or in other words ¢’ and ¢°.

Now we define off-shell free energy in terms of BH horizon parameter r;,. For that purpose,
we express the mass M and entropy S in terms of the BH horizon parameter r;,. This can be
done by setting the horizon equation equal to zero, that is, A(r;) = 0. which yields the following

equation,
s —2mry, +a* = 0. (3.6)

For the above equation for m, we get

rﬁ + a?
m =
Zrh

(3.7

For the thermodynamical quantities, we can see that for the Kerr BH, m = M, and therefore, in

the case the off-shell free energy as a function of the BH horizon parameter can be formulated as,

_ r%—l—a2 _ ﬂ(r,%+a2)

F , (3.8)
Zl’h T
‘We know that,
0.7
P =5—, (3.9)
6rh
0.7  d re+a? d [n(r;+a?)
8rh N 8rh 2rh 8rh T ’
So, in this case, the components of vectors ¢ become
1 a’ 27y
rh h
= =)= 3.10
¢ 2 (2rﬁ) T’ ( )
0% = —corBcscO, (3.11)

Now, to find the inverse temperature parameter, we set ¢’* = 0, to get the expression for

component 7 that is an extra variable for Kerr BH.

(3.12)
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Keep in mind that 7 should exceed 7., for example, T = 34.48 and @ = 1 in Figure 3.9, At which
two zero points occur: ZP1 at r;, = 1.46ry and ZP2 at rj, = 2.15r¢, having the winding numbers
o) =1 and @, = —1, correspondingly. As a result, one can calculate the topological number
W = 0 for the four-dimensional Kerr BH.
This inverse temperature parameter plays an important role in the topological number. It can be
shown that the Kerr and RN BHs have the same topological number as zero [S5]. On the other hand,
the topological number of the Schwarschild BH is —1. It means that the rotation parameter has
played a key role in thermodynamic behavior and classification based on topological numbers.
In our research, we explore how the magnetic field and other parameters affect these numbers

and what are the significance of these numbers in the BH thermodynamics.

3.1.1 Higher Dimensional Rotating BHs

Since most astrophysical black holes are rotating, and the dimensionality of spacetime affects
their properties, studying the topological behavior of higher-dimensional rotating black holes is
important for understanding their nature and testing recent theoretical predictions. Now, we move
on to exploring rotating BHs in higher dimensions, with a particular emphasis on d-dimensional
singly rotating Kerr BHs. The metric for these black holes in arbitrary dimensions is as follows

[69, 70]

A z
ds’ = =3 (dr —asin®0d9)” + dr’ +3d6? (3.13)

r
r
sin” O

X

[adr — (r* + az)dq)} gt rcos’Q3
where dQ, represents a d-dimensional unit sphere’s line element and
Ar=r=2mr %+ad*, X=r"+d*cos’0, (3.14)

If we substitute Ar = 0 into Equation (1.14), we can determine the value of m. This value can
then be used in the expression for M to complete the calculation.

where,

Wqg_om, (315)

putting the value of m we get,

d—2 s +a’
M=—"w; | -L—— 3.16
87 Wda—-2 ( 2r5_d ) ’ ( )
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The thermodynamic quantities are [70]

W2 a W2

_ _ _ 2 2\ .d—4
J= 2z e Q_r,zl—f—a’ S= 2 (rj+a”)r, ", (3.17)
mo(1 d—3 1
T=—|— —
2T (r,%—i_ Zr% ) 27ry,’

By using Equation (1.17), we can determine the value of the generalized free energy,

d—2 ri_{—az a)d_z 2 2N d—4
F = vwd2< Zri_d ) ~ar (ry4+a”)ri ™, (3.18)

The vector component ¢ can be computed as we know that ¢ = %—f So take the partial derivative

of .% with respect to r, we will get,

g @g_ord®
o = "16#{(51—2) [(d—3)t —dmryry]
+a*[t(d —2)(d —5) —4(d — 4)7ry) } (3.19)
q)e = —cotBcscH, (3.20)

One can achieve ¢’” = 0 by solving the equation.

_4x[(d —2)r + (d —4)aPr]
 (d-2)[(d—=3)r}+(d—5)a?]

(3.21)

Using Figure 3.10, the topological numbers associated with higher-dimensional Kerr BHs
with single rotation are derived. For example, the topological number associated with a five-
dimensional Kerr BH is determined using the corresponding metric and topological analysis
W = —1+1 =0, aligning with the result for the four-dimensional Kerr BH. We observe that
the topological number differs for d > 6 compared to d =4 and d = 5, representing two distinct
topological classes of singly rotating Kerr BHs. So we conclude that the dimension of space-time
plays key a role in the topological number of the rotating BHs, so it is reported in Ref [5]. in

Lovelock gravity theory of higher—dimensional static uncharged BH.

3.1.2 Kerr-Newman Black Hole

We now investigate how the electric charge parameter influences the topological number of

four-dimensional rotating BHs in the context of pure Einstein-Maxwell gravity. In the following
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section, we specifically examine the topological number associated with a five-dimensional Kerr

BH [71, 72], considering its metric and Abelian gauge potential.

A, z
ds® = ~ (dr— asin®0d¢)? + A—dr2 +2d6? (3.22)
-2
sin“0
+ 5 ladt — (r* +a®)d %
A= %(dt — asin®0d¢). (3.23)
where,
A=r+a’mr+ q2, Y= —|—azcos29, (3.24)

In this context, m refers to the mass parameter, while a and g denote the parameters for spin
and electric charge, respectively. The thermodynamic properties can be derived through the

conventional calculation method, as explained below.

a qr
M prm— y J prm— 5 Q pr— —, prm— , pr— —’
" m s +a? Q=q. ¢ rs+a?
2_ 2 2
ry—a-—q
(r} ) Axtry(r? +a?) (3:23)
where A = 0. So, for Kerr-Newman BH generalized free energy is
2., 2 2 2., 2
T
9:M—§:rh+a +0° (rh-l—a), (3.26)
T 2ry, T
we know that,
2., 2 2 2., 2
¢rh:8ff: Jd rp+a”+Q° d n(rh+a)’ (3.27)
al’h 8rh Zl’h 8rh T
Then we will get
2., 2 2
2
g = T LT 2 (3.28)
2ry T
(PG = —cotBcsch, (3.29)
477:r2 (3.30)
T=—5—5"—5, .
r}zl +a?—Q?

