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ABSTRACT 

Title: Investigation of MHD Hybrid Nanofluid Flow over an Inclined Surface in a Porous 

Medium 

This study analyzes the hybrid nanofluid flow, which is a mixture of copper (Cu) and aluminum 

oxide (Al₂O₃) nanoparticles suspended in water (H₂O). The hybrid nanofluids are crucial for 

optimizing thermal management systems, such as heat exchangers, cooling devices, car 

engines, and electronics, where efficient heat transfer is a dominant feature. The considered 

fluid flows over an inclined surface within a porous medium. The impact of several physical 

phenomena on the heat transfer and flow characteristics of this nanofluid is examined. The fluid 

model involves mixed convection, where both forced and natural convection contribute to the 

heat transfer process. It also investigates the effects of magnetohydrodynamics, thermal 

radiation, Joule heating and non-uniform heat source/sink on the considered flow. To model 

this complex system, a set of partial differential equations (PDEs) is formulated. These PDEs 

are typically challenging to solve directly due to their complexity, so the similarity 

transformations are employed. These similarity transformations simplify the PDEs by reducing 

them to a set of ordinary differential equations (ODEs), making the problem more manageable 

and solvable. To solve the reduced system of ODEs, a MATLAB’s bvp4c function, is utilized 

to handle the boundary value problem. This function helps in obtaining numerical solutions for 

the velocity and temperature profiles of the fluid under the specified conditions. The results 

from this numerical analysis provide insights into the velocity distribution, temperature profile, 

skin friction coefficient, which quantifies the drag force exerted by the fluid on the surface, and 

the Nusselt number, which is a dimensionless measure of the convective heat transfer rate, The 

velocity profile experiences an upsurge for the rise in stretching parameter and inclination angle. 

The temperature of the hybrid nanofluid is improved by the Biot number, heat source/sink 

parameters and Eckert number.

 

 



 

 

v 

 

TABLE OF CONTENTS 

 

CHAPTER TITLE 

  

 

PAGE 

 AUTHOR’S DECLARATION  iii 

 ABSTRACT iv 

 TABLE OF CONTENTS v 

 LIST OF TABLES viii 

 LIST OF FIGURES ix 

 LIST OF ABBREVIATIONS xi 

 LIST OF SYMBOLS xii 

 ACKNOWLEDGEMENT xiv 

 DEDICATION xv 

1 INTRODUCTION AND LITERATURE REVIEW  1 

 1.1  Hybrid nanofluids 1 

 1.2  Magnetohydrodynamics (MHD) 3 

 1.3  Thermal Radiation  5 

 1.4  Joule Heating  7 

 1.5  Contribution to the Thesis 9 

 1.6  Thesis Organization 9 

2 BASIC CONCEPTS AND DEFINITIONS 11 

 2.1   Fluid 11 

 2.2   Fluid Mechanics  11 

         2.2.1  Fluid Statics  11 

         2.2.2  Fluid Dynamics   12 

 2.3   Stress  12 

         2.3.1  Shear Stress 12 

         2.3.2  Normal Stress 12 

 2.4  Viscosity  13 



 

 

vi 

         2.4.1  Dynamic Viscosity 13 

         2.4.2  Kinematic Viscosity 13 

 2.5  Newtons Law of Viscosity  14 

 2.6  Newtonain Fluids  14 

 2.7  Non-Newtonain Fluids  14 

 2.8  Nanofluids  15 

 2.9  Hybrid Nanofluids 15 

 2.10  Flow   15 

          2.10.1  Compressible Flow 15 

          2.10.2  Incompressible Flow 16 

          2.10.3  Laminar Flow  16 

          2.10.4  Turbulent Flow  16 

          2.10.5  Steady Flow 16 

          2.10.6  Unsteady Flow 17 

 2.11  Density  17 

 2.12  Pressure  17 

 2.13  Thermal Conductivity  17 

 2.14  Thermal Diffussivity 18 

 2.15  Methods of Heat Transfer  18 

          2.15.1  Conduction  18 

          2.15.2  Convection  19 

                     2.15.2.1  Force Convection  19 

                     2.15.2.2  Natural Convection 19 

                     2.15.2.3  Mixed Convection  19 

          2.15.3  Radiation 20 

 2.16  Dimensionless Numbers 20 

          2.16.1  Prandtl  Number     20 

          2.16.2  Reynolds Number  20 

          2.16.3  Eckert Number 21 

          2.16.4  Nusselt Number 21 

          2.16.5  Skin Friction 21 

           2.16.6  Grashof Number 22 



 

 

vii 

3 The Mixed Convection Flow of Hybrid Nanofluid over a 

Stretching Sheet with Magnetohydrodynamics 

 

23 

 3.1  Introduction 23 

 3.2  Mathematical Formulation 24 

 3.3  Numerical Strategy 27 

 3.4  Graphical Analysis and Discussion 28  

4 Investigation of Hybrid Nanofluid Flow over an Inclined Surface 

in a Porous Medium in the presence of Non-Uniform Heat 

Source/Sink 41 

 4.1  Introduction 41 

 4.2  Mathematical Formulation 42 

 4.3  Numerical Strategy 45 

 4.4  Graphical Analysis and Discussion 46 

5 CONCLUSION & FUTURE WORK 63 

6 References 65 

 

 

 

 

 

 

 

 

 

 



 

 

viii 

 

LIST OF TABLES 

 

Table 3.1: Dimensionless Parameters involved in the hybrid nanofluid flow 27 

Table 3.2: Hybrid nanofluid thermophysical aspects. 30 

Table 3.3: Thermo-Physical components of hybrid nanofluid. 30 

Table 3.4: Comparative estimates of attributes 𝜖 and S on  f′′ (0) if 𝜙1 = 𝜙2 = 

λ = M = 0 . 

 

31 

Table 3.5: Comparative estimation of attribute 𝜆 on −𝜃′ (0) if  𝜀 = 1, 

𝐵𝑖 → ∞ , 𝜙1 = 𝜙2 = Rd = M = S = 0, 𝛼 = 0°and Pr =1. 

 

31 

Table 3.6: Parametric values were used in the present analysis. 32 

Table 4.1: Dimensionless parameters involved in the hybrid nanofluid flow. 45 

Table 4.2: Thermophysical characteristics of the considered hybrid 

nanofluid. 

 

48 

Table 4.3: Thermophysical attributes for the considered hybrid nanofluid. 49 

Table 4.4: Comparative values of stretching parameter 𝜀 suction parameter 

S for f′′ (0)  if 𝜙1 = 𝜙2 = λ =Ec=K= M = 0. 

 

49 

Table 4.5: Comparative estimation of mixed convection parameter 𝜆 for −𝜃′ 

(0) if 𝜀 = 1,𝜙1 = 𝜙2 = Rd = M = Ec = 𝜁1 = 𝜁2 = S = 0, 𝐵𝑖 → ∞ ,𝛼 =

0°and Pr =1. 

 

50 

Table 4.6: Parametric values were used in the present analysis. 50 

 



 

 

 

ix 

LIST OF FIGURES  

 

 

 

Figure 1.1:Manufacturing of nanofluids. 15 

Figure 3.1: An illustration  of flow towards inclined plate. 24 

Figure 3.2: 𝜃(𝜂) with altering quantities of 𝜑2 32 

Figure 3.3:  𝑓′(𝜂) with altering quantities of 𝜑2. 33 

Figure 3.4: 𝜃(𝜂) with altering quantities of 𝜆 . 33 

Figure 3.5:  𝑓′(𝜂) with altering quantities of 𝜆. 34 

Figure 3.6: 𝜃(𝜂) with altering quantities of M. 34 

Figure 3.7:  𝑓′(𝜂) with altering quantities of 𝑀. 35 

Figure 3.8: 𝜃(𝜂) with altering quantities of α. 35 

Figure 3.9:  𝑓′(𝜂) with altering quantities of α  36 

Figure 3.10: 𝜃(𝜂) with altering quantities of S. 36 

Figure 3.11:  𝑓′(𝜂) with altering quantities of S. 37 

Figure 3.12: 𝜃(𝜂) with altering quantities of Rd. 37 

Figure 3.13: Nusselt number towards 𝜖 with  altering  values of Rd. 38 

Figure 3.14: Nusselt number  towards 𝜖 with  altering values of  Bi 38 

Figure 3.15: Nusselt number towards  𝜖 with  altering  values  of  𝜑2. 39 

Figure 3.16: Skin friction towards  𝜖 with altering  quantities  of  M. 39 

Figure 3.17: Skin friction towards  𝜖 with altering  quantities of 𝜑2. 40 

Figure 3.18: Skin friction towards  𝜀 with altering  quantities of S. 40 

Figure 4.1: An illustration of flow toward sloped  plate in a porous medium. 42 

Figure 4.2: 𝜃(𝜂) with altering quantities of 𝑀. 51 

Figure 4.3:  𝑓′(𝜂) with altering quantities of  𝑀. 51 

Figure 4.4: 𝜃(𝜂) with altering quantities of S. 52 

Figure 4.5:  𝑓′(𝜂) with altering quantities of S. 52 

Figure 4.6: 𝜃(𝜂) with altering quantities of 𝜖. 53 

Figure 4.7:  𝑓′(𝜂) with altering quantities of  𝜖. 53 

Figure 4.8: 𝜃(𝜂) with altering quantities of 𝜑2. 54 

Figure 4.9:  𝑓′(𝜂) with altering quantities of 𝜑2. 54 



 

 

 

x 

  

Figure 4.10: 𝜃(𝜂) with altering quantities of  𝛼 . 55 

Figure 4.11:  𝑓′(𝜂) with altering quantities of 𝛼. 55 

Figure 4.12:  𝑓′(𝜂) with altering quantities of K. 56 

Figure 4.13: 𝜃(𝜂) with altering quantities of Ec. 56 

Figure 4.14: 𝜃(𝜂) with altering quantities of  𝜁1. 57 

Figure 4.15: 𝜃(𝜂) with altering quantities of  𝜁2. 57 

Figure 4.16: 𝜃(𝜂) with altering quantities of  Bi. 58 

Figure 4.17: Nusselt number towards 𝜖 with  altering Rd quantities. 58 

Figure 4.18: Nusselt number towards 𝜖 with  altering 𝜁1 values. 59 

Figure 4.19: Nusselt number  towards 𝜖 with  altering values of 𝜁2. 59 

Figure 4.20: Nusselt number  towards 𝜖 with  altering values of  Ec. 60 

Figure 4.21: Skin friction  towards  𝜖with  altering K values. 60 

Figure 4.22: Skin friction  towards  𝜖 with  altering 𝜑2 quantities. 61 

Figure 4.23: Skin friction towards  𝜖 with  altering 𝑆 quantities. 61 

Figure 4.24: Skin frriction  towards 𝜖  with  altering M values. 62 



 

 

 

xi 

LIST OF ABBREVIATIONS   

 

 

 

Acronyms  

MHD Magnetohydrodynamics 

EMHD Electromagnetohydrodynamics 

PDEs Partial differential equations 

ODEs Ordinary differential equations 

Cu Copper 

𝐴𝑙2𝑂3 Alumina/Aluminum oxide 

MATLAB Matrix Laboratory 

Bvp4c Boundary Value Problem for 4th Order Colocation 

𝑁𝑢𝑥 Local Nusselt Number 

𝐶𝑓 Skin Friction Coefficient 

𝐻2𝑂 Water 

 

 

 

 



 

 

 

xii 

 

LIST OF SYMBOLS 

 

 

x, y Cartesian coordinates 

u, v Velocity components 

T Temperature 

𝑇𝑤 Temperature of the wall 

𝑇∞ Ambient temperature of the hybrid nanofluid 

𝜃𝑤 Ratio of temperature 

𝜙1 Concentration 1st nano-particle 

𝜙2 Concentration 2nd nano-particle 

𝛼          Inclination Angle 

𝜎          Electrical conductivity 

𝜎𝑛𝑓          Electrical conductivity of nanofluid 

𝜎ℎ𝑛𝑓          Electrical conductivity of hybrid nanofluid 

𝜈          Kinematic viscosity 

k          Thermal Conductivity 

𝑘𝑛𝑓          Thermal Conductivity nanofluid 

𝑘ℎ𝑛𝑓          Thermal Conductivity hybrid nanofluid 

𝐶𝑝           Fluid heat capacity 

(𝐶𝑝)𝑛𝑓 Specific heat capacity of nanofluid 

(𝐶𝑝)ℎ𝑛𝑓 Specific heat capacity of hybrid nanofluid 

𝜌 Density 

𝜌𝑛𝑓 Density of nanofluid 

𝜌ℎ𝑛𝑓 Density of hybrid nanofluid 

𝜇 Dynamic Viscosity 



 

 

 

xiii 

 

 

𝜇𝑛𝑓 Dynamic viscosity nanofluid 

𝜇ℎ𝑛𝑓 Dynamic viscosity hybrid nanofluid 

𝛽𝑇 Thermal expansion 

(𝛽𝑇)𝑛𝑓 Thermal expansion of nanofluid 

(𝛽𝑇)ℎ𝑛𝑓 Thermal expansion hybrid nanofluid 

Pr Prandtl number 

𝑅𝑒𝑥 Reynolds number 

𝐸𝑐 Eckert number 

𝑁𝑢𝑥 Nusselt number 

𝐺𝑟 Grashof number 

𝑞𝑟 Radiative heat flux 

K Porosity parameter 

R          Thermal radiation 

M           Magnetic field parameter 

𝑞′′′           Nonuniform Heat generation/absorption parameter 

𝜆           Mixed convection parameter 

𝜖           Stretching and shrinking parameter 

𝜁1           Space Dependent Heat source and sink 

𝜁2          Temperature  Dependent Heat source and sink 



 

 

xiv 

 

 

 

 

 

ACKNOWLEDGMENT  

 

 

 

I am thankful to Almighty ALLAH who has enabled me to learn and to achieve milestones 

towards my destination and His beloved Prophet Hazrat Muhammad (PBUH) who is forever a 

constant source of guidance, a source of knowledge and blessing for the entire creation. His 

teaching shows us a way to live with dignity, stand with honor and learn to be humble. 

