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ABSTRACT

Title: Thermally Radiative and Magnetohydrodynamic Flow of Hybrid Nanofluid in the

presence of Joule Heating

Hybrid nanofluids are an advanced group of nanofluids which offer extremely efficient
heat transfer and fluid flow properties when two distinct nanoparticles are blended with a
basefluid. Consequently, they prove to be of great significance when the industrial,
technological and engineering sectors are concerned. These fluids are playing a role in
revolutionizing industries by offering superior heat transfer and energy efficiency. Their
potential applications continue to expand, making them a critical innovation in thermal
management, and energy systems. This analysis focuses on the examination of the Darcy
Forchheimer flow of three unique fluids, two nanofluids (Zn0O/Kerosene oil ) and
(Alz03/Kerosne oil) and their resulting hybrid nanofluid (Zno — Al203/Kerosene oil). The
fluids are flowing over a shrinking sheet placed in a porous medium. The effects of
magnetohydrodynamics, thermal radiation, combined with Joule heating are also of importance
in this study. The flow model, based on the partial differential equations, is reduced into a
system of ordinary differential equations by employing sufficient similarity transformations.
This model is further solved using the bvp4c tool in MATLAB software, which provides the
numerical results along with graphical outcomes. Influence of various notable parameters on
the velocity and temperature distribution have been investigated. It has been observed that the
temperature profile increases for higher values of Eckert number, magnetic parameter, radiation
parameter and Biot number respectively. The velocity profile declines when the porosity
parameter, Forchheimer number, inclination angle and the nanoparticles concentration is
enhanced. The critical parameters of Skin friction coefficient and Nusselt number have also
been interpreted for different involved factors. The skin fraction coefficient amplifies for the
velocity ratio parameter, magnetic and porosity parameter. On the other hand, Nusselt number

reduces for the Eckert number, magnetic parameter as well as the radiation parameter.

v



CHAPTER

TABLE OF CONTENTS

TITLE

AUTHOR’S DECLARATION
ABSTRACT

TABLE OF CONTENTS
LIST OF TABLES

LIST OF FIGURES

LIST OF ABBREVIATIONS
LIST OF SYMBOLS
ACKNOWLEDGEMENT
DEDICATION

Introduction

1.1  Hybrid Nanofluids

1.2 Magnetohydrodynamics
1.3 Thermal Radiation

1.4  Stagnation Point

1.5 Joule Heating

1.6 Thesis Organization

Fundamental Concepts and Laws

2.1  Fluid
2.2 Fluid Mechanics

PAGE

iii

v

viil
X
X1
Xii
X1v

XV

N 0 N e

10
13

14

14
14



2.2.1  Fluid Dynamics
2.2.2  Fluid Statics
2.3 Fluid Flow and its Types
2.3.1 Steady Flow
2.3.2  Unsteady Flow
2.3.3 Laminar Flow
2.3.4  Turbulent Flow
2.3.5 Compressible Flow
2.3.6  Incompressible Flow
2.4  Thermal and Physical Characteristics of Fluid
24.1 Viscosity
2.4.2 Kinematic Viscosity
2.4.3  Dynamic Viscosity
2.4.4  Pressure
2.4.5 Stress
2.4.6 Normal Stress

2.4.7  Shear Stress
2.4.8 Density
2.5 Newton’s Law of Viscosity

2.6  Types of Fluid
2.6.1 Newtonian Fluid

2.6.2 Non-Newtonian Fluid
2.7  Mechanisms of Heat Transmission

2.7.1 Conduction

2.7.2 Convection
2.7.2.1 Forced Convection

2.7.2.2 Free/Natural Convection

Vi

15

15

15

15

16

16

16

17

17

17

17

17

18

18

18

19

19
19
19

20
20

20
20
21

21
21
21



2.7.2.3 Mixed Convection
2.7.3 Radiation
2.8  Thermal Diffusivity
2.9  Thermal Conductivity
2.10 Dimensionless Numbers
2.10.1  Prandtl Number
2.10.2  Nusselt Number
2.10.4  Eckert Number
2.10.4  Skin Friction
2.10.5 Reynold’s Number