It is an important parameter in studying the topological class of BH. Figure 3.7 Demonstrates

the locations where the component ¢ reaches zero for a = ry and Q = ry, while Figure3.8
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depicts the vector field n with unit magnitude under the conditions T = 50ry, a = ro, and Q = ry.
From these figures, For the four-dimensional Kerr-Newman BH, the topological number is found
to be W = 0, which matches the result obtained for the four-dimensional Kerr BH in the second
section and the five-dimensional singly rotating Kerr BH in the third Section. Furthermore, this
suggests that the electric charge parameter does not play a role in determining the topological
number of rotating BHs. Nevertheless, this hypothesis requires further validation through an

analysis of the topological numbers of other rotating-charged BHs.

3.1.3 Kerr-Newman BHs under the Influence of PFDM

Let us start by reviewing that the action governing gravity theory with minimal PFDM

coupling can be used to calculate the metric for a BH in PFDM

(4 -
}“—/dX¢_§(mﬁGR+£%M), (3.31)

then using the field equations of Einstein, the result was obtained as

1
&W—E&WstmnﬁV, (3.32)

PFDM’s effective energy density, which is provided by

l o
T;t - Trr == gr—:;, (333)

After obtaining the static solution, the Newman-Janis method can be utilized to derive the line

element of a Kerr-Newman BH under the influence of dark matter, which is expressed as follows

[73]

) 2mr — arln (ﬁ) S ) 2mr — arln <|Trc|>
ds“=—|1-— 3 dt +A—rdr +Xd0° —2a 3 dtd¢
2mr — arln (é)
+sin’0 [ P +a®+a*sin’ 6 5 , (3.34)
where,
Ar=r> —2mr+a*+arln (ﬁ), (3.35)

Y =r?+da*cos’ 8, (3.36)
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In this scenario, & characterizes the influence of dark matter, m denotes the mass parameter,
and a signifies the rotation parameter. This line element corresponds to a BH with two distinct
horizons, an inner horizon (r_) and an outer (Cauchy) horizon (r;,), for any given value of «,
provided that a < k.. The line element with a = k. represents an extremal BH with a single
horizon. The PFDM parameter o determines the BHs size. In the PFDM background, the Kerr
black hole is defined by its mass M, entropy S, and Hawking temperature 7', described as follows
[74]

M=m, (3.37)

S=n(ri +a°), (3.38)

T—_ ' @ + & (3.39)
N 47r(rﬁ +a?) r% )’ '

The modified off-shell free energy associated with this system in the given context is given by

Fow S
T
z- L P2 +d®+aryn | — (3.40)
2y [ al /]’ '

The ¢ component associated with the vector field can be expressed as

1 27r

rh __ 2 2 h

) _z—r]%(rﬁarh—a)— p (3.41)
¢? = —cotOcesch, (3.42)

The Kerr black hole’s inverse temperature parameter in PDFD can be expressed as

Amr
T= =g (rh), (3.43)
r; + o, —a?

The point where the n vector field ¢ becomes zero, or T the parameter associated with inverse
temperature, is shown to decrease as o increases. Plotting the vector field ¢ allows us to confirm
our results for the winding number w; and topological number W, which we found using the

method described in [75]. Thus, a characterized complex function is defined as follows

R(z)=——— (3.44)
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We define the winding number w; as [75]

Res%(z,)

= e = SenlResA () (3.45)

Wy

The sign function is represented by Sgn(x), the absolute value of z is defined by |z|, and the
residue of Z(z,) associated with the distinct point z; is represented by ResZ(z,).

2 2

 ZHoaz—a _ Ptaz—a
And —t(2+oz—a?) o (z)

R(2) = (3.46)

For any given value of @ with a < k. and T < 7., examining the roots of <7 (z) = 0 reveals that

3
(—a +v3a? + az)
20> — o (—a+v3a2+a2> 7

T, =471

(3.47)

There are two complex roots and one negative root. So, the off-shell requirement isn’t clear. On

the other hand, we have three singular points such that for 7, < 7
71,22,23 €ER, 0<zp<z; whereas z3<O0. (3.48)
Consequently, the topological number and related winding numbers are
w=—1l,wp,=1 and W =0, (3.49)

This demonstrates that the Kerr BH in PFDM has the same topological number and winding
numbers as the Kerr BH [76]. The plotting of the unitary vector field n associated with the Kerr
BH under the influence of PFDM in Figure3.6 also illustrates this. The vector field ¢ has its

zero points denoted by black dots.

3.1.4 Dark Matter Background and Schwarzschild BH

The Schwarzschild BH in the PFDM context can be viewed as a particular for the Kerr BH
under the influence of PFDM, from which the static line element can be derived.
1

2 r 2
ds® = —f(r)dt 5

dr* +r* (d6” + sin*0d¢?) , (3.50)

with

2m o

f=1-"=4ZIn (—) (3.51)

r r
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In this case, a is the PFDM parameter and m is the mass. Keep in mind that the metric given
in equation (1.50) describes a black hole possessing a single event horizon, denoted by ry, for
each choice of the parameter oc. Moreover, as the dark matter parameter o increases, the event
horizon’s size does as well [77]. The Schwarzschild BHs thermodynamic quantities in the PFDM

background can be represented as follows [74].

1 a
M=m, S=nr, T=4mh (Hﬂ)’ (3.52)

When the Schwarzschild black hole’s thermodynamic quantities and the line element are absent
(i.e., when o = 0), the line element becomes the same. PFDM’s generalized off-shell free energy

for the Schwarzschild BH is as follows:

1 r Tr?
F =~ aln | — || -4 3.53
2 ()] -2 (29
Moreover, the constituents of the field associated with the vector ¢ are
1 o 27ry,
= 14— |- 3.54
¢% = —cot@csc @, (3.55)

It provides the values of the cavity surrounding the BHs inverse temperature parameter 7 as
2
B 47'crh
T= 9
r,+ o

(3.56)

As o increases, the dark matter parameter 7 decreases, as demonstrated by this. Additionally,
the outcome becomes the Schwarzschild BH in the absence of PFDM (o = 0) [5]. The complex

function that has been characterized is now provided as

+a
F = — 3.57
An2 —1(z+a)’ (3-57)

There are two singular points, let’s say z; and z», in the expression Z(z) considering all values

of o such that
721,22, € R, and z<0 whereas 0<zp, (3.58)

Since the off-shell requirement cannot be met for the negative real root zo, we can only take into
account the positive singular value z;, which provides the appropriate winding number w; and

the topological number as

wi=-—1 and W=-1, (3.59)
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This shows that in the PFDM framework, the topological classes and winding number of the
Schwarzschild BH are in line with those of the BH [5]. On the other hand, they deviate from
the matching values for the Kerr BH under the influence of the PFDM setting. Therefore,
in the framework of PFDM, spacetime’s topological properties are impacted by its rotation.
The graphical depiction of the field represented by the vector n in Fig. 3.5 provides evidence

supporting this assumption.