My acknowledgment is to my kind, diligent and highly zealous supervisor, Dr. Anum 

Naseem who supported me with her valued opinions and inspirational discussions. Her 

expertise, suggestions, comments and instructions greatly improved the worth of this research 

work. I am placing my earnest thanks to Dr. Anum Naseem. I am so grateful to work under the 

supervision of such a great person. My gratitude is to my honorable supervisor who took me to 

the apex of my academia with their guidance. In particular, Dr. Anum Naseem has always been 

supportive during all of my course work and kept encouraging me throughout the session at the 

National University of Modern Languages. 

My strong gratitude is to my parents and my adored siblings who have been always real 

pillars for my encouragement and showered their everlasting love, care and support throughout 

my life. Humble prayers, continuing support and encouragement from my family are always 

highly appreciated. 

Consequently, my plea is to Allah, the Almighty, the beneficial to keep showering His 

blessings upon me and strengthen my wisdom and knowledge 

 

 

 



 

 

xv 

 

 

 

 

 

 

 

 

DEDICATION  

 

 

 

 

 

 I dedicate this thesis to my parents and teachers, who have been my greatest source of 

inspiration and support throughout my life. Their unwavering encouragement, love and 

sacrifices have made this journey possible 

 



 

 

1 

 

 

 

 

CHAPTER 1 

 

 

Introduction and Literature Review 

 

 

1.1   Hybrid Nanofluid 
 

          The idea of manufacturing nanofluids by mixing nanoparticles with a base fluid was 

perceived by Choi [1]. The term "nano" has Latin roots and denotes a scale of 10−9 meters. The 

thermal conduction attributes of nanofluids are dependent on the form, and concentration of the 

nanoparticles and size as well as the aspects of the conventional fluid. The basefluid includes 

water, oils and lubricants, polymeric solutions, bio-fluids, organic liquids (such ethylene, tri-

ethylene glycols, refrigerants, etc.), and other common liquids. The materials used to create the 

nanoparticles include chemically inert metals, oxide compounds (like alumina), oxide 

refractory materials (like CuO), metal carbides (like SiC), metallic nitrides (like AIN) and 

carbon in different forms (like fullerene) [2]. Electronics, solar energy, automotive industry, 

medical applications, food industry, machining processes, and building heating/cooling 

systems, nuclear reactors and pool boiling are a few commercial applications for nanofluids. 

When compared to conventional fluids, they show better thermal characteristics [3]. 

           

         Hybrids are the most developed kind of nanofluids and are created by combining two 

distinct kinds of nanoparticles in a basefluid. The goal of this combination is to get better 

thermal properties and performance than single-nanoparticle fluids. Since hybrid nanofluids 

have good thermal properties, they improve heat transfer efficiency in thermal energy storage 

systems and heat pipes, heat exchangers, boiling processes and cooling applications. 
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Additionally, they function well in solar thermal and refrigerated systems, all of which 

contribute to lower energy consumption and higher cooling efficiency. All things considered, 

hybrid nanofluids are effective and practical for managing heat efficiency in many different 

sectors of the economy [4].Yang et al. [5] addressed the study on thermal convective coefficient 

of several nanoparticles in a tube- shaped flat heat exchanger with laminar conditions of flow. 

The heat transfer coefficient in laminar flow is increased by adding nanoparticles, based to the 

experimental data. Suresh et al. [6] examined the pressure drop and fully developed laminar 

flow and transfer of heat (convective) in a circular tube with water and Al2O3 hybrid nanofluid. 

The results of the study further showed that  0.1%  friction aspects of Al2O3–Cu/water composite 

nanofluids is significantly larger than that of 0.1% Al2O3/H20 nanofluid. Sarkar et al. [7] 

considered the characteristics of pressure loss, heat transfer, thermodynamic parameters, 

formulation, and difficulties associated with hybrid nanofluids. Results indicated that such 

nanofluids contain great ability to enhance heat transfer if the hybridization process is 

successful. Shoaib et al. [8] employed Lobatto IIIA method's computational method to look 

into the heat transfer in a hybrid nanofluid (Al2O3–Ag/H20) flowing over a linearly stretched 

surface with the impact of radiation. Hussain et al. [9] analyzed the thermodynamic traits of 

magnetohydrodynamic and also mixed flow of nanofluid with thermal radiation. MATLAB 

software was implemented to solve the complicated differential equation system by employing 

the Bvp4c strategy. Basavarajappa et al. [10] looked into the problem of impulsive movement 

for nonlinear convective flow of nanoparticle based fluid across a plate. They availed central 

response surface method (RSM) and central composite design (CCD) for the simultaneous 

optimization of the thermal heat flux rate and drag coefficient. It was found that the flow fields 

are significantly affected by the density's quadratic fluctuation with temperature. Sneha et al. 

[11] analyzed the effect of an inclined MHD for hybrid nanofluid (Cu–Al2O3/ H20) fluid flow 

as a result of stretching/shrinking sheet using and a mixed convection and thermal radiation 

effects. Mahesh [12] studied the impact of thermal radiation on hybrid nanofluid (TiO2–

Ag/H2O) across a porous sheet with MHD. Hussein et al. [13] addressed the impacts of 

combining photovoltaic energy systems with hybrid nanofluids for water productivity. The 

important elements including system design, and concentration were also examined.Mahmood 

et al. [14] work examined thermal radiation and magnetohydrodynamic (MHD) influence on 

hybrid nanofluid flowing through a vertically stretching permeable surface near stagnation 

point. The understanding of these factors in relation to the stretching surface dynamics was the 

aim of the study. The effects of magnetohydrodynamic (MHD) on the hybrid nanofluid over a 

stretched sheet that was permeable was examined by Mahmood et al. [15]. Using Mathematica, 
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numerical solutions were derived for the coupled system with the help of Runge-Kutta (RK-

IV) approach. Mahmood et al. [16] considered hybrid nanofluid (Al2O3–Cu/water) and its flow 

on a moving surface. The study also looked at how thermal and velocity slip conditions affect 

the flow phenomenon. Ali et al. [17] assessed the magnetohydrodynamic laminar fluid motion 

of Casson hybrid nanofluid (Ag–Au/blood) over an oscillating surface by combining thermal 

radiation effect with porous medium. It was illustrated the advantages of hybrid nanofluid 

which contained several nanoparticles in a conventional fluid have improved thermal 

conductivity and heat transfer as compared to single nanoparticle suspensions. Khalil et al.  [18] 

considered temperature dependent viscosity and thermal conductivity while examining the flow 

and thermal conduction of a hybrid nanofluid across a linearly stretching surface. The 

investigation also revealed that the complex relationships such as the dynamics of porous 

media, slip boundary effects, variation in viscosity, and magnetohydrodynamic effects and their 

influence on the flow. The magnetohydrodynamic, 2D, unsteady flow of a hybrid nanofluid 

(Al2O3–Cu/water) inside a Darcy-Forchheimer media was looked at by Lund et al. [19]. The 

numerical study by Abd-Elmonem et al.  [20] looked at how different governing parameters 

influence the hybrid nanofluid's (Al2O3–Cu/H20) flow through a Darcy porous media. Molla, et 

al. [21] work on non-Newtonian hybrid nanofluids (Al2O3–Cu/C2H6O2) in a two dimensional 

cavity with a thermal flate plate at its core. Raza et al. [22] explored the dispersion of various 

nanoparticles in liquid bases such as water (H2O) including molybdenum disulfide (MoS₂) and  

graphene oxide (GO). The framework also incorporated permeability and the impact of 

magnetic field to provide a comprehensive evaluation. 

 

 

1.2   Magnetohydrodynamics (MHD) 

 

         Magnetohydrodynamics or MHD for short is the analysis of electrically conductive fluids 

in the presence of magnetic field. These fluids include electrolytes, salt water, liquid metals, 

and plasmas. Magnetohydrodynamics was first established for electrically conducting fluids in 

a 1942 and studied by Hannes Alfvén as mentioned in "Existence of Electromagnetic–

Hydrodynamic Waves" [23]. The fundamental idea of MHD is that conductive fluids in motion 

may generate electric current through magnetic fields, which can change the magnetic field and 

exert forces on the fluid. The electromagnetic equations and the Navier-Stokes equations for 

fluid dynamics make up the set of equations that define MHD. Applications of 
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magnetohydrodynamics (MHD) may be found in several technical domains. Among the notable 

uses of magnetohydrodynamic (MHD) are boundary layer control, controlled thermonuclear 

reactors, metallic plate cooling, oil recovery techniques, crystal growth, magnetic devices for 

cell separation, geothermal energy extraction, MHD generators, magnetic endoscopy, and 

controlling blood circulation during surgery. Many scholars have studied 

magnetohydrodynamics (MHD) in connection with the previously listed applications in 

different fluid mechanics problems. Magnetohydrodynamics (MHD) has been studied in many 

different contexts by researchers because of its numerous applicability in fluid mechanics 

problems [24]. The engineering applications such as liquid metal cooling systems in nuclear 

reactors and astronomy, helps to explain that solar flares and stellar winds, both depend on 

MHD. Jang et al. [25] presented a novel micropump that operated on the principles of 

magnetohydrodynamics (MHD). Wu [26] studied the generalized MHD (GMHD) equations. In 

particular, he investigated the evaluations of various parameters on the regularity of solutions. 

Raptis and Perdikis [27] looked at a consequence of a chemical reaction on the fluid flow across 

a semi-infinite stretched sheet. The sheet was stretched non-linearly (quadratically) in the 

vicinity of an orthogonal field of magnetism. The implications of varying heat conductivity and 

viscosity on hydromagnetic flow and heat transfer due to a non-linearly stretching surface were 

looked at by Prasad et al. [28]. In the subsistence of a magnetic field, Hamad [29] assessed the 

heat transfer as well as convective flow of a viscous nano particle fluid via partially-infinite 

upright stretched surface. Jalilpour et al. [30] studied the stagnation point, MHD of a nanofluid 

flow through heated permeable surface. Thermophoresis accompanied with Brownian motion 

effects were also included in the governing equations. The coupled partial differential equations 

were non-dimensionalized and analytically which applied the Padé technique. Hayat et al. [31] 

looked at how a field of magnetism influenced the peristaltic flow of a constant density fluid 

called Williamson in an inclined medium. Convective conditions for mass and heat 

transmission were also applied. Abbas et al. [32] discussed the hybrid nanofluid (Ni-Ag/H20) 

flow at the stagnation point over a non-uniform cylinder and the magnetic field was also 

applied. A mathematical model of hybrid nanofluid flow was generated under certain flow 

assumptions. The effects of Joule heating and dissipative viscous were also taken into account. 

Dadheech et al. [33] examined a comparative analysis of linear viscosity fluids and non-linear 

viscosity fluids. Using non-uniform heat source along with heat sink, thermal radiation, heat 

transfer analysis was performed. Furthermore, a magnetic field was applied and the surface was 

assumed to be porous. Soomro [34] discussed a hybrid nanofluid (Al2O3-Cu/H20) flow past an 

inclined surface and studied the effects of magnetohydrodynamics on the flow. A permeable 
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stretched sheet was considered by Khazayinejad [35] and the flow was assumed under the effect 

of the magnetohydrodynamics which was applied perpendicular to the flow. The influence of 

magnetohydrodynamics on the hybrid nanofluid flow (Al2O3-Cu/H20) via stretched/shrinked 

sheet was looked into by Sneha et al. [36]. The investigation of hybrid nanofluid (Ag-CuO/H20) 

flow above a nonlinear stretching surface was done by Algehyne [37]. The Brownian motion 

and thermophoresis variables was applied in the fluid problem. Using the effect of 

magnetohydrodynamics, Yasin et al. [38] exhibited the flow pattern at various inclination 

angles. This study employed blood as a medium of transport in a symmetric channel in order to 

study the hybrid nanofluid and its peristaltic flow with (Cu) and (Ag) nanoparticles. Galal et al. 

[39] had the main target to examine the impact of magnetohydrodynamics on the rate of heat 

as well as mass transfer for three-dimensional nanoliquid flow between two stretchable surfaces 

in the presence of chemical reaction and thermal radiation. Kirusakthika [40] investigated heat 

flux of a hybrid nanofluid (Fe3O4-Al2O3/C2H6O2–H2O) based on a 50:50 mixture, for a laminar, 

MHD, natural-convective boundary layer flow across an angled needle. Along with the 

influence of an applied Lorentz force, the inquiry also examined the implications of nonunifrom 

viscous dissipation and thermal radiation. Jeelani et al. [41] analyzed mass with also heat 

transfer for hybrid nanofluid flowing past an angled linearly stretched sheet using the Maxwell 

fluid model. The sheet was embedded in a porous medium, and it was linearly stretched to 

create a fluid flow. The results clearly showed that the hybrid nanofluid's thermal performance 

was improved by increasing the volume percentage of nanoparticles. Mahabaleshwar et al. [42] 

investigated how thermal radiation and MHD affected the biviscous Bingham hybrid 

nanofluid(GO MoS2/C2H6O2) and its flow over a permeable stretched surface. The results of the 

experiment show that skin friction was increased when the magnetic field was increased. Yadav 

et al. [43] considered the slip boundary condition for analyzing the thermally radiative, 

magnetohydrodynamic, mixed convection hybrid nanofluid flow across an inclined shrinking 

permeable plate.  