2.10.6  Biot Number
Stagnation Point Flow of Hybrid Nanofluid with

Magnetohydrodynamics and Viscous Dissipation

3.1 Introduction

3.2 Mathematical Formulation

3.3 Numerical Stratagem

3.4  Graphical Analysis and Discussion
Thermally Radiative and Magnetohydrodynamic Flow of
Hybrid Nanofluid in the Presence of Joule Heating

4.1  Introduction

4.2 Mathematical Formulation of the Problem

4.3 Numerical Stratagem

44  Graphical Analysis and Discussion

Conclusion And Future Work

5.1 Conclusion Remarks
5.2  Future Work

References

vii

21

22

22

22

23

23

23

23

24

24

24
25

25

26

31

32

41

41

42

47

48
62

62

63

65



TABLE NO.

3.1

3.2

33

3.4

3.5
4.1

4.2

4.3

4.4
4.5

LIST OF TABLES

TITLE

Thermophysical Attributes of Kerosene Oil, Zinc Oxide
and Alumina.

Thermophysical Attributes under consideration for both
Nanofluids.

Thermophysical attributes of Hybrid Nanofluid (Zn0 —

Al,03/Kerosene Oil).

Comparison of values of A1 on f"'(0) when M = 0, Pr =
0, R=0, Ec=0,Bi= 0, $1 =0, ¢p2 =0.
Parametric Values Incorporated in the Current Analysis.
Thermo-physical Attributes of Kerosene Oil, Zinc Oxide
and Alumina.

Thermo-physical Attributes under consideration for both
Nanofluids.

Thermophysical attributes of Hybrid Nanofluid (Zn0O —
Al;03/Kerosene Oil).

Parametric Values Incorporated in the Current Analysis.
Comparison of values of A1 on f"'(0) when M = 0, Pr =

0, R=0,Ec=0,Bi= 0, ¢1 =0, ¢ = 0.

viil

PAGE

28

28

29

40

40
44

44

61
61



FIGURE NO.

3.1
32

3.3

3.4

3.5

3.6

3.7

3.8

3.9

3.10

3.11

3.12

3.13

3.14

4.1
4.2

LIST OF FIGURES

TITLE

Flow Configuration Model.

Variation of velocity distribution f'(n) for magnetic
parameter M.

Variation of velocity distribution f'(n) for volumetric
fractions ¢1.

Variation of velocity distribution f'(n) for volumetric
fractions ¢>.

Variation of temperature distribution 6(n) for Prandtl
number Pr.

Variation of temperature distribution 6(n) for Eckert
number Ec.

Variation of temperature distribution 6(n) for radiation
parameter R.

Variation of temperature distribution 6(n) for Biot
number Bi.

Variation of temperature distribution 8(n) for volumetric
fractions ¢1.

Variation of temperature distribution 8(n) for volumetric
fractions ¢>.

Variation of Skin friction for M with ¢1.

Variation of Skin friction for A1 with ¢1.

Variation of Nusselt number for Ec with ¢1.

Variation of Nusselt number for R with ¢1.

Flow Configuration Model.

Variation of velocity distribution f'(n) for volumetric

fractions ¢1.

X

PAGE

26
33

34

34

35

35

36

36

37

37

38

38

39

39

42
50



4.3

4.4

4.5

4.6

4.7

4.8

4.9

4.10

4.11

4.12

4.13

4.14

4.15

4.16

4.17

4.18

4.19

4.20

4.21
4.22

Variation of velocity distribution f'(n) for volumetric
fractions ¢>.

Variation of velocity distribution f'(n) for magnetic
parameter M.

Variation of velocity distribution f'(n) for porosity
parameter wo.