3.1.5 Dark Matter and Its Impact on Kerr-AdS Black Holes

This part of the paper addresses how PFDM affects Kerr-Ads spacetime topological classes.

According to the dark matter backdrop, the Kerr-Ads BHs line element is [73]

A ) ) Ag sin® 0

ds* = —=L (dt—asin29d¢)2+—dr2+ —dGz—i—GiL ladt — (r* +a*) d¢] , (3.60)

=Y A Ag =Y

where
2 AT r
Ar=r"=2mr+a —gr (r +a )—erln m ) (3.61)
_ Ay o

Ag = 1+§a cos” 0, (3.62)

2,2 24 = A,
A=r"+a“cos“6 :zl—i-ga, (3.63)

In this case, «a is associated with the PFDM parameter, whereas A represents the cosmological
constant.
The line element (4.62) illustrates a Kerr-AdS BH in the absence of PFDM (a = 0). The horizon

equation can be solved to determine the locations of the BH horizons.

A
Ar =12 —2mr+a*— grz (r2 —|—a2) +arln (é) =0, (3.64)

The mass and further thermodynamic variables are provided by [74]

M:%7 (3.65)
T (r,zl + az)

s— , (3.66)
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2
'y a A ’ ) o
- " 1= _Z had .
4ns(rg+az){ 7 3<3rh+a>+,,h], (3.67)

The system’s generalized off-shell free energy can be derived by using these thermodynamic

characteristics as

1
F = . {3 (7 +a®) 4 +9ar,tin (L)} , (3.68)
27y, (3 — 87ma2P) [«

where
F =2ary, (8nPa* +41Pr, — 3) + 31, (3.69)

giving the n vector field’s components as

B 67rri87ta2th —3r,+2nP (a2 + 31%) 97 (r% +ar, — az)

o' , (3.70)
2127 (3 — 8ma?P)’ 2177 (3 — 8ma®P)
¢0 = —cot®csc O, 3.71)
Consequently, the Kerr-Ads BHs inverse temperature in PFDM is
4rr; (3 —87ma’P)
= , (3.72)
3 (r% +or, — a2) + 87Pa’r; (a2 + 31%)
In this instance, the characterized function is
3 (z2 +az— az) + 87Pa?z (a23Z2)
X(7)=— , 3.73
(2) 7 (3.73)
where
A (2) =4nz* (3—8nPa*) — {3 ( +az—a*) +8nPa’z (a° +32°) }, (3.74)

The examination of the roots of <7 (z) = 0 indicates that there exists only a single real positive
root for each given value of @ when 7 < 7, or 7, < 7. Consequently, the associated topological
number and winding are both 1. For 7 € (14, 75), the equation yields One negative root and three
positive roots. The associated winding numbers are w; = 1, wp = —1, and w3 = 1, leading to a
topological number W = 1.

In this scenario, a BH exhibits one generation and one annihilation point, which categorizes
the BH into small, intermediate, and large types based on the behavior of the vector field at
zero points. This behavior highlights how the topological characteristics of the Kerr-AdS BH in
PFDM differ from those of the Kerr BH in PFDM, where the topological number is W = 0.
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3.1.6 Impact of Electric Charge on the Kerr—Neumann BH in a Modified

Context

Now, let us turn our attention to comprehending the significance of the electric charge for
the topological numbers in thermodynamics. In PFDM, the action describing gravity theory
with minimal coupling to the gauge field is given by, from which one can derive the spacetime

geometry [78].

1

1
/ = /a’x4\/ —& (%R—FZF#VFNV +$DM> y (375)

The last equation is

Fuy =V Ay —VyAy,
In the above, G represents the gravitational constant, R corresponds to the Ricci scalar, and the
quantity g = det(g,p) represents the determinant of the metric tensor. The Lagrangian density for
PFDM is denoted by .Zpy, and the electromagnetic field tensor is represented by F;y. The field

equations formulated by Einstein can be derived through the action principle’s variation [78].

Ruv — %g”\,R =876 (T + D). (3.76)
Accompanied by
Fy' =0,
FHV:OE L pYEY L pOBY — ), (3.77)

The tensor Tﬁ?\fw represents the energy-momentum of ordinary matter, while T;% corresponds to

the PFDM energy-momentum.

T# :g‘uvTV,llu
0
I =—p, T/=T§=T)=P (3.78)

The line element of the dark matter background black hole that resembles a Kerr-Newman was

demonstrated to be given as [78]

)
sin“ 0
ds®

v (d — asin? 0d®)” + %drz +Xd6% + ladt — (P +d®)do],  (3.79)

Tz

where

A=r2mr+Q*+a*+arh (é) ,

Y =r?+d’cos? 0, (3.80)
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In this instance, Q represents the BH’s electric charge. The horizon equation A = 0 root analysis
reveals that for any value of o, the metric element (4.81) represents a BH possessing three
horizons. When the parameter a is associated with rotation, the charge Q satisfies the condition
a» + Q2 < kp and is a naked singularity otherwise. For this spacetime, the thermodynamic

quantities are expressed as

M=m, (3.81)
S=n(r*+a*), (3.82)
_ A
CAx (r2+a?)’ (3-83)

The off-shell free energy for this BH is found to be as

@+anin(F)+0+7  g(@+r)

F = 3.84
2rh T ’ ( )
In this way, the n-vector field’s components are given as
1 Amr
rh 2 2 2 h
¢ —Tr%<rh+arh—a —yy - . ) (3.85)
¢% = —cot@csc®, (3.86)
and
47tr2 (3.87)
T = ) .
ry+ar,—a*—Q?
To determine the winding number, we specify
2 2_ 2
a J— P
Z(2) R (3.88)

T anP 12+ az—a2— Q)
Instead of ap — a; 4+ Q», it retains the same shape as the Kerr BH in PFDM [as given by
Eq. (4.48)]. Given a, + Q> < k and 7. < 7, for any choice of ¢, an analogous analysis to that of

the Kerr BH in Sect. 2 indicates that

<—a-|— \/3(a2+Q2)+a2>3
202 — (—OH— \/3(a2+Q2+a2)>,

T. =471 (3.89)

For PFDM, the Kerr-Newman BH’s winding number as well as the topological number, are

wi=—1 ,wa=1 W=0, (3.90)
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3.1.7 The Reissner-Nordstrom BH in the context of PFDM