 

 

1.3   Thermal Radiation  

 

          Thermal radiation is the term for electromagnetic waves that are released by an object as 

its temperature rises above absolute zero. These waves are mostly in the infrared spectrum. This 

radiation arises from the thermal motion of particles and is best described by the concept of 

blackbody radiation, which holds that a perfect blackbody absorbs all incident radiation and 
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emits energy in line with its temperature as indicated by Planck's equation [44]. In several areas, 

including heat transport, energy efficiency, and the greenhouse impact, thermal radiation is 

significant. The sun's warming beams and the radiation from it are two instances of thermal 

radiation in operation. Mohammadein et al. [45] observed that how the mixed convective, non-

Newtonian fluid flow over a flat, horizontal plate placed in a porous medium was affected by 

thermal radiation. The non-Newtonian fluid dynamics was characterized by the Ostwald-de 

Waele model. Basu et al. [46] covered the fundamentals of thermal radiation and described the 

most recent advancements in the area. The thermal radiation application in near-field 

thermophotovoltaic systems was also discussed. Haile et al. [47] considered the boundary-layer 

nanofluid flow with the effect of thermal radiation, chemical reaction and viscous dissipation 

over a moving surface. The influence of a continuous, incompressible water-based MHD 

nanoparticle fluid flow through two stretchy or shrinkable walls with heat radiation from a 

source or outlet was studied by Dogonchi et al. [48]. Hakeem et al. [49] discussed impact of a 

thermal radiation on a multiple-dimensional, magnetohydrodynamic flow with a slip boundary 

condition of order 2 over a sheet using both analytical and numerical approaches. Hayat et al. 

[50] investigated a 3D model with the influence of chemical reactions and thermal radiation, 

for a flow over a linearly stretched surface when rotation was included Daniel et al. [51] looked 

into the non-uniform combination of convection movement of an electrical carrying nanofluid 

and heat transfer triggered by a permeable linear stretched surface together with thermal 

radiation. Using the mutual factors of MHD, and chemical reaction, the analysis was done. Iqbal 

et al. [52] looked at the effect of Hall currents on hybrid nanofluid (Cu-CuO/H2O) flow in a 

circulating channel, with the effect of thermal radiation. After completing the required analysis 

and simplification, closed form solutions were found. Shoaib et al. [53] presented the numerical 

modelling of a hybrid nanofluid (Al2O3-Ag/H2O) magnetohydrodynamic flow above a 

stretchable sheet in three dimensions with the aspects of the effects of thermal radiation. The 

objective of Yashkun et al. [54] research was to examine the thermal properties of a hybrid 

nanofluid flowing across a linearly stretchy and shrinkable surface while factoring in the 

influence of thermal radiation and magnetohydrodynamics. Basir et al. [55] done analysis on 

the two possible mixtures for the flow in stagnation point in a hybrid nanofluid (Co-

CeO2/C12H26-C15H32) which included melting heat transfer. It was demonstrated that because 

of thermal radiation and melting heat transfer, the drag force and rate of heat transfer were 

frequently much greater in hybrid nanofluids. Waini et al. [56] examined hybrid nanofluid 

steady flow and thermal conduction characteristics that was nonlinearly stretching and 

shrinking while accounting for suction, thermal radiation, and magnetohydrodynamics (MHD). 



 

 

7 

 

Waqas et al. [57] explored hybrid nanofluid (Al2O3-CU/C22H6O) flow on a stretching surface 

with heat source interacting with heat sink, in addition to thermal radiation effects. The findings 

were intended to improve engineering system efficiency and further the understanding of 

thermal management. The conduct of thermal radiation on the 3D flow characteristics of 

magnetized and rotating hybrid nanofluid (Al2O3-CU/H2O) was examined by Asghar et al. [58] 

through the application of numerical methods. The understanding influences of thermal 

radiation and procedures of heat transfer on fluid dynamics was the aim of this research. 

Utilizing hybrid nanofluids, Khan et al. [59] studied the 2D magnetohydrodynamic flow inside 

the boundary layer in a surface that had pores, over a stretchable sheet. It was found out that 

how both mass and heat transfer was influenced by thermal radiation and varied slip conditions. 

The findings demonstrated that these factors changed flow dynamics and enhanced heat 

transfer, offering useful information for engineers. In order to analyze, entropy generation for 

a hybrid nanofluid (Gu-Fe3O4/H2O) flow, Naqvi et al. [60] looked at a mathematical framework 

for magnetohydrodynamic flow across stretching and shrinking surfaces. The flow dynamics 

were affected by thermal radiation (nonlinear) and MHD. The behavior displayed by a hybrid 

nanofluid through a stretched surface that was influenced by thermal radiation and 

magnetohydrodynamic (MHD) was investigated by Asghar [61]. 

 

 

1.4   Joule Heating  

 

        The mechanism that produces heat when electric current passes across a conducting 

substance is described as the process of Joule heating. Ohmic heating is another term used in 

place of Joule heating. The power produced when an electrical conductor is heated is equal to 

the product of the resistance and the square of the current, according to Joule's first law. The 

phenomena of Joule heating may be used to build a variety of useful gadgets, such as electric 

fuses, electronic cigarettes, electric stoves, and cartridge warmers that employ Joule heating to 

vaporise vegetable glycerin and propylene glycol. Resistance thermometers and thermistors are 

also the uses of it. [62]. Xuan et al. [63] developed a computational model that takes 

temperature-dependent material properties and thermal boundary effects into account. The 

study was performed in the existence of ohmic heating. Tang et al. [64] made the use of 

numerical simulations to look into the combined impacts of Joule heating and temperature 

dependent features on electro-osmotic flow. Kates [65] introduced two numerical models to 

study heat transfer in diverging microchannels containing both stationary and flowing liquids. 
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The heat exchange using a magnetohydrodynamic nanofluid flow in a semiporous curved 

channel was studied by Sajid et al. [66]. The energy equation took into account the Joule heating 

effects. The conduct of an instigated magnetic field on the stagnation hybrid nanofluid flow 

(TiO2-Cu/H2O) via stretched sheet was examined by Ghadikolaei et al. [67]. Their research 

focused at the ways in which magnetic fields impact thermal behavior with flow characteristics 

of nanofluids. Xia et al. [68] presented a 3D flow of a viscous hybrid (Cu-Ag/C2H6O2) nanofluid 

and its flow with Joule heating. The fluid was flowing between two parallel surfaces, the bottom 

surface was stretching linearly. Mahanthesh et al. [69] researched influence of Joule heating on 

the movement and thermal conduction for magneto-composite nanofluid through an isothermal 

wedge. It centered on a Newtonian composite nanomaterial with an exponential heat source, 

assuming an incompressible and electrically conducting fluid Khashi'ie et al. [70] attempted to 

explore the characteristics of a (Cu-Al2O3/H2O) fluid for an axially stretching/shrinking surface 

with the simultaneous influence of MHD combined with Joule heating. Observing duality of 

solutions and examining the hybrid nanofluid, properties of flow and heat transfer of (Cu-

Al2O3/H2O) flowing through a narrowing cylinder with the impact of Ohmic heating was the 

goal of Khashi'ie et al. [71] work. Yashkun et al. [72] looked into flow and heat transfer of a 

hybrid nanofluid (Cu-Al2O3/H2O) using a stretching/shrinking sheet with mixed convection and 

Joule heating. A computational investigation took place for the flow of a two-dimensional 

hybrid nanofluid (Cu-Al2O3/H2O) across the sheet. The main goal of Teh et al. [73] study was 

to find out how the electromagnetic field and Joule heating altered the temperature and velocity 

characteristics of the hybrid nanofluid (Cu-Al2O3/H2O). The magentohydrodynamic, hybrid 

nanofluid (Cu-Al2O3/H2O) from the surface under the influence of Ohmic heating was objective 

of Khashi'ie et al. [74] work. Ramesh et al. [75] examined the mixed convection nanofluid flow 

through narrow channels (HNF-MC) employing the numerical determining system 

MATHEMATICA. The velocity slip, magnetohydrodynamics, and viscous dissipation effects 

were all taken into account. The heat transfer characteristics of a magnetized Casson hybrid 

nanofluid (Al2O3–Cu/NaCl) through porous surface were looked into by Lund et al. [76]. The 

effects of Joule heating with electromagnetic radiation were examined in the study. 

Investigating the mixed convective and magnetohydrodynamic (MHD) flow over a stretching 

surface with infrared effects using non-similar modelling of a hybrid nanofluid was the 

objective of Razzaq et al. [77] work. The effects of exposure to Joule heating, viscous 

dissipation and radiation on thermodynamic equation supported the flow in the investigation. 

In Mishra et al. [78] research, the flow of a hybrid nanofluid (Ti02–Fe2O3/H2O) along effects 

of Joule heating, suction/injection and magnetohydrodynamics was examined. Gul et al. [79] 
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examined an annular flow of hybrid nanofluid(Al2O3–Ag/H2O) flowing between two discs that 

was both electricity conducting and magnetically driven. The research took into account the 

mixed convection, and ohmic heating effects. The fluid flow of a hybrid nanofluid (Al2O3–

Ag/H2O) flowing over a linearly stretched cylinder immersed in a liquid were observed by 

Nabwey et al. [80] using magnetohydrodynamcis and Joule heating.  

 

 

1.5   Contributions to the Thesis 

 

         In this thesis, the review work of Wahid et al. [85] is referenced and the flow analysis is 

expanded to investigate the impact of non-uniform heat source and heat sink on hybrid 

nanofluid flow under certain boundary conditions. This numerical study's goal is to examine 

magnetohydrodynamic hybrid nanofluid flow above a linearly extending surface while taking 

Joule heating into account. A set of ordinary differential equations (ODEs) is created which are 

derived through the nonlinear partial differential equations (PDEs) by using similarity 

transformations. MATLAB software is used to formulate the tables and graphs that display 

numerical findings. The conduct of dimensionless factors for 𝑓′(𝜂), 𝜃(𝜂), Nux, and Cf are 

explored in depth, and graphs and tables display the results with clarity. 

 

 

 

1.6   Thesis Organization 

 

         The thesis is segmented into six chapters.  

          Chapter 1 comprises an introduction to numerous concepts and an in-depth literature 

assessment based on the current study.  

          Chapter 2 summarizes the fundamental words and ideas employed in the study. This 

chapter provides the crucial laws that are to be used to assess upcoming chapters. 

         Chapter 3 investigates the two-dimensional flow brought about an inclined shrinking sheet 

using a hybrid nanofluid. The mechanisms of fluid flow and heat transfer are affected due to 

the existence of magnetohydrodynamics. MATLAB's bvp4c method is used to solve the system 
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of ordinary differential equations (ODEs) that originate as a result of performing similarity 

transformations on the governing equations.  

        Chapter 4 analyses the hybrid nanofluid and the flow across linearly stretching sheet in a 

medium of porosity. Among the factors considered in this work are thermal radiation, mixed 

convection, Joule heating, non-uniform heat generation/heat absorption. The system is solved 

with the help of the bvp4c approach once the governing equations have been shifted to ordinary 

differential equations (ODEs). 

       Chapter 5 reveals outcomes from the study on the hybrid nanofluid flow problem. Some 

prospective future research endeavors are also included.  
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Chapter 2 

 

 

Basic Concepts and Definitions 

 

 

2.1   Fluid 

 

       A fluid [81], show some defiance to the applied force of shearing when subjected to an 

external force, but eventually continue to flow and deform. Stated differently, fluids cannot 

withstand shear loads. 

 

 

2.2   Fluid Mechanics  

 

       An area of applied mechanics that examines the behaviors and properties of fluids [81]. 

There are two main subfields within fluid mechanics. 

 

 

2.2.1   Fluid Static  

  

              Fluid statics [81] is a discipline of fluid mechanics focusing on the characteristics of 

fluids at rest. 
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2.2.2   Fluid Dynamics 

 

             A fluid that flows and exhibits variations in pressure, velocity, and other features while 

flowing is often referred to the field of fluid dynamics [81]. In other words, this branch of fluid 

mechanics deals with the flowing fluid along with the forces that the fluid experiences. 

 

 

2.3   Stress  

         

         It is the mean force exerted by various elements on an object's surface. Typically, stress 

is defined according to of its intensity and trajectory.  

                                 Stress =
𝐹𝑜𝑟𝑐𝑒(𝐹) 

𝐴𝑟𝑒𝑎(𝐴) 
.                                                    (2.1) 

Its dimensions are [
𝑀

𝐿𝑇2]and the SI units for stress are 𝑁𝑚−2 or kg/ms−2 .  

It consists of two components.  

 

 

2.3.1   Shear Stress  

 

           One kind of stress that originates when a force exerted throughout the sectional area of 

an element is shear stress [81].  

 

 

2.3.2   Normal Stress  

           

            The particular kind of stress that results from an applied force acting orthogonal to the 

sectional area of a material is known as normal stress [81]. 

 

 

 

 

 



 

 

13 

 

2.4   Viscosity  

          

         Shear deformation of fluids is referred to as viscosity [81], a physical property of fluids 

that may be defined in two ways.  