Variation of velocity distribution f'(n) for inclination
angle a.

Variation of velocity distribution f'(n) for Forchheimer
number Fr.

Variation of temperature distribution 6(n) for Prandtl
number Pr.

Variation of temperature distribution 6(n) for Eckert
number Ec.

Variation of temperature distribution 6(n) for radiation
parameter R.

Variation of temperature distribution 6(n) for Biot
number Bi.

Variation of temperature distribution 8(n) for volumetric
fractions ¢1.

Variation of temperature distribution 8(n) for volumetric
fractions ¢>.

Variation of temperature distribution 8(7) for magnetic
parameter M.

Variation of Skin friction for Fr with ¢1.

Variation of Skin friction for M with ¢1.

Variation of Skin friction for w, with ¢1.

Variation of Skin friction for a with ¢1.

Variation of Nusselt number for R with ¢1.

Variation of Nusselt number for M with ¢1.

Variation of Nusselt number for Pr with ¢1.

Variation of Nusselt number for Ec with ¢1.

51

51

52

52

53

53

54

54

55

55

56

56

57

57

58

58

59

59

60
60



LIST OF ABBREVIATIONS

AlLO3 Aluminium Oxide

Zn0 Zinc Oxide

MATLAB Matrix Laboratory

Bvpdc Boundary Value Problem for 4" Order Collocation
PDEs Partial Differential Equations

ODEs Ordinary Differential Equations

MHD Magnetohydrodynamic

Cr Skin Friction

Nu Nusselt Number

X1



LIST OF SYMBOLS

X,y Cartesian coordinates

u,v Components of velocity

S1 First nanoparticle

S2 Second nanoparticle

1 Volumetric Concentration of the first nanoparticle
b2 Volumetric Concentration of the second nanoparticle
(Co)r Specific heat of base fluid

kr Thermal conductivity of base fluid

of Electrical conductivity of base fluid

DFf Density of base fluid

Ur Dynamic viscosity of base fluid

(pCp)r Heat capacity of base fluid

(Co)nf Specific heat of nanofluid

keng Thermal conductivity of nanofluid

Onf Electrical conductivity of nanofluid

Pnf Density of nanofluid

Unf Dynamic viscosity of nanofluid

(PCo)nf Heat capacity of nanofluid

(Co)nng Specific heat of hybrid nanofluid

Knns Thermal conductivity of hybrid nanofluid
Ohnf Electrical conductivity of hybrid nanofluid
Dhnf Density of hybrid nanofluid

Uhnf Dynamic viscosity of hybrid nanofluid
(PCp)hnf Heat capacity of hybrid nanofluid

a Angle of inclination

v Kinematic viscosity

qr Radiative heat flux

Xii



Wo
K
A

Rex

Dimensionless temperature
Temperature of the wall
Ambient temperature of the hybrid nanofluid
Magnetic field parameter
Radiation parameter

Prandtl number

Eckert number

Biot number

Non-uniform inertia coefficient
Forchheimer number

Porosity parameter

Porosity permeability

Velocity ratio parameter

Reynold’s number

Xiil



ACKNOWLEDGMENT

In the name of Allah, the Most Gracious, the Most Merciful. All praise is due to Allah, the
Lord of the worlds, whose infinite blessings and guidance have illuminated my path throughout

this academic journey. I am eternally grateful to Him for His countless blessings.

I would like to express my deepest and most heartfelt thanks to my beloved parents, whose
endless sacrifices and encouragement have been my guiding light. Their unwavering faith in me
and their constant prayers have been the foundation of my strength and success. I am truly blessed
to have them in my life, and I am forever indebted and deeply thankful for their unwavering

support, which has shaped me into the person I am today.

My sincere appreciation goes to my supervisor, Dr. Anum Naseem, whose thoughtful

insights, expert guidance and inspiring mentorship have been crucial to this work.