It possesses the metric element

ds* = —f(r)dt* + %dﬂ +1* (d6* +sin* 0d¢?) , (3.91)
with
B 2m Q2 o r
f=1-="+>5+"In (W) (3.92)

In the case of Q < k. and 7T < 7., the topological number as well as winding number of the
Reissner-Nordstrom BH within the context of PFDM can be calculated in the same way as the

Kerr-Newman BH.

wi=-1 wo=1, W=0, (3.93)

3.1.8 The influence of magnetic charge with nonlinear characteristics on the

rotating Hayward BH under the influence of dark matter environment

The role that the magnetic charge plays will be examined in this section. Due to the coupling
of Einstein’s gravity with a nonlinear electromagnetic field accompanied by perfect fluid dark
matter, one must begin with the action describing gravity theory with minimal coupling to the
gauge field in the presence of PFDM to determine the spacetime geometry (Fig. 3.4). It is

demonstrable that the following mathematical expressions take the form.

Gl =2 (3"2;;1? )FMVF” - 6;.,%) + 87T (DM), (3.94)
0L(F)\ _
vy ( 5 ) =0, (3.95)

here  Fyy =2V|,A,) Z is a function of F' = %FLWF""L it is given by [79]
3
_ 3 (20,F)°
- . :
|Qm| <1+(2Q%1F)%>

Z(F) (3.96)

2 b
The revolving Hayward BH in the context of dark matter has a line element that is easily
demonstrated to be [79].

sin% 0

ds* = —% (d —asin® 0d¢)’ + %dﬂ +Xd6? + ladt — (P +a*)d9]°,  (3.97)
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where
2 4
A=re 2 b rar ()
r’+0;, [«
Y =’ 4+4acos? 6, (3.98)

In this case, Q is the black hole’s electric charge. The BHs mass M, temperature 7, entropy S,

and magnetic charge Q,, are

M =m, (3.99)
220 a
S = [r +a —m( + )} , (3.100)
, 3rh
A'(t)

T = (3.101)

7 )
4r (r% + az) i
We may determine the components of the n-vector field by applying the same technique as in the

previous section.

1
o = 5["}3;{7(’”h+0"’h_a)_47”’2}

2’L'rh

4
_ Qif{Zrﬁ+4a2+arh (1 —3In (%)) +? (r%+a2)}] , (3.102)

¢% = —cot@csc®, (3.103)

Hence, the following is the inverse temperature parameter

=i ()

‘C:47'L'rZ (r%l+arh—a2) —Q;’ne%ﬂ(l”h), (3.104)
where
H(ry) = 4a° +2r2 — oy +3aryIn (é) , (3.105)
2 (z), the complex function, has the following form
()= - EH B ) “On ) (3.106)

(2)

where

A (z) =4n{* + Qpz(F +d?) } - T{z3 (@ +az—a®) - Q;%(z)}, (3.107)
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Plotting <7 (z) for a rotating Hayward BH in PFDM [defined by Eq. (1.107) and shown in Fig. 8]
allows us to analyze the complex function Z(z) and, consequently, the winding number (Fig. 9).
Two positive real solutions exist for the equation <7 (z), z; and zp, with z; < zp, as this figure
illustrates. The related winding numbers are w; = —1 and w, = 1, with the topological number
W = 0. Furthermore, we can observe that the revolving BH has a zero point or a 1 but no

annihilation point, as shown in the graph of the zero point ¢, in Fig. 3.1.

3.1.9 Hayward BH in the Absence of PFDM: A Static Solution

The metric element corresponding to the Hayward BH is as follows in the absence of PFDM

[79]

1
ds® = —f(r)dr* + mdﬂ +1* (d6* +sin’ 6d¢?) , (3.108)
where
2mr?
=1 — 1
f(r) 3 +Q?n’ (3 09)

In this instance, the zero point of the vector field, the radial component of the n vector, and the

generalized off-shell free energy have the following form.

1
F = s —2mry+ o+ @ (T —dany) }, (3.110)
2r,T
1
0" = ——{7(rn—20;) —47mr (+05) }, G.111)
2r,T
Amry (1 + Q3
T= hg(—h?) (3.112)
r, — 20
The complex function is provided as follows to determine the winding numbers
3 3 3 3
2 —2Q 2 —20
Ps(2) = = =— 3.113
5(2) 4nzt — 13+ 41032+ 2103 A (z) ( )

The expression of 7 (z) possesses two real positive roots for every value of Q and 7, < 7,
according to the root analysis of the function; In the lack of dark matter, these are the topological

and winding numbers for the Hayward BH.
wi=—1lwy=1 and W =0, (3.114)

which contrasts with those of the black hole Schwarschild. This demonstrates how winding
and topological numbers are influenced by the magnetic charge Q,, in Hayward spacetime. The

vector field n can be used to verify this in Fig. 3.1.
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3.1.10 Hayward Black Hole within PFDM: A Static Approach

The metric element appears [79]

1
ds? = — f(r)dr* + mdrz + 1 (d6* +sin” 8d¢?) (3.115)
Along with
2mr? a r
—1— 4 P n [ — 3.116
f(r) r3+Q}3;1+rn<|a|)7 ( )

Here, Q,, is the charge of the magnetic monopole. The black hole’s properties, including mass,

entropy, and temperature associated with Hawking radiation, are given by

M=m, (3.117)
2 3
S:n{rﬁ—&l, (3.118)
rp
f(r)
r= 3.11
ar I (3.119)
Such that
=1 2 e (o (3.120)
ry=1- — [ :
rP+03  r lt] )7

The n vector field’s radial components, zero point, and generalized off-shell free shell energy

can be found as

1

Zrhl'

T 1 3 2 3
¢ h— 2r2T [rh{r (rh —|—O£rh) —47'Erh}

Anrd
— Q;r{zr,% + oy (1 —3In (é) + Trh) }] , (3.122)

3(,3 3
" (rh + Q )
”2 (r,% + arh) - 03 (2;% —orp+3ar,In (ﬁ))

T=A4rx (3.123)
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In this instance, the complex function is expressed as

2 (24 az) — 05 (2% — az+3azin (4
A(z) = — <%(Z) <‘ )> (3.124)

where

o (z) = 4n2 (z3 + Q,3n) — T{z3 (22 + Otz) -0, (222 —oaz+3o0zln <W%|)) }, (3.125)

We showed the function <7 (z) for the winding and topological number in Fig.9, which demon-
strates that, for 7, < 7, the Hayward BH under the influence of PFDM has three distinct positive
real roots, in contrast to the Hayward BH and rotating variant under the influence of PFDM.
Therefore, we can infer with ease that, like in earlier examples, the topological numbers and

winding for the Hayward BH under the influence of PFDM are
wi=—1lw=1,w3=1 and W=1, (3.126)

Plotting of the vector field ¢ graph in Fig. 3.1 allows for the verification of this situation.
Additionally, Figure 3.2 illustrates the zero point of ¢, demonstrating that spacetime possesses

both a generation and annihilation point.