 

 

2.4.1   Dynamic Viscosity 

 

             Dynamic viscosity [82], frequently referred to as absolute viscosity (µ), is a property 

that illustrates the relation between tangential stress and the fluid's internal velocity change 

rate. Mathematically,  

                                           Viscosity (µ) = 
 Tangential stress

𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 
.                                               (2.2)  

It has the dimensions [
𝑀

𝐿𝑇
] with the SI units of 𝑁s/𝑚2 or kg/m.s . 

 

 

2.4.2   Kinematic Viscosity  

  

           The dynamic viscosity quotient by its density of the fluid is known as kinematic 

viscosity [82]. 

                                                   𝜈 =
𝑑𝑦𝑛𝑎𝑚𝑖𝑐 𝑣𝑖𝑠𝑐𝑜𝑠𝑖𝑡𝑦 

𝑑𝑒𝑛𝑠𝑖𝑡𝑦
=

𝜇

𝜌
 ,                                                  (2.3) 

where the fluid's density is indicated by ρ, the viscosity with 𝜇 , and the kinematic viscosity 

through 𝜈.  The SI  unit of kinematic viscosity is m2/s with dimensions [
𝐿2

𝑇
]. 

 

 

 

 

 

 

 



 

 

14 

 

2.5   Newton’s Law of Viscosity 

           

         Newton's law of viscosity [82] demonstrates that the tangential stress within contiguous 

layers of fluid is directly related to the rate of change in velocity (shear rate) with respect to 

those layers.  

Mathematically, it can expressed as                       

                                                     τyx∝
𝑑𝑢

𝑑𝑦′
 ,                                                                   (2.4) 

                                                               τyx=k
𝑑𝑢

𝑑𝑦′ 
,                                                                  (2.5) 

where (du/dy) signifies the rate at which the fluid aspect is subjected to shear stress, which is 

indicated by τyx . 

 

 

2.6   Newtonian Fluids 

 

            Newton's viscosity law, which asserts that shear stress and shear rate have a linear 

relationship, is what distinguishes Newtonian fluids [82]. Glycerin, milk, honey, air are 

Newtonian fluids. 

 

 

2.7   Non Newtonian Fluids 

            

          Non-Newtonian fluids are defined as those that contradict Newton's law of viscosity 

and having a correlation which is not linear among tangential stress and strain rate. [82]. The 

following is a mathematical representation of this relationship. 

                                   τyx∝ (
𝑑𝑢

𝑑𝑦
)

𝑛

,                   n≠ 1.                                                 (2.6) 

                                          τyx= η(
𝑑𝑢

𝑑𝑦
)𝑛    ,            𝜂 = 𝑘  (

𝑑𝑢

𝑑𝑦
)𝑛−1 ,                               (2.7) 

where 𝜂 represents the viscosity, the flow behavior index referred by n and 𝑘 denotes the 

consistency index. Whipped cream and toothpaste are the exemplers of non-Newtonian fluids.  
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2.8   Nanofluids 

     

          The nanoparticles are dispersed into a basefluid to form nanofluids [82]. 

 

Fig.1: Manufacturing of Nanofluids. 

 

 

2.9   Hybrid Nanofluids 

            

           Hybrids are the most developed kind of nanofluids; they are created by combining two 

distinct kinds of nanoparticles in a basefluid [82]. 

 

 

2.10   Flow  

  

           Flow is the movement of gases or liquids through a channel [82]. When fluid flow is 

subjected to imbalance forces, fluid motion continues as long as the forces that are out of 

balance are still being used. The following sections discuss the many forms of flow.  

 

 

2.10.1   Compressible Flow  

 

                When the fluid's density varies while the flow is occurring, it is said to be 

compressible [82]. It is crucial in many fluid systems, particularly those at high speeds and 

temperature, such as those seen in supersonic aircraft or missile engines. 
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2.10.2   Incompressible Flow  

            

               When the fluid's density does not change during the course of flow, it is said to be 

incompressible flow [82]. For instance, while building a pump or turbine, incompressible flow 

could be taken into account when the fluid is moving slowly and with little density variations. 

 

 

2.10.3   Laminar Flow 

            

               Laminar flow [82] is the motion of particles of fluid through consecutive layers or 

along predetermined routes without overlapping or mixing with one another. When the fluid 

velocity is not high and the viscosity is high, the flow is usually laminar. 

 

 

2.10.4   Turbulent flow 

 

               When fluid particle motion is erratic and devoid of a predictable sequence or direction, 

it is known to as turbulent flow [82]. When the fluid velocity is high and the viscosity is low, 

the flow is often turbulent. 

 

 

2.10.5   Steady Flow  

      

            Steady flow occurs when the fluid's density, speed, thickness, and pressure are stable 

over time [82]. In this type of movement, these features are independent of time. Consequently, 

the fluid's conduct remains consistent over time. 

                                                          
𝐷𝜂

𝐷𝑡
= 0,                                                                        (2.8) 

where η signifies fluid characteristics.  
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2.10.6   Unsteady Flow  

 

             Unsteady flow [82] occurs when fluid attributes change over time at a particular 

location. In this flow, these traits changes over time, rather than remain constant. Consequently, 

the behavior of the fluid varies across time at that particular point in time. 

                                                          
𝐷𝜂

𝐷𝑡
≠ 0,                                                                        (2.9) 

where η signifies fluid characteristics.  

 

 

2.11   Density  

 

            A property of materials called density [82] measures how much mass an object has in a 

specific volume. It is mathematically defined as the quotient of mass (m) to volume (V), 

expressed as 

                                                   𝜌 =
𝑚

𝑉
=

𝑚𝑎𝑠𝑠

𝑣𝑜𝑢𝑙𝑚𝑒
.                                                                    (2.10) 

 kg/m3 are the SI units of density and the dimensions are [
𝑀

𝐿3]. 

 

 

2.12   Pressure 

 

           The force exerted on an object divided by its surface area is known as pressure [83]. It 

explains how physical pressure is applied to an object.  

                                            P = 
𝐹

𝐴
=

𝑓𝑜𝑟𝑐𝑒 

𝑎𝑟𝑒𝑎
.                                                                                (2.11) 

N/m2 are the SI units of pressure with dimensions [ML-1T-2]. 

 

 

2.13   Thermal Conductivity  

 

             The tendency of a material to transmit heat when there is variation in temperature can 

be described as thermal conductivity [83]. In terms of Mathematics, 
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                               Thermal Conductivity=
𝐻𝑒𝑎𝑡 ×𝐷𝑖𝑠𝑡𝑛𝑎𝑐𝑒 

𝐴𝑟𝑒𝑎×𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡 
, 

                                                                 k =
𝑄×𝐿

𝐴×∆𝑇2,                                                             (2.12) 

where k represents the thermal conductivity and 𝐴 refers to the area of an substance. 

 

 

2.14   Thermal Diffusivity 

 

           Thermal diffusivity [83] is the link between thermal conduction and the density and 

specific heat capacity of the material. Mathematically, it is expressed as 

                                𝛼 =
𝑘

𝜌𝑐𝑝
=

𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑣𝑖𝑡𝑦

𝑑𝑒𝑛𝑠𝑖𝑡𝑦 × 𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑐 ℎ𝑒𝑎𝑡 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦
,                                           (2.13) 

where cp represents the specific heat capacity, 𝜌 denotes the density and k symbol is used to 

indicate the thermal conductivity. The SI units of thermal diffusivity are m2/s and [
𝐿2

𝑇
] are its 

dimensions.  

 

 

2.15   Methods of Heat transfer  

 

            Conduction, radiation and convection are the three mechanisms through which heat can 

travel from a one point to a different one [83]. 

 

 

 

2.15.1   Conduction 

             

               The transfer of heat from a warmer area to a colder area via particle collisions and 

interactions inside a material is known as conduction [83]. 
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2.15.2   Convection  

 

               Convection [83] is the process by which heat migrates from a warm region to a cool 

region due to the swirling of fluid particles. 

                                  Q= ℎ × 𝐴 × ∇𝑇.                                                                          (2.14)  

The surface area of the surface is represented by A, h refers to the transfer's heat convective 

coefficient and ∇𝑇 denotes the temperature difference. 

 

 

2.15.2.1   Forced Convection  

 

               Forced convection [83] is the technique by which heat is generated when fluid 

motion is purposefully triggered by outside forces, such as mechanical devices.  

 

 

2.15.2.2   Natural Convection  

      

                  The buoyant forces brought on by changes in density create natural convection or 

free convection [83]. Sea breezes, land breezes, and the rising of warm air are a few instances 

of free convection. 

 

 

2.15.2.3   Mixed Convection  

 

                 A kind of convection known as mixed convection [83] occurs when forced and 

natural convection coexist, usually as a result of the interplay of buoyancy and outside 

influences.  
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2.15.3   Radiation  

              

              Radiation is a process by which heated energy travels through a substance as particles 

or waves [83]. Nuclear power plants, imaging, medical diagnostics, and food preservation all 

benefit greatly from radiation.  

 

 

 

2.16   Dimensionless Number  

 

 

2.16.1   Prandtl Number 

 

               The Prandtl number [84] is a non-dimensional variable demonstrating the association 

among thermal diffusivity along with kinematic viscosity.  

                                                 Pr =
𝑣𝑖𝑠𝑐𝑜𝑢𝑠 𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑜𝑛 𝑟𝑎𝑡𝑒 

𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑜𝑛 𝑟𝑎𝑡𝑒 
, 

                                                 Pr =
𝑣

𝑎∗ =
𝜇

𝑝⁄

𝒌
𝝆𝒄𝒑⁄

=
𝑐𝑝𝜇

𝑘⁄ ,                                                    (2.16) 

where kinematic viscosity is denoted by 𝜈, specific heat capacity by 𝑐𝑝, thermal diffusivity by 

𝛼∗, and thermal conductivity by k. 

 

 

2.16.2   Reynolds Number 

 

               The quotient of inertial to viscous forces in a fluid flow is represented by the 

Reynolds number. It aids in predicting the flow patterns. 

Mathematically, 

                                                       Re =
𝑖𝑛𝑒𝑟𝑡𝑖𝑎𝑙 𝑓𝑜𝑟𝑐𝑒𝑠 

𝑣𝑖𝑠𝑐𝑜𝑢𝑠 𝑓𝑜𝑟𝑐𝑒𝑠 
, 

                                                       Re= 
𝜌𝑣2

𝐿
⁄

𝜇𝑢

𝐿2

 =  
𝑣𝐿

𝑢
,                                                    (2.15) 
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where L denotes the characteristic length, v represents kinematic viscosity, 𝜌 refers to density, 

velocity is represented by u and 𝜇is the dynamic viscosity.  

 

 

2.16.3   Eckert Number 

  

                  The association between kinetic and thermal energies in fluid flow is clarified by 

this non-dimensional variable. 

                                        𝐸𝑐 =
𝑘𝑖𝑛𝑒𝑡𝑖𝑐 𝑒𝑛𝑒𝑟𝑔𝑦 

𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦 
 =

𝑢2

𝑐𝑝∆𝑇
,                                                  (2.17) 

where the specific heat capacity, fluid's velocity and temperature differential is indicated by  𝑐𝑝, 

u, and ∆𝑇.  

 

2.16.4   Nusselt Number 

 

               The Nusselt number [84] is the value that describes the interplay among convective 

versus conductive heat flow across the barrier. In terms of mathematics, 

                    Nu𝑠𝑠𝑒𝑙𝑡 𝑛𝑢𝑚𝑏𝑒𝑟 =
𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑣𝑒 ℎ𝑒𝑎𝑡 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 

𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑣𝑒 ℎ𝑒𝑎𝑡 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 
=

ℎ𝐿

𝑘
,                                      (2.18) 

where h indicates transfer of heat by means of convection, L provides the distinctive length, 

and k denotes the thermal conductivity. 

 

 

2.16.5   Skin Friction 

    

   A particular type of friction known as "skin friction" [84] occurs when something that 

flows, such as air or water, moves along a rigid surface. It is caused by the varied velocity of 

the fluid layers that encounter the solid's surface. 

                                                Skin friction = 𝐶𝑓 =
𝜏𝑤

1

2
𝜌𝑢2

,                                                       (2.19) 

where the fluid's density expressed as 𝜌,velocity denotes by u, the shear stresses at the wall is 

denoted by 𝜏𝑤. Skin friction has less an influence on laminar flow versus turbulent flow because 

there isn't as large of a boundary layer.  
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2.16.6   Grashof Number  

             

    It is employed to form the fluid barrier in laminar systems and highlights how they 

react in terms of buoyant forces to viscous forces in a fluid that is changing [84]. 

                                                 Gr =
𝐿3

𝑣2 𝑔𝛽(𝑇 − 𝑇∞),                                                           (2.20) 

𝑇∞ is the outside temperature, where g is the acceleration caused by gravity, L indicates the 

specific length, T denotes the fluid and its environs temperature, 𝛽 is the factor of cubic thermal 

expansion and v indicates the kinematic velocity. 
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Chapter 3 

 

 

The Mixed Convection Flow of Hybrid Nanofluid over a 

Stretching Sheet with Magnetohydrodynamics  

 

 

3.1   Introduction  

          

          The behavior of hybrid nanofluids has been the subject of extensive research due to their 

unique thermal characteristics. The conduct of thermal radiation, MHD and mixed convection 

on the hybrid nanofluid across an inclined plate is examined in this chapter. By using the proper 

similarity transformations, the fluid model which was initially characterized by a system of 

partial differential equations (PDEs) is altered into a system of ordinary differential equations. 