May Allah (SWT) reward and bless all those who have contributed to my journey, and may

He grant us success in this life and the Hereafter.

X1iv



DEDICATION

This thesis work is a token of gratitude to my mother and father, whose immeasurable sacrifices

and unwavering faith in my abilities have encouraged me to pursue my dreams and never give

up.

XV



Chapter 1

Introduction

1.1 Hybrid Nanofluids

Nanofluid is a form of a fluid emerging from the suspension of nanoparticles,
having a typical diameter ranging from 1 to 100 nm, in a basefluid, such as water, oil-
based fluids, ethylene glycol etc. When two distinct kinds of nanometer-sized particles are
submerged in a unique base fluid, the resulting combination is generally referred to as a
hybrid nanofluid. Researchers and scientists have discovered new and advanced methods
to refine the thermo-physical as well as heat transfer characteristics of a fluid under
consideration and creation of a hybrid nanofluid is one such crucial technique. By
incorporating two nanoparticles with a basefluid, the resultant fluid not only enhances the
rates of heat transfer, but also demonstrates boosted thermal conductivity, thermal
consistency, augmented stability and overall heat transfer enhancement in contrast to other
standard and conventional fluids. In other words, hybrid nanofluids were established to
tackle the drawbacks and limitations of typical fluids and even mono nanofluids. This
concept was initially described by Turcu et al. [1], elaborating their superior properties of

transfer of heat, efficiency, cost-effectivity and thermal conduction. Hence hybrid
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nanofluids have a vast variety of applications and are utilized in industrial machinery, as
coolants in machines and automobiles, biomedicine, solar thermal systems, aerospace,
electronics etc. Mahmoud [3] considered a micropolar, hydromagnetic fluid on a
stretching surface and studied how magnetic field, thermal radiation and heat conduction
affected the fluid. Nadeem et al. [4] analyzed the stagnation point, time independent flow
of a non-Newtonian, viscoelastic nanofluid past a stretching surface while accounting for
thermal diffusion and Brownian motion. The process of homotopy analysis was employed
to solve the problem. Abolbashari et al. [5] conducted an investigation on the
nanoparticles (Al;03, Cu, TiO,, Cu0O) with H,0 and evaluated the entropy of a time
dependent MHD fluid flow due to a porous, stretching surface by the procedure of
homotopy analysis. The nanoparticles of copper (Cu) and titanium dioxide (T'i0>) along
with the H»0 base fluid was taken up by Ghadikolaei ef al. [6] to check the impact of
magnetohydrodynamics on the stagnation point flow of fluid across a stretching surface.
The RKF-45 technique was utilized for the attainment of numerical solutions. Jamaludin
et al. [7] investigated the stagnation point flow of hybrid nanofluid (Cu-Al>03/H20)
along a stretching/shrinking permeable surface under the influence of heat
generation/absorption, mixed convection and MHD. The mathematical equations were
further simplified using the bvp4c module of MATLAB and a duality in the solutions was

observed.

1.2 Magnetohydrodynamics

One of the major disciplines of mathematical physics, magnetohydrodynamics or
MHD explores the motion, features and behavior of fluids subject to magnetism. The fluids
under consideration are conductive fluids such as metallic liquids, plasma, and seawater.
Alfven [2] was the one of the earliest scientists to introduce the concept of MHD. This field
basically implies that current can be generated in an electroconductive fluid via magnetic
forces which in turn gives rise to electric charges in the fluid and ultimately causes the
magnetic field to vary. Some fundamental applications of magnetohydrodynamics include