3.1.11 Rotating Hayward BH

In this third specific instance, we will elaborate by including the effects of magnetic charge

and rotation. In this instance, we obtain

rg + Q3 (r% + a2)
T=4T5 5 S 12 s (3.127)
rj, (rh —a ) -0, (4a —|—2rh)
Conversely, the function R(z) has the following form
3(,2 2 3 2 2
—a”)—Q0,, (4a”+2
o DE-a) -0, (a7 +27) (3.128)

A (2) ’
How we’ve established
o (z) = 47r{z6 +03 (P +d) } - r{f (2 —d?) — O3 (4d>+227) } (3.129)

Fig. 3.2 plots the function <7 (z) as a graph, demonstrating that <7 (z) = 0 for 7, < 7 has two
positive real roots, resembling the Hayward black hole (Fig. 3.1), which has the same topological

numbers and winding.

wi=—1l,wr=1, and W =0, (3.130)
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Figure 3.1: Plotting the zero point of ¢ for the BH class reveals that these BH have no annihilation

point but just one generation point.
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Figure 3.2: The graph of A(z), plotted for different values of 7 and mention vales of BH

parameters.
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Figure 3.3: The graph of A(z), plotted for different values of 7 and mention vales of BH

parameters.
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Figure 3.4: The function A(z) [as defined by Eq. (100)] is graphed for several specified values
of the rotating Hayward black hole without PFDM. The results indicate that when 7, < 7, the

equation A(z) = 0 results in two distinct positive roots.
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Figure 3.7: The ZPs of the vector ¢’ for the Kerr-Newman BH are displayed with these

parameters: a/rop =1 and Q/ry = 1.
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Figure 3.8: This vector field is shown for the Kerr-Newman BH with ry = 50, a/rg = 1,
and Q/ro = 1. The zero points (ZPs), indicated by blue dots, are positioned at (ry,/rp,®) =
(1.95,7/2) for ZP; and (3,7 /2) for ZP;.
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Black Hole w GP AP

Schwarzschild BH -1 0 0

Schwarzschild BH in PFDM -1 0 0

Table 3.1: Values of W, GP, and AP.

Black Hole W GP AP
Schwarzschild-AdS4 BH 0 0 1
Reissner-Nordstrom BH 0 1 0
Kerr BH 0 1 0
Kerr-Newman BH 0 1 0
Kerr-Newman BH in PFDM 0 1 0
Reissner-Nordstrom BH in PFDM 0 1 0
Hayward BH 0 1 0
Rotating Hayward BH 0 1 0
Hayward BH in PFDM 0 lor0 lor0
Rotating Hayward BH in PFDM 0 1 0

Table 3.2: Values of W, GP, and AP.



Black Hole GP AP
Reissner-Nordstrom ADS4 BH lor0 lorO
AdS Kerr BH lor0 lor0O
Kerr-Newman AdS4s BH 0 0
AdS Kerr BH in PFDM lor0O lor0O

Table 3.3: Values of W, GP, and AP.
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CHAPTER 4

TOPOLOGICAL CLASSES OF BLACK HOLES IN DARK
ENERGY BACKGROUND

4.1 Introduction

In this chapter, we will examine the thermodynamical topological classes of rotating BH in
a dark energy background. In the literature, it was conjectured that all BHs can be classified
into three thermodynamical topological classes with topological numbers —1,0,1 [5]. We will
test this conjecture for various BHs in a dark energy background, including the Kiselev BH
(an extension of the Schwarzschild BH), the rotating Kiselev BH (an extension of the Kerr
BH), and the charged rotating BH in dark energy (an extension of the Kerr-Newman BH). Our
analysis will focus on how the dark energy parameter and the rotation parameter influence the
topological number in different configurations. The study of how dark energy interacts with
BH thermodynamics is important because it helps us understand both the universe’s large-scale
structure (cosmology) and the strange world of quantum gravity. By looking at how charge
and rotation affect these BHs, we might find deeper connections between the physical laws that
govern large objects and tiny particles. This research contributes to the advancing understanding
of BHs and explores concepts such as the behavior of spacetime near singularities and the

fundamental nature of these extreme environments.
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4.2 Kiselev BH

To analyze the thermodynamical topological classes of the Kiselev BH, we begin by consid-
ering its line element and thermodynamical quantities. Understanding these classes provides
insight into how dark energy influences the thermodynamic behavior of spacetime, focusing
solely on the mass of the BH as the primary parameter. The Kiselev black hole has been
widely explored in the literature within different contexts, and its line element is detailed in the

foundational work by Kiselev [24]

1
ds® = —f(r)di* + —dr* + r*dQ>, 4.1)
MENNTE
where dQ? = d6? + sin Odn? is the angular part of the metric, and
2m c
f(r)zl—T—m7 (4.2)

M is the BHs central mass, which determines its gravitational pull’s strength. c represents how
strong the influence of the quintessence field is around the BH. Quintessence is a hypothetical
form of dark energy that affects spacetime geometry .@ characterizes the correlation between the
pressure (p) and energy density (p) of the quintessence field. The thermodynamic characteristics

of the Schwarzschild BH within a dark energy context are presented as follows
M=m, S=nu7, (4.3)