The temperature, friction drag, and Nusselt number and velocity are then calculated by using 

the MATLAB Bvp4c solver and displayed graphically. A comparative study gets underway in 

accordance with the earlier research to guarantee the validity of the results acquired. 
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Fig. 3.1:  An illustration of flow toward an inclined plate.  

 

 

3.2   Mathematical Formulation of Fluid Model 

 

         The incompressible, viscous and two-dimensional hybrid nanofluid flowing over an 

inclined plate serves as the basis for the current model and Cu and 𝐴𝑙2𝑂3 are considered 

nanoparticles, water is the base fluid. The magnetohydrodynamics (MHD) effect is induced by 

using a magnetic field with strength Bo. 𝑢𝑤(𝑥) = 𝑎𝑥 serves as surface velocity . The wall, 

ambient, and reference temperatures of the sheet is denoted by the symbols Tw, T∞, and To 

respectively. The effects of mixed convection, thermal radiation and convective boundary 

conditions further alter the model.  

The velocity field implemented in this framework is 

                                         V = [𝑢(x, y), v(x, y), 0].                                                      (3.1) 

The hybrid nanofluid model with considered assumptions is expressed in the form of 

fundamentals equations. The continuity, energy and momentum equations that regulate the flow 

problem are given as below: 

                                                               𝛁. 𝐕 = 0,                                                              (3.2) 

 

  

𝜌ℎ𝑛𝑓[(𝐕. 𝛁)𝐕] = 𝜵. 𝝉 + 𝜌ℎ𝑛𝑓𝒃, 

 

(3.3) 

 

  

(𝜌𝑐𝑝)
ℎ𝑛𝑓

[(𝑽. 𝜵)𝑇] = −𝛁. 𝒒, (3.4)                   
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In the above expressions,  𝜌ℎ𝑛𝑓 denotes the density of hybrid nanofluids, V denotes the 

velocity field, T is for fluid’s temperature, q= −𝑘𝑔𝑟𝑎𝑑𝑇 denotes the heat flux, 𝑐𝑝 denotes 

specific heat at constant pressure,  𝝉 = −𝑝𝑰 + 𝜇𝑨𝟏 is Cauchy stress tensor I is for the unit 

tensor, 𝜏 stands for stress tensor, b is for body force and 𝐴1 is the first Rivilin Erickson tensor. 

When boundary layer assumptions are applied, the following subsequent equations are 

generated.  

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0, (3.5) 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
=

𝑘ℎ𝑛𝑓

(𝜌𝐶𝑃)ℎ𝑛𝑓

𝜕2𝑇

𝜕𝑦2 −
1

(𝜌𝐶𝑃)ℎ𝑛𝑓

𝜕𝑞𝑟 

𝜕𝑦
, (3.6) 

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
=

𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓

𝜕2𝑢

𝜕𝑦2 + 𝛽ℎ𝑛𝑓(𝑇 − 𝑇∞)g cos 𝛼 −
𝜎ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
𝐵𝑂

2𝑢, (3.7) 

where qr is expressed  as  

𝑞𝑟 = −
4𝜎∗

3𝑘1

𝜕𝑇4

𝜕𝑦
    and 𝑇4 ≈ 4𝑇∞

3 𝑇 − 3𝑇∞
4 , (3.8) 

so Eq. (3.8) becomes   

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
=

1

(𝜌𝐶𝑃)ℎ𝑛𝑓
(𝑘ℎ𝑛𝑓 +

16𝜎∗𝑇∞
3

3𝑘1
    )

𝜕2𝑇

𝜕𝑦2  . (3.9) 

Where 𝑘∗symbolizes the cofficient of mean of mean absorbption, 𝜎∗ denotes the constant of 

Stefan-Boltzmann. 

The current framework relates to the following boundary conditions. 

𝑣 = 𝑣𝑤 ,−𝑘ℎ𝑛𝑓
𝜕𝑇

𝜕𝑦
= ℎ𝑓(𝑇𝑤(𝑥) − 𝑇) and 𝑢 = 𝑢𝑤(𝑥)𝜖 ,  at y = 0, (3.10) 

As 𝑦 → ∞  then 𝑢 → 0 and  𝑇 → 𝑇∞. (3.11) 

The local Nusselt number (𝑁𝑢𝑥) and the viscous drag coefficient (𝐶𝑓) are two significant factors 

which are given as  

𝐶𝑓 =
𝜇ℎ𝑛𝑓

𝜌𝑓(𝑎𝑥)2 (
𝜕𝑢

𝜕𝑦
)

𝑦=0
   and  𝑁𝑢𝑥 =

𝑥𝑘ℎ𝑛𝑓

𝑘𝑓(𝑇𝑤(𝑥)−𝑇∞)
 (−

𝜕𝑇

𝜕𝑦
)

𝑦=0
+

𝑥

𝑘𝑓(𝑇𝑤(𝑥)−𝑇∞)
 (𝑞𝑟)𝑦=0.    (3.12) 

The similarity dimensionless variables  considered for the flow problem are: 
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𝑢 = 𝑎𝑥𝑓′(𝜂), 𝜃(𝜂) =
𝑇−𝑇∞

𝑇𝑤(𝑥)−𝑇∞
, 𝜂 = 𝑦√

𝑎

𝑣𝑓
 and 𝑣 = −√𝑎𝑣𝑓𝑓(𝜂)   

and  𝑣𝑤 = −√𝑎𝑣𝑓  S.       

 

(3.13) 

Using Eq. (3.13) in Eq. (3.6) and Eq. (3.9) the following ODEs are acquired, 

𝜇ℎ𝑛𝑓 𝜇𝑓⁄

𝜌ℎ𝑛𝑓 𝜌𝑓⁄
𝑓′′′ + 𝑓𝑓′′ − 𝑓′2 +

𝛽ℎ𝑛𝑓

𝛽𝑓
𝜃𝜆 cos 𝛼 −

𝜎ℎ𝑛𝑓 𝜎𝑓⁄

𝜌ℎ𝑛𝑓 𝜌𝑓⁄
𝑀𝑓′ = 0, (3.14) 

1

𝑃𝑟

1

(𝜌𝐶𝑃)ℎ𝑛𝑓 (𝜌𝐶𝑃)𝑓⁄
(

𝑘ℎ𝑛𝑓

𝑘𝑓
+

4

3
𝑅𝑑) 𝜃′′ + 𝑓𝜃′ − 𝑓′𝜃 = 0. 

(3.15) 

Subject to the boundary conditions: 

𝑓(0) = 𝑆, −
𝑘ℎ𝑛𝑓

𝑘𝑓
𝜃′(0) = 𝐵𝑖(1 − 𝜃(0)), 𝑓′(0) = 𝜀 ,      (3.16) 

As  𝜂 → ∞  then 𝑓′(𝜂) → 0  and  𝜃(𝜂) → 0. (3.17) 

where Pr indicates the Prandtl numer, M refers to magentic parameter, Rd represents the 

radiation parameter, Biot number is referred by Bi and constant mixed convection variation is 

denoted by 𝜆 
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Table 3.1: Dimensionless Parameters involved in the hybrid nanofluid flow. 

Non -dimensional Parameters              Mathematical Parameter  

Mixed Convection Parameter  
𝜆 =

𝐺𝑟𝑥

𝑅𝑒𝑥
2

=
𝑔𝛽𝑓(𝑇𝑤 − 𝑇∞)𝑥3/𝑣𝑓

2)

(𝑎𝑥)𝑥/𝑣𝑓
 

Radiation Parameter                  Rd =
4𝜎∗𝑇∞

3

𝑘𝑓𝑘1
 

Magnetic Paramter  
𝑀 =

𝜎𝑓𝐵𝑜
2

𝑎𝜌𝑓
 

Biotic Number  
               Bi =

ℎ𝑓

𝑘𝑓
√

𝑣𝑓

𝑎
 

Prandtl Number  
               Pr =

(𝑣𝜌𝐶𝑝)
𝑓

𝑘𝑓
 

 

Additionally, the dimensionless parameters of 𝑁𝑢𝑥 and 𝐶𝑓 in Eq. (3.12) are reduced to the 

following form 

(𝑅𝑒𝑥)
−1

2 𝑁𝑢𝑥 = − (
𝑘ℎ𝑛𝑓

𝑘𝑓
+

4

3
𝑅𝑑) 𝜃′(0) 𝑎𝑛𝑑  (𝑅𝑒𝑥)

1

2𝐶𝑓 =
𝜇ℎ𝑛𝑓

𝜇𝑓
𝑓′′(0).     

(3.18) 

  

3.3    Numerical Strategy 

 

           The regulating flow ODEs are solved by using MATLAB's bvp4c module. The following 

equations represent the alteration of the higher order ODEs into first order form, they are further 

executed using the MATLAB bvp4c technique. 

𝑓 = 𝑦(1) , (3.19) 

𝑓′ = 𝑦(2), (3.20) 

𝑓′′ = 𝑦(3), (3.21) 

𝜃 = 𝑦(5), (3.22) 

𝜃′ = 𝑦(6), (3.23) 
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𝑓′′′ =
1

𝜇ℎ𝑛𝑓 𝜇𝑓⁄

𝜌ℎ𝑛𝑓 𝜌𝑓⁄

(𝑦(2)𝑦(2) −
𝛽ℎ𝑛𝑓

𝛽𝑓
𝑦(5)𝜆 cos 𝛼 +

𝜎ℎ𝑛𝑓 𝜎𝑓⁄

𝜌ℎ𝑛𝑓 𝜌𝑓⁄
𝑀𝑦(2) − 𝑦(1)𝑦(3)), 

 

(3.24) 

𝜃′′ =
1

1

𝑃𝑟

1

(𝜌𝐶𝑃)ℎ𝑛𝑓 (𝜌𝐶𝑃)𝑓⁄
(

𝑘ℎ𝑛𝑓

𝑘𝑓
+

4

3
𝑅𝑑)

(𝑦(2)𝑦(5) − 𝑦(1)𝑦(6)). 
 

(3.25) 

 

with boundary conditions,  

𝑦𝑎(1) − 𝑆,     −
𝑘ℎ𝑛𝑓

𝑘𝑓
𝑦𝑎(6) − 𝐵𝑖(1 − 𝑦𝑎(5)), 𝑦𝑎(2) − 𝜀, yb(5), yb(2). (3.26) 

 

 

3.4   Graphical Analysis and Discussion 

 

          The analysis is done on the hybrid nanofluid flow's on an inclined plate. The substantial 

impact that several dimensionless factors have on coefficient of skin friction (Cf), velocity and 

temperature of the fluid and Nusselt number (Nux), is thoroughly highlighted in this section. 

Therefore, using a numerical approach (bvp4c technique) in MATLAB induce the important 

outputs of dimensionless quantities on the significant entities. Figure 3.2 shows the significant 

impact of volume of the solid nanoparticle 𝜙2 on temperature of the fluid 𝜃(𝜂). The figure 

illustrates how a continuous favorable influence on the temperature profile ensues from an 

elevation in 𝜑2.The influence of the volume fraction coefficient 𝜙2 on 𝑓′(𝜂) can be seen in 

Figure 3.3. A spike in 𝜙2 causes 𝑓′(𝜂) to enhance due to greater energy transfer. It is 

perceivable in Figure 3.4 that the temperature profile 𝜃(𝜂) drops as the mixed convection 

parameter λ improves. The variation in the consequence of mixed convection with respect to λ. 

on the velocity profile can be observed in Figure 3.5. The figure makes it clear that an 

improvement in the velocity profile is associated with an improvement in λ. Figure 3.6 shows 

the magnetic parameter M impact in relation to the temperature profile 𝜃(𝜂). The temperature 

declines as a result of the modification in M. Figure 3.7 shows the magnetic parameter influence 

in relation to the velocity profile 𝑓′(𝜂). The velocity 𝑓′(𝜂) elevates as a result of the 

enhancement of M values. The change in temperature of the fluid 𝜃(𝜂) with the modification 

in the inclination angle α is shown in Figure 3.8, where a decline in temperature is observed. 

The change in velocity against the increasing values of the inclination angle  𝛼 can be seen in 

Figure 3.9. The rise of 𝑓′(𝜂) is observed through this figure. Figure 3.10 highlights the 

influence of suction parameter S establishing on the temperature profile 𝜃(𝜂). As the suction 
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goes up, it becomes apparent that the temperature falls. Figure 3.11 emphasizes how the suction 

modifies the velocity profile 𝑓′(𝜂). It is visible in the graphic that an elevation in suction is 

associated with a rise in the velocity profile. The consequence of the radiation parameter Rd on 

the temperature of the fluid 𝜃(𝜂) can be observed in Figure 3.12. The graphical analysis make 

it clear that a diminution in the temperature profile is correlated with an improvement in Rd. 

The Nusselt number behavior is shown in Figure 3.13 for the increasing range of the thermal 

radiation quantity Rd and the shrinking quantity 𝜖. The boost in Rd  leads to increased heat 

transfer rate . Figure 3.14 illustrates how Biot number Bi influences Nusselt number in an 

increasing manner and there is comparable incline behavior for 𝜖. Figure 3.15 assesses the 

behavior of Nusselt number with variation in 𝜖 and 𝜙2. The figure points out that while 

mounting shrinking parameter 𝜖, the Nusselt number declines. The conduct of magnetic 

parameter M and shrinking quantity 𝜖 on the viscous drag force is demonstrated in Figure 3.16. 