MHD power generators, atomic power stations, braking systems of automobiles, casting of
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metallic liquids and emission of solar plasma. Aly et al. [8] dealt with the implications of
magnetohydrodynamics on the hybrid nanofluid comprising of Cu and Al203 mixed in
pure H20. The heat transfer and fluid flow was studied near the stagnation point while the
flow was induced due to a stretchable/shrinkable sheet under the effect of partial slip. The
results revealed that the hybrid nanofluid works more effectively than a nanofluid. The
work of Khan et al. [9] consisted of a hybrid (Cu — Al>03/Blood) nanofluid over a
continuous stretchable/shrinkable surface with magnetohydrodynamics, heat absorption,
heat generation, slip conditions. The strategy of homotopy analysis was applied to garner
analytical results. Yashkun et al [10], considering the contribution of
magnetohydrodynamics, studied the flow of a hybrid nanofluid (Cu-Al>03/H20) past a
stretching/shrinking sheet. The flow was also affected by the component of thermal
radiation and suction. Further mathematical working was done using MATLAB, more
specifically, bvp4c. It was found that the nanofluid was less competent than the hybrid
nanofluid when it came to the transfer of heat. Kumbhakar and Nandi [11] worked on how
the variables of viscous dissipation, convective boundary condition, nonlinear thermal
radiation, Joule heating, heat source/heat sink affected the behavior of a magnetized, time-
dependent hybrid nanofluid with constant density. It was also investigated that how the
flow behaved in accordance with chemical reactions and velocity slip. The RKF-45 scheme
was adopted for quantitative and graphical solutions. Noor et al. [12] examined the Jeffery
hybrid nanofluid comprising of Cu — Al203/C¢HoNaO7 in the context of transfer of mass
and heat and the magnetohydrodynamics flow of the fluid with the additional factors of
chemical reaction, heat generation and absorption in a compressing channel was examined.
Nadeem et al. [13] explored the magnetohydrodynamic, tangential and time dependent
flow of a fuzzy hybrid nanofluid (Cu — Al203/C2Hs02) while accounting for nonlinear
thermal radiation, convective boundary conditions, boundary slip and Ohmic heating, in
the presence of an exponentially expanding sheet. Further, the solutions were provided by
the bvp4c technique in the MATLAB software. The results indicated that the efficiency of
heat transfer was boosted with a rise in the volumetric fraction of nanoparticle and thermal
radiation. Mumtaz et al. [14] worked on the two-dimensional flow of a
magnetohydrodynamic flow of a ternary hybrid nanofluid (Al203 — TiO2 — Cu/H20) and

analyzed the effects of Brownian motion on the flow. The factors of mixed convection,



chemical reaction was also part of the investigation. The ODEs were consequently solved
by the MATLAB’s efficient tool, bvp4c. The outcomes clarified that the velocity profile is
optimized by the elevation in the parameter of curvature while rise in the magnetic
parameter decreases it. Yahaya ef al. [15] looked into the fluid properties of a hybrid
nanofluid when the magnetic forces were taken into account and the fluid was in motion
along a shrinking surface. The components of viscous dissipation and convective BCs were
also a part of the study. Lisha et al. [16] studied the hydromagnetic three-dimensional flow
of a Casson hybrid nanofluid (MWCNT — SWCNT /H20) onto an inclined, stretching
surface with permeability, heat source/sink, homogeneous reaction, thermal radiation, and
angle of inclination. Taking the basefluid to be water, the nanoparticles of single-walled
and multi-walled carbon nanotubes were used in addition to certain shape factors. Kumar
et al. [17] focused on the factors of magnetohydrodynamics, slip condition, and thermal
radiation and their effect on the water, single-walled and multi-walled carbon nanotubes
and aluminium oxide-based hybrid nanofluid. Hussain et al. [18] considered the hybrid
nanofluid (Ag — Cu — GO/C12H26C15H32) and analyzed the implications of convective
boundary conditions, activation energy and thermal diffusion on the
magnetohydrodynamic flow across a stretching surface. Brownian motion and chemical
reaction effects were also taken into account. The process of HAM was employed to obtain
the mathematical and graphical results. Rehman et al. [19] dealt with the unsteady, Casson,
hydromagnetic flow of hybrid nanofluid through a stretching sheet, while being influenced
by magnetohydrodynamics and viscous dissipation. The graphical results were then
compiled using the HAM scheme. Khan et al. [20] addressed the (Fe304 — Al203/H>0)
hybrid nanofluid onto a material with pores consisting of a stretchable surface within and
its time-independent, boundary layer, incompressible and MHD flow is affected by thermal
radiation, heat generation/absorption and slip conditions. The attained ODEs are then

simplified by using the MAPLE software via the RK technique of solution.