When the dark energy background is not considered for c=0 the thermodynamic quantities and
line element reduce to that of Sch BHs. For the Kiseleve BH in a dark energy background, the

form of the generalized off-shell free energy is expressed as

1 nr?
F = Erlll_Sw (—c+ r}f“’) — i, 4.4)
T
So, the vector field components are
1 3 27r
(pl‘hzi_l_icrl:]—(l)w_ Th7 (4.5)
¢% = —cotBesch, (4.6)

which gives the value of 7 that is inverse of temperature parameter

243w
47rrh

=t 4.7)
r}ll+3w +3cw (
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This indicates that as the dark matter parameter ¢ increases, the inverse of the temperature
parameter T decreases. Additionally, when ¢ = 0, the result corresponds to that of the Sch
BH.The equation has no real roots when @ = —2/3. This result suggests that the expression
inside the parentheses,—3.0c® (3.0w +2.0) , either leads to an undefined result or produces a
complex value for r under the given conditions. Specifically, with @ = —2/3, the expression
might not be valid for real values of r, causing no real roots to exist for this configuration. It
becomes challenging to compute the winding number directly from the standard way. It’s crucial
to examine the equation’s behavior close to the singularities and critical points if it lacks real
roots. The winding number can still be investigated by looking at numerical simulations or
approximations or examining how the solution behaves in the complex plane. The analysis of
the contour plot for different values of ¢ yields the related winding number (w;) and topological

number are expressed as follows
wi=-—1, and W=-1. 4.8)

From panel (a) of Fig. 4.1 In r;, — 7 plane the point where the vector ¢'" equals zero also shows
that winding and topological number for Kiselev BH within the dark energy background align
with Kiselev BH.
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(a) In r, — T plane the point where the vector ¢"” equals zero also shows a winding number for

Kiselev BH within the dark energy background aligned with Kiselev BH. The red, black, yellow,

and blue solid lines are for different values of ¢ with @ = —2/3
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(b) Unit vector field is plotted for the Kiselev BH with 7/ry = 47 and ¢ = 0.1. The zero point
highlighted by blue dots are at (r;,/ro,®) = (0.83,7/2) for ZP;.

Figure 4.1: Graphs of Kiselev BH when @ = —2/3
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(a) The red, black, yellow, and blue solid lines are for different values of ¢ with @ = —1/2.
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(b) Unit vector field is plotted for the Kiselev BH with t/ry = 47 and ¢ = 0.1. The zero point
(ZPs) highlighted by blue dots are at (r,/ry,®) = (0.86,7/2) for ZP;.

Figure 4.2: Graphs of kiselev BH when @ = —1/2
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(a) The red, black, yellow, and blue solid lines are for different values of ¢ with @ = —7/9.
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(b) it is plotted for the Kiselev BH with 7/rg = 47 and ¢ = 0.1 The zero point highlighted by
blue dots are at (r;/rp,®) = (0.83,7/2) for ZP,.

Figure 4.3: Graphs of kiselev BH when @ = —7/9
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4.2.1 Rotating Kiselev Quintessential BH

Now, we will calculate the topological number associated with a quintessential BH. To
do this, we start by considering a quintessential BH, a theoretical type of BH influenced by
quintessential matter(a hypothetical form of dark energy). The line element, or the metric of
spacetime around this BH, can be expressed in a way that captures how quintessential matter
affects the curvature of spacetime. By analyzing this line element, we can determine the BH’s
topological properties, which are essential for understanding its unique structure and behavior in
a universe with dark energy. The lie element can be expressed as [80]

M 1-3w Yy 2M 1-3w
ds? = — (1 — ’"++) dr’ + Zdr —2asin’ 6 (%) dodt  (4.9)

M 1-3w
+Xd6? +sin’ 0 [rz—i—az—i—azsinze <H—+>] do?,

where
A=r"—2Mr+a*—cr' 3", (4.10)

where m denotes mass and a denotes the spinning parameters.To evaluate the thermodynamic

spacetime defined by (1) are as follows,

2,2  l-o
w4 +’”2 T S=n(P+d). 4.11)
r

The generalized off-shell free energy can be introduced first in the context of BHs. This allows

us to investigate BH energy landscapes outside of their usual equilibrium states.

S
F=M-". (4.12)

where M is mass S is entropy and 7 is an extra variable that is equal to the inverse of temperature.

In Ref.[10] a vector ¢ define as,

o
¢ = (3% ,—cscO cot@) : (4.13)

The generalized free energy can be readily obtained from the data previously provided in equation

(5.11).

2 2 -
P (4.14)
Zrh
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Consequently, the vector ¢ components can be evaluated as

1 a1 2nr,
" - S (1—p)erP2 h 4.1
0] 2+2r%l+2( b)cr, =+ pt (4.15)
¢® = —cot®csc O, (4.16)

when we evaluate the above eqcation for ¢'* = 0. we get the expression for component 7.

47rr2 4.17)
T= , .
—a?+ri+crt —bert

The critical values of the inverse Hawking temperature parameter, 7, depend on the choice
of m. For general values of @ within the range —1 < ® < —1/3, determining these values
explicitly is challenging because a general @ produces algebraic equations in non-polynomial
form. Therefore, we focus on specific cases to proceed with the analysis. The first case,
® = —2/3, where the equation for extreme values simplifies to a polynomial form, has been

extensively studied in the literature [81].

4.2.2 When o = —2/3

In this instance, we concentrate on the Kiselev BH’s topological and thermal characteristics
for @ = —2/3. The calculations highlight a significant phase transition in the system, which
shows a critical value of 7., the inverse temperature parameter. To find the value of 7., the critical
radius was solved and then substituted into the inverse temperature formula. This critical value
is a key indicator of the system’s behavior and transition points. The link between the inverse
temperature and the normalized horizon radius can be seen in detail through a graphical analysis
using contour plots for different values of the parameter c. The plot of the evolution of the
thermal properties of the BH with variations in ¢ provides important information on the stability
and structure of the rotating Kiselev BH. Furthermore, the comprehension of system stability is
reinforced by vector field analysis. The flow lines of the polar coordinate representation better
comprehend the dynamics under @ = —2/3 by showing the critical points and their stability
features. This analysis clarifies the peculiar behavior of the Kiselev BH in this particular instance
by highlighting the complex interactions between its parameters and its topological and thermal

characteristics.
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(a) In rj, — 7 plane the point where the vector ¢"* equals zero also shows a winding number

for rotating Kiselev BH within the dark energy background with @ = —2/3 and a/ro = 0.4. 7,

serves as a generation point for different values of c¢. The value of 7, splits the rotating Kiselev

BH into two distinct branches: upper and lower, characterized by the winding numbers. It is

observed that the topological number W is zero.
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(b) it is plotted for the rotating Kiselev BH with 7/ry =40 and ¢ = 0.1. The zero points (ZP;)
and ZP, highlighted by blue dots are at (r;/ro,®) = (0.5,7/2) and (1.91,7/2) for ZP,, and ZP»

respectively.