According to the illustration, the skin friction coefficient will grow with a modification in M 

and is strongly influenced with the values of 𝜖. The effect of the shrinking quantity 𝜖 and volume 

fraction of solid nanoparticle  𝜙2 on the friction drag is illustrated in Figure 3.17. The viscous 

drag force coefficient rises as the quantities of 𝜙2 are increased. Figure 3.18 indicates the 

relationship amongst the suction parameter S, shrinking parameter 𝜖 and the skin friction 

coefficient. As the values of 𝑆 and 𝜖 grow, the skin friction coefficient shows opposite behavior.  

 

Table 3.1 exhibits the dimensionless parameters mentioned in the ODEs. The thermo-physical 

characteristics needed for the study are mentioned in Tables 3.2 and 3.3. Tables 3.4 and 3.5 are 

based on the comparative analysis for the drag force (Cf ) and Nusselt number (Nux). The tables 

exhibit an excellent accordance of the obtained and already calculate d values. Table 3.6 

provides the range of values of dimensionless parameters used in the analysis. 
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Table 3.2: Hybrid nanofluid thermophysical aspects [89]. 

Properties  Hybrid nanofluid 

Density (𝜌)          𝜌ℎ𝑛𝑓 = 𝜑𝑐𝑢𝜌𝑐𝑢 + (1 − 𝜑ℎ𝑛𝑓)𝜌𝑓+𝜑𝐴𝑙2𝑂3
𝜌𝐴𝑙2𝑂3

 

Heat   capacity           ( 𝜌𝐶𝑝)ℎ𝑛𝑓 = 𝜑𝐴𝑙2𝑂3
(𝜌𝐶𝑝)𝐴𝑙2𝑂3

+ 𝜑𝑐𝑢(𝜌𝐶𝑝)𝑐𝑢 + (1 − 𝜑ℎ𝑛𝑓)(𝜌𝐶𝑃)𝑓 

Dynamic 

viscosity  

𝜇ℎ𝑛𝑓 = 𝜇𝑓(1 − 𝜑ℎ𝑛𝑓)−2.5 

Thermal 

conductivity  
𝑘ℎ𝑛𝑓

𝑘𝑓
= [

2𝑘𝑓 + 2(𝜑𝐴𝑙2𝑂3
𝑘𝐴𝑙2𝑂3

+ 𝜑𝑐𝑢𝑘𝑐𝑢) − 2𝜑ℎ𝑛𝑓𝑘𝑓 + (
𝜑𝐴𝑙2𝑂3

𝑘𝐴𝑙2𝑂3
+𝜑𝑐𝑢𝑘𝑐𝑢

𝜑ℎ𝑛𝑓
)

(
𝜑𝐴𝑙2𝑂3𝑘𝐴𝑙2𝑂3+𝜑𝑐𝑢𝑘𝑐𝑢

𝜑ℎ𝑛𝑓
) − (𝜑𝐴𝑙2𝑂3

𝑘𝐴𝑙2𝑂3
+ 𝜑𝑐𝑢𝑘𝑐𝑢) + 2𝑘𝑓 + +𝜑ℎ𝑛𝑓𝑘𝑓

] 

Thermal 

expansion 

(𝜌𝛽)ℎ𝑛𝑓 = +𝜑𝑐𝑢𝜌𝑐𝑢𝛽𝑐𝑢 + (1 − 𝜑ℎ𝑛𝑓)(𝜌𝛽)𝑓 + 𝜑𝐴𝑙2𝑂3
𝜌𝐴𝑙2𝑂3

𝛽𝐴𝑙2𝑂3
 

Electrical 

Conductivity 
𝜎ℎ𝑛𝑓

𝜎𝑓
= [

2(𝜑𝐴𝑙2𝑂3
𝜎𝐴𝑙2𝑂3

+ 𝜑𝑐𝑢𝜎𝑐𝑢) − 2𝜑ℎ𝑛𝑓𝜎𝑓 + (
𝜑𝐴𝑙2𝑂3𝜎𝐴𝑙2𝑂3+𝜑𝑐𝑢𝜎𝑐𝑢

𝜑ℎ𝑛𝑓
) + 2𝑘𝑓

𝜑ℎ𝑛𝑓𝜎𝑓 + (
𝜑𝐴𝑙2𝑂3𝜎𝐴𝑙2𝑂3+𝜑𝑐𝑢𝜎𝑐𝑢

𝜑ℎ𝑛𝑓
) + 2𝑘𝑓 − (𝜑𝐴𝑙2𝑂3

𝜎𝐴𝑙2𝑂3
+ 𝜑𝑐𝑢𝜎𝑐𝑢)

] 

 

 

Table 3.3: Thermo-physical components of hybrid nanofluid [90]. 

Properties Water (f) Alumina Copper  

𝝈(𝑺 𝒎⁄ ) 5.5× 10−6 35× 106         59.6× 106 

𝑪𝒑(𝑱 𝒌𝒈𝑲⁄ ) 4197 765 385 

𝒌(𝑾 𝒎𝑲⁄ ) 0.613 40 400 

Pr  6.2   

𝜷(𝟏 𝑲⁄ ) 21× 10−5 0.85× 10−5          1.67× 10−5 

𝝆(𝒌𝒈 𝒎𝟑⁄ ) 997.1 3970 8933 
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Table 3.4: Comparative estimates of attributes 𝜖 and S on f′′ (0)  if 𝜙1 = 𝜙2 = λ = M = 0 . 

𝜀 S Wahid et al. [85] Alabdulhadi et 

al.[86] 

Anuar et al. [87] Present (bvp4c) 

values 

𝑓′′(0) 𝑓′′(0)        𝑓′′(0)        𝑓′′(0) 

1 2 -2.414214 -2.414214 -2.414214 -2.414214 

 2.5 -2.850781 -2.850781 -2.850781 -2.850781 

 3 -3.302776 -3.302776 -3.302776 -3.302776 

 3.5 -3.765564 -3.765564 - -3.765564 

-1 2.5 2.0000000 2.000000 2.00000 2.000000 

 3 2.618034 2.618034 2.61803 2.618034 

 3.5 3.186141 3.186141 - 3.186141 

 

 

Table 3.5: Comparative estimation of attribute 𝜆 on −𝜃′ (0) if  𝜀 = 1, 𝐵𝑖 → ∞ , 𝜙1 = 𝜙2 = Rd = 

M = S = 0, 𝛼 = 0°and Pr =1. 

𝜆 Wahid et al. [85] Alabdulhadi et 

al. [86] 

Anuar et al. 

[87] 

Rosca and 

pop [88] 

Present 

(bvp4c) 

-𝜃′(0) 𝜃′(0) 𝜃′(0) 𝜃′(0) 𝜃′(0) 

0 1.000000 1.000008 1.000008 1.0000 1.0000 

1 1.087278 1.087275 1.087275 1.0872 1.0873 

5 1.252700 1.252700 - - 1.2525 

10 1.371564 1.371564 1.371564 1.3715 1.3715 
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Table 3.6: Parametric values were used in the present analysis. 

 

 

 

 

Fig 3.2:  𝜃(𝜂) with altering quantities of 𝜙2. 

 

Parameters Symbol Values 

Prandtl number Pr 6.2 

Radiation Parameter  Rd 0.1, 0.2, 0.3 

Suction S 2, 3 

Mixed convection parameter  𝜆 -1, 1 

Shrinking parameter  𝜖 -1 

Volume fraction coefficient  𝜑1 0.1 

Volume fraction coefficient 𝜑2 0.01, 0.1 

Magnetic parameter  M 0.1, 2.5 

Biotic Number  Bi 1, 3 
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Fig. 3.3:  𝑓′(𝜂) with altering quantities of 𝜑2. 

Fig. 3.4: 𝜃(𝜂) with altering quantities of  𝜆. 
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       Fig. 3.5:  𝑓′(𝜂) with altering quantities of 𝜆. 

 

    Fig. 3.6: 𝜃(𝜂) with altering quantities of M. 
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Fig. 3.7:  𝑓′(𝜂) with altering quantities of M. 

 

Fig. 3.8: 𝜃(𝜂) with altering quantities of α. 
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  Fig. 3.9:  𝑓′(𝜂) with altering quantities of α . 

 

 

 

     Fig. 3.10: 𝜃(𝜂) with altering quantities of S. 

https://www.degreesymbol.net/
https://www.degreesymbol.net/
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Fig. 3.11:  𝑓′(𝜂) with altering quantities of S. 

Fig. 3.12: 𝜃(𝜂) with altering quantities of Rd . 
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Fig. 3.13: Nusselt number  towards 𝜖 with  altering values of  𝑅𝑑. 

 

                  Fig. 3.14: Nusselt number towards 𝜖 with altering values of Bi. 



 

 

39 

 

 

Fig. 3.15 : Nusselt number towards 𝜖 with  altering  values of 𝜙2. 

 

 

                Fig. 3.16: Skin friction towards 𝜖 with altering values of M. 
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Fig. 3.17: Skin friction towards 𝜖 with altering values of 𝜙2. 

 

         Fig. 3.18: Skin friction towards 𝜖 with altering values of S. 
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Chapter 4 

 

 

 

Investigation of Hybrid Nanofluid Flow over an 

Inclined Surface in a Porous Medium in the presence of Non-

Uniform Heat Source/Sink. 

 

 

4.1   Introduction 

          

          This chapter deals with the flow dynamics of a hybrid nanofluid (𝐶𝑢 − 𝐴𝑙₂𝑂₃/𝐻2𝑂) 

flowing by an inclined plate in the porosity medium. The combined impact of non-uniform heat 

source/sink and magnetohydrodynamics on the flow is one of the objectives of this study. While 

examining the heat transfer, the effects of mixed convection, Joule heating and thermal radiation 

are also taken into account. After adopting the similarity transformation processes, the basic 

complicated coupled PDEs in the model are transformed into ODEs. The bvp4c function in 

MATLAB software is then utilized to provide the quantitative results of the obtained ODEs. 

The velocity and temperature distributions are observed for a number of significant parameters. 

The graphical effects resulting from various kinds of factors are investigated for Nusselt number 

and skin friction coefficient. The results gained through the numerical technique are validated 

and a good accuracy is observed.  
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b 
B 

 

 

    Fig. 4.1:  An illustration of flow toward inclined plate in a porous medium. 

 

 

4.2   Mathematical Formulation  

 

         A two dimensional, time independent, incompressible, and laminar flow of hybrid 

nanofluid (a mixture of H2O as base fluid with nanoparticles Cu and Al2O3) past an inclined 

stretching plate that is permeable, is taken under consideration. The Cartesian coordinates are 

indicated by the letters x and y. The sheet's velocity in the x-axis direction is given by uw(x) = 

ax. The magnetohydrodynamics (MHD) effect occurs when a magnetic field of strength B of 

the same magnitude is applied perpendicular to the sheet. 𝑇𝑊(𝑥)= 𝑇∞ + 𝑇𝑂(𝑥
𝑙⁄ ) provides the 

temperature of the sheet. The ambient, and reference temperatures of the sheet are indicated by 

T ∞ and T 0 respectively. The effects of heat source/sink, thermal radiation and Joule heating 

further modify the flow problem. 

The considered velocity field is represented as  

                                         V = [𝑢(𝑥, 𝑦), 𝑣(𝑥, 𝑦),0]                                                    (4.1) 

The fluid model under study is constructed in the form of governing equations. The continuity, 

momentum, and energy equations are the basic equations needed for the execution of the 

analysis. 
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                                                               𝛁. 𝐕 = 0,                                                              (3.2) 

 

  

𝜌ℎ𝑛𝑓[(𝐕. 𝛁)𝐕] = 𝜵. 𝝉 + 𝜌ℎ𝑛𝑓𝒃, 

 

(3.3) 

 

  

(𝜌𝑐𝑝)
ℎ𝑛𝑓

[(𝑽. 𝜵)𝑇] = −𝛁. 𝒒, (3.4)                   

 
 

  

In the above expressions,  𝜌ℎ𝑛𝑓 denotes the density of hybrid nanofluids, V denotes the 

velocity field, T is for fluid’s temperature, q= −𝑘𝑔𝑟𝑎𝑑𝑇 denotes the heat flux, 𝑐𝑝 denotes 

specific heat at constant pressure,  𝝉 = −𝑝𝑰 + 𝜇𝑨𝟏 is Cauchy stress tensor I is for the unit 

tensor, 𝜏 stands for stress tensor, b is for body force and 𝐴1 is the first Rivilin Erickson tensor. 

The boundary layer theory plays an important role to obtain the following partial differential 

equations. 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0, (4.5) 

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
=

𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓

𝜕2𝑢

𝜕𝑦2
+ 𝛽ℎ𝑛𝑓(𝑇 − 𝑇∞)𝑔 cos 𝛼 −

𝜎ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
𝐵𝑂

2𝑢 −  𝜇ℎ𝑛𝑓 𝜌ℎ𝑛𝑓⁄  
𝑢

𝑘∗
, 

(4.6) 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
=

𝑘ℎ𝑛𝑓

(𝜌𝐶𝑃)ℎ𝑛𝑓

𝜕2𝑇

𝜕𝑦2 −
1

(𝜌𝐶𝑃)ℎ𝑛𝑓

𝜕𝑞𝑟 

𝜕𝑦
+

𝜎ℎ𝑛𝑓

(𝜌𝐶𝑃)ℎ𝑛𝑓
 𝐵𝑂

2  𝑢2 +
𝑞′′′

(𝜌𝐶𝑃)ℎ𝑛𝑓
, (4.7) 

where qr and 𝑞′′′ are expressed  as 

𝑞𝑟 = −
4𝜎∗

3𝑘1

𝜕𝑇4

𝜕𝑦
    and 𝑇4 ≈ 4𝑇∞

3 𝑇 − 3𝑇∞
4  , (4.8) 

𝑞′′′ =
𝑘ℎ𝑛𝑓𝑢𝑤(𝑥)

𝑥𝑣ℎ𝑛𝑓

[𝜁1(𝑇𝑤 − 𝑇∞)𝑓′ + 𝜁2(𝑇 − 𝑇∞)], 
(4.9) 

where 𝑘∗denotes  the cofficient of mean absorbption, 𝜎∗ symbolizes the constant of Stefan-

Boltzmann. 