1.3 Thermal Radiation

When heat energy is transmitted from a high temperature zone to a region of less
temperature by means of waves, more specifically electromagnetic waves, the consequent
phenomenon is classified as thermal radiation. This type of radiation is the only heat
conduction mechanism that can traverse through air or even potentially through vacuum,
without the requirement of propagative media. The movement of the sub-atomic particles
(protons and electrons) of a material is the major cause of propagation of this radiative
energy. The fundamental notion of thermal radiation is incorporated in a variety of
technological equipment that are operated every day. One of the oldest instances is the heat
of the sun. Apart from such a basic application, this form of energy transfer is employed in
thermal imaging, indoor thermal devices such as gas and water heaters, luminescent light
bulbs, firefighting resources, solar-powered stations, industrial and engineering practices
etc. Hamad ef al. [21] assessed the magnetohydrodynamics flow of a fluid through a flat,
porous plate under the effect of thermal radiation and the convective boundary conditions.
The Fehlberg scheme in Maple tool was considered for numerical computation. Lin et al.
[22] studied the thermocapillary convection flow of a shear-thinning, non-Newtonian
nanofluid consisting of nanoparticles of copper and the oxides of copper, titanium and
aluminium with (CgH1sNaOg — H20) as base fluid, forming the nanofluid as (Cu — Cu0 —
TiO2 — Al,03/CsH1sNaOg — H20) . The flow is affected by thermal radiation, and the
numerical calculations were demonstrated by the process of shooting. Taking thermal
radiation as the driving force, Imtiaz et al. [23] examined the flow of an electromagnetic
nanofluid over an exponentially stretching surface with Brownian motion and thermal
diffusion. Ramesh et al. [24] illustrated the three-dimensional flow of the Maxwell fluid
passing through a porous, dual-directional stretchable surface being directly influenced by
thermal radiation. Usman et al. [25] employed the procedure of least squares to examine
the unsteady, 3-D (Al203 — Cu/H70) based hybrid nanofluid flow with nonlinear thermal
radiation and magnetohydrodynamics. The findings of Yusuf er al. [26] explored the
solution via shooting process when the nanoparticles of Ti0O2 and Cu were immersed in
H>0 and moved across a stretching surface with porosity while being under the impact of