Figure 4.4: Graph of rotating kiselev BH when @ = —2/3
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4.2.3 When v = —1/2

The analysis shows the Kiselev BH’s interesting topological and thermal features when
® = —1/2. In contrast to other values of ®, the contour lines in this case’s graph exhibit
minor fluctuations; however, the winding number and topological number remain consistent.
Accordingly, the basic topological properties of the BH remain unchanged, even in the presence
of slight variations in the temperature profile. While the vector field analysis verifies the stability
of the critical points, the contour plot emphasizes the delicate effect of parameter ¢ on the
inverse temperature instead. Despite slight variations in its thermal properties, the BH retains its

topological structure in the balanced situation of @ = —1/2, as these observations confirm.
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(b) it is plotted for the rotating Kiselev BH with 7/rp = 40 and ¢ = 0.1 The zero points (ZPs)
and ZP, highlighted by blue dots are at (r;,/ro,®) = (2.35,7/2) and (0.46,7/2) for ZP;, and
ZP, respectively.

Figure 4.5: Graph of rotating Kiselev BH when @ = —1/2
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4.2.4 When o = —7/9

For the interval —1 < @ < —1/3, taking @ = —7/9 shows that the critical radius (r.) and
the critical inverse temperature (7.) change compared to other values of @ .We obtain the same
results as when @ = —2/3 and ® = —1/2, where modifications in the geometric and thermal
qualities do not affect the topological number or winding number. This shows that the underlying
topology of the Kiselev BH remains stable throughout this timescale. Confirmed by contour and
vector plots, the results show that the BH’s core topological properties remain stable even at

w=-7/9.
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(a) when @ = —7/9 and a/ro = 0.4. the value 7, serves as a generation point for different values

of c.
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(b) it is plotted for the rotating Kiselev BH with a = 0.4 7/ryp = 40 and ¢ = 0.1 The zero points
ZP, and ZP;, highlighted by blue dots are at (r,/ro,®) = (1.56,7/2) and (0.44,7/2) for ZP,,

and ZP, respectively.

Figure 4.6: Graph of rotating Kiselev BH when ® = —7/9

From the above discussion when we consider @ = —2/3 in Fig 4.1 shows that The zero

points of the component ¢’ for rotating kiselev BH correspond to a = ry, where r( represents
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an arbitrary length scale defined by the cavity enclosing the BH. For large 7, such as 7 = 15,
two intersections can be identified for the rotating kiseleve BH, respectively. The intersection
points precisely satisfy the condition T = 1/T thereby representing off-shell BH solutions
characterized by a temperature 7 = 1/7. These solutions highlight the relationship between the
inverse temperature and the parameter 7 in defining BH thermodynamics. The two intersection

points for the rotating Kiseleve BH they become identical when 7 = 7, and then vanish when

6V37
a(1-3+/3ac)?

Kiselev BH. This suggests that 7, serves as a generation point, which is also evident from Fig

T < 1..Especially, at the point 7, = , One can easily find a solution for the rotating
4.4. Moreover, the generation point splits rotating Kiselev BH into upper and lower branches,
characterized by the winding numbers . As a result, the topological number for the rotating
Kiselev BH is determined tobe W =0 .

As an alternative, the unit vector field n can be plotted for a range of randomly selected typical
values to calculate the topological number for the rotating Kiselev BH. it is important to note that
7 must be greater than .. For example, 7/ry = 40 and a/ro = 0.4 in Fig 4.4 where we find two
zero points: ZPy at r, = 0.5 and ZP, at r, = 1.91 with the winding numbers w; = —1,wy =1,
respectively . So one can get the topological number W = wy + w, = 0 for the rotating kiselev
BH. The topological number of the rotating Kiselev BH is zero, according to the classifying
proposal for BH solutions, which is based on its distinct topological numbers [5]. An uncharged
BHs topological number is greatly influenced by the rotation parameter, as evidenced by the
rotating Kiselev BH’s topological number of 0 and the Schwarzschild BHs topological number

of -1.

4.3 Kerr-Newman Quintessential BH

We start by looking at the line element and thermodynamic quantities of the Kerr-Newman
quintessential BH to examine its thermodynamic topological classes. The line element of a
charged spinning BH surrounded by quintessence is given by the following expression [82].

A—a*sin® @ )y
—“Tsmdﬂ +5dr* +2asin’ 0

A— 2 w32
—|—sin29[2+a2sin29<2—aTsme)}dgbz,

A—a*sin? 0
(1-250)
s Y

didp +3d6* (4.18)
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Here, a represents the BHs angular momentum per unit mass, and
A=r*+d®+Q*—2Mr—cr' 3@, (4.19)

In this context, Q denotes the electric charge of the black hole. Analyzing the roots of the
horizon equation A = 0 helps determine whether the solution describes a black hole or a naked
singularity.

The thermodynamic properties associated with this spacetime are expressed as follows

M =m, (4.20)

S=n(r; +a*), 4.21)

T ri—az—Qz—l—?)a)qu_m 4.22)
N 47ry, (r,% —|—a2) ’ )

By utilizing these thermodynamic quantities, the generalized off-shell free energy of the system

can be derived as

B a2+ Q> +ri—crt B n(ry +a*)

F , (4.23)
2I’h T
As a result, the components of the vector field can be expressed as
1 a* 0> 1 27y,
=~ =4 (1 —b)ert P 4.24
¢ 2 21% 2r;21 * 2( )Crh T’ ( )
¢® = —cot®cscO, (4.25)

The parameter for the inverse temperature around the Kerr BH in quintessential field can be
represented as

47[1’2 (4.26)
T= , )
—a?— Q%+ r}zl + ch — bch

Just like the method used in the previous two sections. The points where the component ¢ equals
zero are shown in Fig. 4.7, with a = 0.1 and Q = 1/2 for different values of ¢ = 0,0.1,0.25.The
unit-magnitude vector field n, with T =30, Q = 1/2, and a = 0, is shown in panel (a) Fig 4.7.
These figures help determine the Kerr-Newman solution’s topological number in a quintessence

field.

=1 omp=-1 and W=0 (4.27)
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(b) It has been drawn for the Kerr-newman quintessential BH with a = 0.1 7/rp = 30 and
¢ = 0.1 The zero points ZP, and ZP; highlighted by blue dots are at (r,/ro,®) = (1.4,7/2) and
(0.68,7/2) for ZPy, and ZP; respectively.