After using Eqs. (4.8) and (4.9) into Eq. (4.7) the following equation is acquired, 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
=

𝜎ℎ𝑛𝑓

(𝜌𝐶𝑃)ℎ𝑛𝑓
 𝐵𝑂

2𝑢2 +       
𝑘ℎ𝑛𝑓𝑢𝑤(𝑥)

(𝜌𝐶𝑃)ℎ𝑛𝑓𝑥𝑣ℎ𝑛𝑓

[𝜁1 + 𝜁2(𝑇 − 𝑇∞)]

+
1

(𝜌𝐶𝑃)ℎ𝑛𝑓
(𝑘ℎ𝑛𝑓   +

16𝜎∗𝑇∞
3

3𝑘∗
    )

𝜕2𝑇

𝜕𝑦2
.                                           

 

(4.10) 

The present model provides the following boundary conditions 
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𝑢 = 𝑢𝑤(𝑥)𝜖 , −𝑘ℎ𝑛𝑓
𝜕𝑇

𝜕𝑦
= ℎ𝑓(𝑇𝑤(𝑥) − 𝑇) and 𝑣 = 𝑣𝑤 at y = 0, (4.11) 

𝑢 → 0,𝑇 → 𝑇∞ as 𝑦 → ∞. (4.12) 

The Cf (viscous drag force) and Nusselt number (Nux) are expressed as 

𝐶𝑓 =
𝜇ℎ𝑛𝑓

𝜌𝑓(𝑎𝑥)2
(

𝜕𝑢

𝜕𝑦
)

𝑦=0
,   𝑁𝑢𝑥 =

𝑥

𝑘𝑓(𝑇𝑤(𝑥)−𝑇∞)
 (𝑞𝑟)𝑦=0. +

𝑥𝑘ℎ𝑛𝑓

𝑘𝑓(𝑇𝑤(𝑥)−𝑇∞)
 (−

𝜕𝑇

𝜕𝑦
)

𝑦=0
, (4.13) 

The similarity dimensionless variables used for the current problem are  

𝑢 = 𝑎𝑥𝑓′(𝜂) ,𝜂 = 𝑦√
𝑎

𝑣𝑓
, 𝑣 = −√𝑎𝑣𝑓𝑓(𝜂) , 𝜃 (𝜂) =

𝑇−𝑇∞

𝑇𝑤(𝑥)−𝑇∞
 ,  

(4.14) 

so that, 

𝑣𝑤 = −√𝑎𝑣𝑓 S. (4.15) 

After putting Eq. (4.15) into Eqs. (4.6) and (4.10) the following equations are acquired 

𝜇ℎ𝑛𝑓 𝜇𝑓⁄

𝜌ℎ𝑛𝑓 𝜌𝑓⁄
𝑓′′′ + 𝑓𝑓′′ − 𝑓′2 +

𝛽ℎ𝑛𝑓

𝛽𝑓
𝜃𝜆 cos 𝛼 −

𝜎ℎ𝑛𝑓 𝜎𝑓⁄

𝜌ℎ𝑛𝑓 𝜌𝑓⁄
𝑀𝑓′ −

𝜇ℎ𝑛𝑓 𝜇𝑓⁄

𝜌ℎ𝑛𝑓 𝜌𝑓⁄
𝐾𝑓′ =0, (4.16) 

1

𝑃𝑟

1

(𝜌𝐶𝑃)ℎ𝑛𝑓 (𝜌𝐶𝑃)𝑓⁄
(

𝑘ℎ𝑛𝑓

𝑘𝑓
+

4

3
𝑅𝑑) 𝜃′′ + 𝑓𝜃′ − 𝑓′𝜃 +

𝜎ℎ𝑛𝑓 𝜎𝑓⁄

(𝜌𝐶𝑃)ℎ𝑛𝑓 (𝜌𝐶𝑃)𝑓⁄
𝑀𝐸𝑐𝑓′2 +

𝑘ℎ𝑛𝑓

𝑘𝑓

Pr(𝜌𝐶𝑃)ℎ𝑛𝑓 (𝜌𝐶𝑃)𝑓⁄
(𝜁1𝑓′ + 𝜁2𝜃) = 0. 

(4.17) 

The boundary condition are following 

𝑓(0) = 𝑆,    −
𝑘ℎ𝑛𝑓

𝑘𝑓
𝜃′(0) = 𝐵𝑖(1 − 𝜃(0)), 𝑓′(0) = 𝜀 , (4.18) 

as  𝜂 → ∞ then 𝑓′(𝜂) → 0   𝜃(𝜂) → 0. (4.19) 

where Pr specifies the Prandtl number, the radiation parameter signifies by Rd, Biot number is 

referred by Bi, mixed convection parameter is represented by 𝜆, the Eckert Number is 

mentioned by Ec, porosity parameter is represented by K and M denotes magnetic parameter. 
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Table 4.2: Dimensionless parameters involved in the hybrid nanofluid flow. 

Non -dimensional Parameters              Mathematical Parameter  

Mixed Convection Parameter  
𝜆 =

𝐺𝑟𝑥

𝑅𝑒𝑥
2

=
𝑔𝛽𝑓(𝑇𝑤 − 𝑇∞)𝑥3/𝑣𝑓

2)

(𝑎𝑥)𝑥/𝑣𝑓
 

Radiation Parameter                  Rd=
4𝜎∗𝑇∞

3

𝑘𝑓 𝑘1
 

Magnetic Paramter  
𝑀 =

𝜎𝑓𝐵𝑜
2

𝑎𝜌𝑓
 

Biotic Number  
               Bi =

ℎ𝑓

𝑘𝑓
√

𝑣𝑓

𝑎
 

Prandtl Number  
               Pr =

(𝑣𝜌𝐶𝑝)
𝑓

𝑘𝑓
 

Eckert Number                 Ec = 
𝑢𝑤

2

(𝐶𝑝)𝑓(𝑇𝑤−𝑇∞)
 

Porous Medium Parameter                  K= 
𝑣𝑓

𝑎𝑘∗ 

The dimensionless form of 𝑁𝑢𝑥 and 𝐶𝑓 of Eq. 4.13 are attainable as  

(𝑅𝑒𝑥)
−1

2 𝑁𝑢𝑥 = − (
𝑘ℎ𝑛𝑓

𝑘𝑓
+

4

3
𝑅𝑑) 𝜃′(0) 𝑎𝑛𝑑 (𝑅𝑒𝑥)

1

2𝐶𝑓 =
𝜇ℎ𝑛𝑓

𝜇𝑓
𝑓′′(0). 

(4.20) 

 

 

4.3   Numerical Strategy 

         

        The flow model is represented through higher order ordinary differential equations. These 

higher order differential equations undergo conversion to first order differential equations for 

their solution using MATLAB's bvp4c method, after which the bvp4c technique is further 

utilized. 
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𝑓 = 𝑦(1) , (4.21) 

𝑓′ = 𝑦(2), (4.22) 

𝑓′′ = 𝑦(3), (4.23) 

𝜃 = 𝑦(5), (4.24) 

𝜃′ = 𝑦(6), (4.25) 

𝑓′′′ =
1

𝜇ℎ𝑛𝑓 𝜇𝑓⁄

𝜌ℎ𝑛𝑓 𝜌𝑓⁄

(−𝑦(1)𝑦(3) +
𝜎ℎ𝑛𝑓 𝜎𝑓⁄

𝜎ℎ𝑛𝑓 𝜎𝑓⁄
𝑀𝑦(2) −

𝛽ℎ𝑛𝑓

𝛽𝑓
𝑦(5)𝜆 cos 𝛼 +  𝐾𝑦(2) +

𝑦(2)𝑦(2)),     

 

(4.26) 

𝜃′′ =
1

1

𝑃𝑟

1

(𝜌𝐶𝑃)ℎ𝑛𝑓 (𝜌𝐶𝑃)𝑓⁄
(

𝑘ℎ𝑛𝑓

𝑘𝑓
+

4

3
𝑅𝑑)

(−
𝜎ℎ𝑛𝑓 𝜎𝑓⁄

(𝜌𝐶𝑃)ℎ𝑛𝑓 (𝜌𝐶𝑃)𝑓⁄
𝑀𝐸𝑐(𝑦(2)𝑦(2)

+ (𝑦(2)𝑦(5)) −

𝑘ℎ𝑛𝑓

𝑘𝑓

Pr (𝜌𝐶𝑃)ℎ𝑛𝑓 (𝜌𝐶𝑃)𝑓⁄
(𝜁1𝑦(2) + 𝜁2𝑦(6))

− 𝑦(1)𝑦(6)). 

 

 

 

 

 

(4.27) 

with boundary conditions  

𝑦𝑎(1) − 𝑆,     −
𝑘ℎ𝑛𝑓

𝑘𝑓
𝑦𝑎(6) − 𝐵𝑖(1 − 𝑦𝑎(5)), 𝑦𝑎(2) − 𝜀, yb(2), yb(5). (4.28) 

 

 

4.4   Graphical Analysis and Discussion 

 

          The hybrid nanofluid on an inclined plate placed in a medium of poristy is considered for 

examination in the presence of various significant impacts. The extensive impacts of 

dimensionless parameters on temperature profile, friction drag, velocity profile and Nusselt 

number are the center of focus for the analysis. Using a Bvp4c technique (MATLAB), the fluid's 

response to dimensionless factors is noted. As perceived in Figure 4.2, the fluid's temperature 

profile augments as the magnetic parameter M values enhance. This result is caused by the 

Lorentz force which improves as the M increases. Figure 4.3 illustrates how the velocity  of the 

fluid is influenced by the higher values of M(magnetic parameter). The 𝑓′( 𝜂)  declines as the 

M (magnetic parameter) values increase. Fluid motion is decelerated as the Lorentz force 

improves with the magnetic field's strength. The decrease of the temperature distribution for 
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increased values of suction parameter S is evident through Figure 4.4. Figure 4.5 is plotted to 

observe the change in the velocity profile by rising the suction parameter S. This figure 

illustrates that the 𝑓′( 𝜂)  declines with high suction parameter values. The rise in the values of 

stretching parameter 𝜀 can lead to the increase in temperature profile which is shown in Figure 

4.6. Figure 4.7 illustrates how the velocity profile 𝑓′(η) is modified by the stretching parameter 

𝜖 and a boost in 𝜖 causes a rise in the 𝑓′( 𝜂). Figures 4.8 and 4.9 illustrate how the temperature 

and velocity distributions are influenced by the nanoparticle's volume fraction 𝜙2 respectively. 

The 𝜃(𝜂) improves by rising of nanoparticle volume fraction 𝜙2, whereas the 𝑓′( 𝜂) declines. 

Figures 4.10 and 4.11 illustrate how the temperature distribution and velocity distribution are 

influenced by the inclination angle 𝛼. Both the 𝜃(𝜂)and 𝑓′( 𝜂)  the enhance upon increase in 

value of the angle. Figure 4.12 illustrates the way the porosity element influences the velocity 

profile f (𝜂). A spike in the permeability parameter is frequently noticed to reduce the velocity.  

It is observed that Figure 4.13 represents the temperature distribution influenced by the Eckert 

number Ec. The fluid’s temperature is demonstrated to be elevated through higher Ec values. It 

can be seen that frictional warming retains the fluid's energy from heat. The alteration in the 

values of the non-uniform heat source/sink parameter ς1 and its influence on temperature profile 

are illustrated in Figure 4.14. The 𝜃( 𝜂) climbs as a result of a rise in parameter ς1. Figure 4.15 

demonstrates how the temperature is influenced by rising the non-uniform heat source/sink 

parameter ς2. The 𝜃( 𝜂)  increases with the increased values of ς2. As indicated by Figure 4.16, 

an upward trend in fluid’s temperature is noticed for higher values of Biot number Bi due to the 

raised thermal conduction. Figure 4.17 presents the results for Nusselt number with 

modification of Rd (radiation parameter) and stretching parameter 𝜀. The Nusselt number rises 

with Rd, but the opposite is seen for 𝜀. This is due to the fact that radiation parameter values 

contribute to a faster rate of heat transfer, which improves the Nusselt number.In order to 

comprehend the impact of non-uniform parameter ς1 and stretching parameter 𝜀 on the Nusselt 

number, Figure 4.18 is sketched. It illustrates that ς1 influences Nusselt number in a decreasing 

manner. There is comparable declining behavior for 𝜀 . Figure 4.19 shows the impact of non-

uniform parameter ς2 and stretching parameter 𝜀 on the Nusselt number. It displays a decline 

relation for  Nusselt number when ς2  is increased. Fig. 4.20 illustrates how the Eckert number 

affects together with stretching parameter 𝜀 on the Nusselt number. The thermal conduction 

rate lessen as the Eckert number Ec rises, and the same pattern is observed for 𝜀. The influence 

of the stretching parameter 𝜀 and porosity parameter K on the skin friction coefficient is 

illustrated in Figure 4.21. The skin friction coefficient declines as 𝜀 and 𝐾 are increased. Figure 
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4.22 highlights how the skin friction is influenced by the elevating stretching parameter 𝜀 and 

solid volume fraction 𝜙2. As the values of 𝜀 and 𝜙2 enhance, the skin friction coefficient 

decline. When additional particles in the fluid cause more flow resistance, skin friction decline 

as the volume fraction declines. Both the suction parameter S and the stretching parameter 𝜀 

decline the skin friction coefficient which is displayed in Figure 4.23. Figure 4.24 demonstrates 

how the friction drag can be modified by the altered values of stretching 𝜖 and the magnetic 

parameter M. According to the illustration, the coefficient of skin friction diminishes with a 

boosts in 𝑀 and 𝜀. The magnetic field resists the fluid's motion, dragging it down and 

diminishing the velocity gradients. 