thermal radiation. The three dimensional and Darcy Forchheimer fluid flow with slip was
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considered to comprehend the entropy generation for conventional and hybrid nanofluids.
Masood and Farooq [27] investigated the (Ag — GO/H:20) based hydromagnetic hybrid
nanofluid flow over a stretching surface with an inclined magnetic field and thermal
radiation. The method of homotopy was considered for dealing with the equations. The
study of Ali et al. [28] aimed to deal with heat transfer of magnetohydrodynamic hybrid
nanofluid (Fe203 — Cu0O/H>0) flowing over a stretching cylinder while accounting for
the effect of thermal radiation. The predictor-corrector technique of Adams-Bashforth
generated mathematical and graphical findings. Neethu et al. [29] took an exponentially
stretching surface for the thermally radiative and MHD hybrid nanofluid flow while the
combination of titanium dioxide, silver and H20 constitute the hybrid nanofluid. Arshad et
al. [30] analyzed the hybrid nanofluid (Ti0O> — Al203/H20) with thermal radiation
affecting the 3-D flow. The incompressible, time-independent, magnetized fluid was also
bound by mixed convection and thermophoresis. Oke et al. [31] made use of the method
of finite difference to numerically solve the model of nanofluid based on nanoparticles of
copper, water and aluminium oxide nanoparticles flowing across a spinning plate, in the
presence of thermal radiation, Coriolis force and inclined magnetohydrodynamics. Arshad
et al. [32] addressed the model of rotating conventional as well as hybrid nanofluids and
examined how thermal radiation worked for the flow. This MHD, 3-D flow of the fluid,
subjected to an angled magnetic force and chemical reactions were also observed. The
investigation of Nagaraja et al. [33] had the primary purpose of dealing with the ternary
hybrid (Ti02 — Al,03 — Ag/H20) nanofluid, possessing both the opposed and aided flow
with the consideration of thermal radiation, chemical reaction. Ibrahim et al. [34] worked
on a model based on water as the host fluid while the nanoparticles of the compound
aluminium oxide and the element copper created the hybrid nanofluid flowing along a
curved stretching/shrinking sheet under the effects of thermal radiation, suction/injection
and mixed convection. Bvp4c provided numerical computations while several parameters
and their implications were under consideration. Arshad ef al. [35] compared the mixed
convection flow of three nanofluids, comprising of pure water with alumina, pure water
with aluminum oxide and copper, and pure water with titanium dioxide, which is a tri-
hybrid nanofluid and accessed the unified implications of thermal diffusion and Dufour

effects on the fluid problem with the presence of thermal radiation and chemical reactions.



Hashim et al. [36] encountered the problem of a time-dependent, two-dimensional
nanofluid flow which is a combination of alumina and water with copper nanomaterials.
The problem is investigated in the presence of thermal radiation with fluid flowing on a
surface being stretched/shrunk. Varatharaj et al. [37] determined how the fluid responded
when Ohmic heating, viscous dissipation and majorly thermal radiation affect the flow.
The intricate combination of (CuO — CH30H — GO) gave rise to the Casson,
hydromagnetic fluid upon which the slip boundary condition was also applied. The Keller-
box algorithm gave information about the numerous components of the model. The
objective of the examination of Rahman et al. [38] was to model a Darcy Forchheimer flow
of'a Maxwell hybrid nanofluid (Cu — TiOz/H70) across a porous stretching surface, while
considering the effects of thermal radiation, heat source/sink. Madhu et al. [39] dealt with
the flow of hybrid nanofluid (Fe204 — MnZnFe;04/H20) over a stretching cylinder under
the effect of thermal radiation and activation energy. Waseem et al. [40] studied the entropy
generation for a fluid comprising of Cu — Ti0O2 nanoparticles and the fluid flow over a
dual-directional sheet with the effects of Ohmic heat, magnetohydrodynamics and thermal
radiation being factors of scrutinization. The model is further simplified by the optimal
homotopy asymptotic method in the software of Mathematica. Dealing with the Cattaneo-
Christov model of heat flux, Farooq et al. [41] combined multi-walled carbon nanotubes
with copper and single-walled carbon nanotubes with silver and then mixed them both with
NaCsH706 to study the transfer of heat with thermal radiation for the fluids (Cu —
MWCNT/ NaCsH706) and (Ag — SWCNT/ NaCsH70s).

1.4 Stagnation Point

In the discipline of fluid mechanics, a stagnation point signifies the location
where the fluid flow comes to a stop momentarily, making the fluid velocity to be zero at
that point. Located at an object’s surface where the fluid movement halts, stagnation points
generally split the flow into two streams on the two sides of the object. This type of flow

is of profound appeal to the researchers and scientists worldwide, concerning mainly the