Figure 4.7: Graph of rotating Kiselev BH when @ = —2/3
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4.4 Kerr-Ads Quintessential BH

We explore how the quintessential field influences the topological classes of Kerr-AdS

spacetime. The line element of the Kerr-Ads in a quintessence field is given by [82]

) ) Agsin? 0 [ dr do12 A, /dt do2
ds2:—dr2+—d92+ﬂ[a——(r2+a2)7¢] ——(:—asinzﬂ ‘P) [(4.28)

A, Ag T = = T \= =
where
2 2 2 A 2(.2 2 1-3w
Ar=r"+a +0 —2Mr—§r (r +a )—cr , (4.29)
A
Ag =1+ Eaz cos’ 0, (4.30)
A
E= 1+§a2, (4.31)

Here,m represents the BHs mass, a its angular momentum per unit mass, ¢ the quintessential
parameter, and A the cosmological constant. The following expressions describe the mass and

other thermodynamic quantities.

M=2, (4.32)
2, 2
w(r; +a
S = ( h ) , (4.33)
A _
T rﬁ—az—QZ— grﬁ(zr%—}—az) +30r! 3“’7 434)
4xry (ri +a?)
For this BH, the off-shell free energy is given by
1 n(r? +a?
F = |m- %] , (4.35)
This provides components forming the n-vector field can be written as
h—2
o — é 1 Q_22 N cr, T r7A B a>(3 +2r%A) _27ry , (4.36)
ON ) 2 2 6r; T

¢0® = —cot@csc®, (4.37)



67

In the quintessential field, the Kerr-AdS BH’s inverse temperature can be simply stated as follows

127rr}3l
T=— 5 7 7 5 TR (4.38)
3a%+30? —3r; — 3cr) 4+ 3ber) + a?rp A+ 3r; A

The Kerr-Newman Ads BH, influenced by a quintessence field, exhibits unique topological
properties. Its winding numbers are calculated as @; = —1, @, = 1 and @3 = 1 which together
yield a total topological charge of W = 1. These features are visualized in Fig 4.8 Notably, the
system includes three distinct critical points both marked as black dots in the Fig 4.9. This
interaction between the BH and the quintessence field provides significant insight into the

underlying topological framework of the system.
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when @ = —2/3,a/rp =0.1, ¢/ro = 0.1,7/ry = 30 is plotted. Three zero points are located at

(rn/70,0)= (1.75,/2),(0.65,7/2), and (r,/r0,0),= (9.24,7/2).

Figure 4.8: Graph of Kerr-Newman Ads BH, when ® = —2/3
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The ZPs of ¢" with a/rg = 0.4, ot/ro = 0.1,7/rg = 30 and Prj = 0.0022 are for Kerr-Ads BH
in quintessence field is shown. In the given arrangement, the black, blue, and red solid lines
denote the large, intermediate, and small BH. In the case of the Kerr-Ads BH in the quintessence

field, a generation point and an annihilation point are present, depicted as black dots.

Figure 4.9: Graph of Kerr-Newman Ads BH, when ® = —2/3

BH Spacetime W GP AP
Kiselev BH -1 0 0
Rotating Kiselev BH 0 1 0
Kerr-Newman(Quintessential) BH 0 1 0
Kerr-AdS4(Quintessential) BH 1 1 l1or0O

Table 4.1: Values of W, GP, and AP for different BH spacetimes.
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CHAPTER 5

CONTRIBUTION AND FUTURE WORK

5.1 Conclusion

This research has explored the topological classes of stationary axisymmetric black holes
and provided valuable insights into their structure and thermodynamic properties. By studying
the Kiselev black hole and its rotating version, it was found that the topological number for the
Kiselev BH is —1, while the rotating Kiselev BH has a topological number of 0. These results
highlight the significant influence of rotation on the fundamental properties of BHs.

To achieve these findings, the research used the relationship between spacetime geometry and
thermodynamic quantities such as entropy and temperature. An off-shell free energy function
was defined based on the BHs horizon parameter, which allowed for a detailed analysis of the
BHs topological behaviors. The study identified critical points that provided insights into the
thermodynamic stability and structural features of these BHs. For the rotating Kiselev BH,
specific parameter values revealed key behaviors, including the presence of two intersection
points at high temperatures. These points demonstrated the relationship between temperature
and other parameters, shedding light on the thermodynamic properties of the BH.

One particularly important observation was the behavior of these intersection points under
varying conditions. When the parameters reached a critical value, the two points merged and
then disappeared, marking a transition in the BHs structure. This critical point acted as a turning

point, separating the black hole into two distinct branches. These branches were characterized
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by different winding numbers, which ultimately led to the topological number for the rotating
Kiselev black hole being identified as zero. This detailed examination underscores the complex
interactions between different factors that define black hole thermodynamics and topology.
The findings of this study are significant for understanding black holes on multiple levels.
Categorizing black holes into topological classes provides a systematic way to analyze their
properties, offering insights into their stability, phase transitions, and thermodynamic behaviors.
This framework enhances our understanding of the relationship between black hole structure and
thermodynamics, bridging theoretical predictions with practical observations. The topological
approach also offers a new perspective for studying the intricate structures of BHs, contributing

to the broader understanding of these fascinating cosmic phenomena.

Limitations of the Study

Although this research has provided valuable insights into the topological and thermodynamic
behavior of black holes surrounded by quintessence, it is not without limitations. Firstly, the
analysis is restricted to specific values of the quintessence parameter and rotation parameters,
which may not cover the full dynamical range. Secondly, the study primarily focuses on stationary
black hole solutions; therefore, time-dependent or perturbed black hole geometries have not
been considered. Finally, the topological methods applied here assume certain symmetries and

boundary conditions, which may not hold in more general spacetime configurations.

Future Work

Future investigations may consider extending the analysis to charged black holes or black
holes in higher-dimensional spacetimes, potentially revealing new topological behaviors. Addi-
tionally, incorporating quantum corrections or modified gravity theories such as f(R) gravity
or Gauss-Bonnet gravity could offer deeper insights. Numerical simulations could also be
used to explore black hole thermodynamics and topology under varying conditions. Moreover,

observational data from gravitational wave detections and black hole imaging (such as from
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the Event Horizon Telescope) could help validate the theoretical models presented in this study.
These directions of research can further bridge the gap between theory and observation in black

hole physics.
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