Tables 4.2 and 4.3 present the thermo-physical aspects of the considered nanofluid. Tables 4.4 

and 4.5 present an analysis of the viscous drag force Cf  and Nusselt number, respectively. The 

comparison clearly validates the gained results. Table 4.6 presents the parameters’ values used 

in finding the results. 

 

 

Table 4.2: Thermophysical characteristics of the considered hybrid nanofluid.[89] 

Properties Hybrid nanofluid 

Heat capacity         ( 𝜌𝐶𝑝)ℎ𝑛𝑓 = 𝜑𝑐𝑢(𝜌𝐶𝑝)𝑐𝑢 + (1 − 𝜑ℎ𝑛𝑓)(𝜌𝐶𝑃)𝑓 + 𝜑𝐴𝑙2𝑂3
(𝜌𝐶𝑝)𝐴𝑙2𝑂3

 

Dynamic viscosity 𝜇ℎ𝑛𝑓 = 𝜇𝑓(1 − 𝜑ℎ𝑛𝑓)−2.5 

Electrical Conductivity 
𝜎ℎ𝑛𝑓

𝜎𝑓
= [

(
𝜑𝐴𝑙2𝑂3𝜎𝐴𝑙2𝑂3+𝜑𝑐𝑢𝜎𝑐𝑢

𝜑ℎ𝑛𝑓
) + 2𝑘𝑓 − 2𝜑ℎ𝑛𝑓𝜎𝑓 + 2(𝜑𝐴𝑙2𝑂3

𝜎𝐴𝑙2𝑂3
+ 𝜑𝑐𝑢𝜎𝑐𝑢)

𝜑ℎ𝑛𝑓𝜎𝑓 + (
𝜑𝐴𝑙2𝑂3𝜎𝐴𝑙2𝑂3+𝜑𝑐𝑢𝜎𝑐𝑢

𝜑ℎ𝑛𝑓
) + 2𝑘𝑓 − (𝜑𝐴𝑙2𝑂3

𝜎𝐴𝑙2𝑂3
+ 𝜑𝑐𝑢𝜎𝑐𝑢)

] 

Thermal expansion (𝜌𝛽)ℎ𝑛𝑓 = 𝜑𝐴𝑙2𝑂3
𝜌𝐴𝑙2𝑂3

𝛽𝐴𝑙2𝑂3
+ 𝜑𝑐𝑢𝜌𝑐𝑢𝛽𝑐𝑢 + (1 − 𝜑ℎ𝑛𝑓)(𝜌𝛽)𝑓 

Thermal conductivity 
𝑘ℎ𝑛𝑓

𝑘𝑓
= [

(
𝜑𝐴𝑙2𝑂3𝑘𝐴𝑙2𝑂3+𝜑𝑐𝑢𝑘𝑐𝑢

𝜑ℎ𝑛𝑓
) + 2𝑘𝑓 + 2(𝜑𝐴𝑙2𝑂3

𝑘𝐴𝑙2𝑂3
+ 𝜑𝑐𝑢𝑘𝑐𝑢) − 2𝜑ℎ𝑛𝑓𝑘𝑓

(
𝜑𝐴𝑙2𝑂3𝑘𝐴𝑙2𝑂3+𝜑𝑐𝑢𝑘𝑐𝑢

𝜑ℎ𝑛𝑓
) + 2𝑘𝑓 − (𝜑𝐴𝑙2𝑂3

𝑘𝐴𝑙2𝑂3
+ 𝜑𝑐𝑢𝑘𝑐𝑢) + 𝜑ℎ𝑛𝑓𝑘𝑓

] 

Density (𝜌)          𝜌ℎ𝑛𝑓 = 𝜑𝐴𝑙2𝑂3
𝜌𝐴𝑙2𝑂3

+ 𝜑𝑐𝑢𝜌𝑐𝑢 + (1 − 𝜑ℎ𝑛𝑓)𝜌𝑓 
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Table 4.3: Thermophysical attributes for the considered hybrid nanofluid.[90] 

         Properties          Water (f)    Alumina    (𝑨𝒍𝟐𝑶𝟑)       Copper (𝑪𝒖) 

𝑪𝒑(𝑱 𝒌𝒈𝑲⁄ ) 4197 765 385 

𝜷(𝟏 𝑲⁄ ) 21× 10−5 0.85× 10−5 1.67× 10−5 

Pr 6.2   

𝒌(𝑾 𝒎𝑲⁄ ) 0.613 40 400 

𝝈(𝑺 𝒎⁄ ) 5.5× 10−6 35× 106 59.6× 106 

𝝆(𝒌𝒈 𝒎𝟑⁄ ) 997.1 3970 8933 

 

Table 4.4: Comparative values of stretching parameter 𝜀 suction parameter S for f′′ (0)  if 𝜙1 

= 𝜙2 = λ =Ec=K= M = 0. 

𝜀 S Wahid et al. [85] Alabdulhadi et al. 

[86] 

Anuar et al. [87] Present (bvp4c) 

𝑓′′(0) 𝑓′′(0) 𝑓′′(0) 𝑓′′(0) 

1 2 -2.414214 -2.414214 -2.414214 -2.414224 

 2.5 -2.850781 -2.850781 -2.850781 -2.850783 

 3 -3.302776 -3.302776 -3.302776 -3.302776 

 3.5 -3.765564 -3.765564 - -3.765564 

-1 2.5 2.0000000 2.000000 2.00000 2.000155 

 3 2.618034 2.618034 2.61803 2.618041 

 3.5 3.186141 3.186141 - 3.186141 
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Table 4.5: Comparative estimation of mixed convection parameter 𝜆 for −𝜃′ (0) if 𝜀 = 1,𝜙1 = 

𝜙2 = Rd = M = Ec = 𝜁1 = 𝜁2 = S = 0, 𝐵𝑖 → ∞ ,𝛼 = 0°and Pr =1. 

 

𝜆 Wahid et al. [85] Alabdulhadi et 

al. [86] 

Anuar et al. 

[87] 

Rosca and 

pop [88] 

Present 

(bvp4c) 

-𝜃′(0) 𝜃′(0) 𝜃′(0) 𝜃′(0) 𝜃′(0) 

0 1.000000 1.000008 1.000008 1.0000 1.0001 

1 1.087278 1.087275 1.087275 1.0872 1.0870 

5 1.252700 1.252700 - - 1.2525 

10 1.371564 1.371564 1.371564 1.3715 1.3715 

 

Table 4.6: Parametric values were used in the present analysis. 

 

 

 

Parameters Symbol Values 

Eckert number Ec 0.1, 0.2, 0.3 

Prandtl number Pr 6.2 

Radiation Parameter  Rd 0.1,0.2, 0.3 

Suction S 2, 3 

Mixed convection parameter  𝜆 -1, 1 

Stretching  parameter  𝜖 1 

Space dependent parameter  𝜁1 0.1 

Temperature dependent parameter 𝜁2 0.1 

Volume fraction coefficient  𝜙1 0.1 

Volume fraction coefficient 𝜙2 0.01, 0.1 

Magnetic parameter  M 0.1, 0.5 
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Fig. 4.2: 𝜃(𝜂) with altering quantities of M. 

 

Fig. 4.3:  𝑓′(𝜂) with altering quantities of M. 
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         Fig. 4.4: 𝜃(𝜂) with altering quantities of S. 

 

Fig. 4.5:  𝑓′(𝜂) with altering quantities of S. 
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     Fig. 4.6: 𝜃(𝜂) with altering quantities of 𝜖. 

 

Fig. 4.7: 𝑓′(𝜂) with altering quantities of 𝜖. 
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    Fig.4.8: 𝜃(𝜂) with altering quantities of 𝜙2. 

Fig. 4.9:  𝑓′(𝜂) with altering quantities of 𝜙2. 
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Fig. 4.10: 𝜃(𝜂) with altering quantities of 𝛼. 

 

Fig. 4.11:  𝑓′(𝜂) with altering quantities of 𝛼. 
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Fig. 4.12:  𝑓′(𝜂) with altering quantities of 𝐾. 

Fig. 4.13: 𝜃(𝜂) with altering quantities of 𝐸𝑐. 
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Fig. 4.14: 𝜃(𝜂) with altering quantities of 𝜁1. 

 

Fig. 4.15: 𝜃(𝜂) with altering quantities of 𝜁2 
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Fig. 4.16: 𝜃(𝜂) with altering quantities of Bi. 

 

Fig. 4.17: Nusselt number towards 𝜖 with altering Rd quantities. 

 



 

 

59 

 

 

Fig. 4.18: Nusselt number towards 𝜖 with altering 𝜁1values. 

 

               Fig. 4.19: Nusselt number towards  𝜖 with altering values of 𝜁2. 
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Fig. 4.20: Nusselt number towards  𝜖 with altering values of Ec. 

 

Fig. 4.21: Skin friction towards 𝜖 with altering K values.  
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                Fig. 4.22: Skin friction towards 𝜖 with altering 𝜙2 quantities. 

 

Fig. 4.23: Skin friction towards 𝜖 with altering S quantities. 
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Fig. 4.24: Skin friction towards 𝜖 with altering M values. 
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Chapter 5 

 

 

Conclusion and Future Work 

 

 

5.1   Conclusion Remarks  

 

         There are multiple scientific and industrial applications for hybrid nanofluids, which 

enhance the effectiveness and functionality of different systems. The hybrid nanofluids have a 

various applications like in cooling systems, cancer treatment, vehicle power generation, 

chemical reactions and many more are among the technical and industrial uses for hybrid 

nanofluids. Numerous experimental investigations have revealed that, when compared to 

regular fluids and nanoliquids, hybrid nanoliquids show a higher heat transfer rate. By assisting 

more effective heat dissipation and thermal management, they aid in reducing the energy usage 

and operational costs. The usage of hybrid nanofluids offer higher thermal properties, stability, 

and versatility, thus providing novel possibilities for more effective and justifiable thermal 

controlling solutions in numerous technological fields. Keeping in view the applications of 

hybrid nanofluids, this study emphasizes on the flow of hybrid nanofluid through an inclined 

surface in a medium because of its numerous potential uses. A hybrid nanofluid built from 𝐶𝑢 

and Al2O3  nanoparticles with its basefluid as water, is examined for non-uniform absorption 

and generation of heat in relation to mixed convection, thermal radiation and Joule heating. The 

PDEs representing the fluid flow are reduced via the proper similarity transformation. Each of 

the partial differential equations that make up the fluid model's system of equations are reduced 

to a collection of ODEs. The mathematical examination of the problem using the Bvp4c 

function in MATLAB program has yielded some important findings. The research shows useful 

results from a detailed analysis of the flow under discussion. The velocity distribution declines 

as the solid volume fraction of copper oxide nanoparticles 𝜙2 rises. The similar behavior of 
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velocity profile is observed for suction parameter S, porosity parameter K, and the magnetic 

parameter M. The velocity profile experiences an upsurge for the rise in stretching parameter 𝜀 

and inclination angle 𝛼. The temperature of the fluid is improved by the solid volume fraction 

of the nanoparticle copper oxide 𝜙2, stretching parameter 𝜀, Biot number Bi, heat source/sink 

parameters 𝜁,  Eckert number Ec and the inclination angle 𝛼, while increase in the magnetic 

parameter M and the suction parameter S show a decline in temperature distribution. A 

noticeable trend is seen for the Nusselt number, which rises for the higher values of the radiation 

parameter and reduces for Eckert number Ec, non-uniform heat source/sink parameters 𝜁 and 

the stretching quantities 𝜀, thus reducing the rate of heat transfer. The skin friction coefficient 

declines with the higher quantities of the magnetic parameter M, volume fraction of solid 

nanoparticles of copper oxide 𝜙2, porosity parameter and suction parameter.  

 

 

6.2   Future Work 

 

         With assumptions taken into consideration, the influence of a hybrid nanofluid flowing 

by a linearly stretched inclined plate with the combined influence of nonuniform heat source 

and heat sink has been investigated in the current study. Nonetheless, this study paves the path 

for further intriguing initiatives. These intriguing researches could turn out to be significant in 

the future. 

 Examination of a ternary hybrid nanofluid with inclined MHD over a cylinder in the 

precence of Ohmic heating. 

 Investigation of the inclined MHD of the hybrid nanofluids over a stretched inclined 

cylinder with combined influence of ohmic heating.  

 The inspection of ternary hybrid nanofluid's mixed convection flow with chemical 

reaction and activation energy.  
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