industries of aerospace and engineering. In the construction of rockets, ships and aircrafts,
stagnation point plays a key role in assessing the distribution of pressure and heat.
Examining the mechanism of boundary layer, heat protectants for vehicles and spacecrafts,
hydrodynamics and meteorological processes etc. are some of the prominent
implementations of stagnation point. In accordance with the work of Nazar et al. [42], a
time-independent, micropolar flow of a fluid having constant density was studied over a
stretchable sheet adjacent to the stagnation point. The mathematical and graphical evidence
was obtained via the Keller-box approach. Abbas et al. [43] dealt with a time-independent
Maxwell fluid and explored the effects of mixed convection on the 2D flow near the point
of stagnation along a vertically stretching/shrinking surface. Noor et al. [44] studied the
influence of mixed convection on a micropolar nanofluid flowing over a stretching surface
near the stagnation point. The numerical algorithm of Fehlberg was employed to deal with
the ODEs system. It was observed that the fluid flow was greatly influenced by the velocity
slip condition. Rostami et al. [45] considered a hybrid nanofluid (Al203 — Si02/H>0) to
examine the mixed convection phenomenon on a hydromagnetic, time-independent flow
across a porous plate adjacent to the stagnation point. The numerical solution of the system
of transformed ODEs from the PDEs was obtained by utilizing the MATLAB tool,
specifically its program, bvp4c. Jamaludin et al. [46] studied the flow due to mixed
convection within close range of the stagnation point. The study took into account the
(Al203/H20), (Ti02/H20) and (Cu/H20) nanofluids and analyzed the impact of heat
generation/absorption and thermal radiation on the fluid. The consequences of suction were
also explored through a vertical surface. The converted ODEs were then dealt with by the
MATLARB?’s tool known as bvp4c and a numerical solution was generated. The impact of
various parameters on the flow was assessed and the results were elaborated graphically.
Zainal et al. [47] considered the numerical study of stagnation point, mixed convective,
time-dependent hydromagnetic flow of a copper along with aluminium oxide water-based
hybrid nanofluid flowing over a porous sheet. The fluid problem was solved by means of
the bvp4c tool of the popular MATLAB application. Waqas et al. [48] inspected the
magnetohydromagnetic hybrid nanofluid based on magnetite and cupric oxide
nanoparticles with water as the basefluid (CuO — Fe304/H20) when the factors of thermal

radiation and viscous dissipation were involved. MATLAB software generated the



graphical and mathematical solutions of the model of the fluid near a stagnation point.
Shatnawi et al. [49] delved into the unsteady flow of Casson hybrid nanofluid (MW CNT —
SWCNT /H20) by considering multi and single-walled nanotubes of carbon with H>0 and
the fluid flows over a Riga surface near a stagnation point while Lorentz forces, thermal
radiation and viscous dissipation were under study. The physical factors integrated on the
velocity and fluid’s temperature were tabulated and exhibited graphically. Kayalvizhi and
Kumar [50] studied the entropy generation in a copper-water-aluminium oxide-based
hybrid nanofluid stagnation point flow. The model took the parameters of radiation,
melting heat transfer and viscous dissipation into account for the investigation. Mahmood
and Khan [51] characterized the nanoparticles of alumina, titanium dioxide and cupric
oxide to form a ternary hybrid nanofluid (CuO — TiO2-Al203/polymer) which was
reliant on mass suction in addition to heat generation. The Runge-Kutta scheme of order 4
was applied and Mathematica was utilized to get a comparative evaluation. Lone ef al. [52]
deployed the scheme of bvp4c to numerically analyze the radiative fluid flow of an
unsteady nanofluid composed of (CuO — Ti0z/engine oil) and the flow was studied near
the stagnation region of a surface. The mixed convection and convective conditions were
also considered for the flow. Zainal ef al. [53] investigated the Arrhenius energy model for
the laminar hybrid nanofluid flowing via a stretchable/shrinkable sheet in the vicinity of
the stagnation point. The nanoscale copper particles, aluminum oxide partciles and pure
water were incorporated. Zainal ef al. [54] examined the 3-D flow of a hydromagnetic
hybrid nanofluid at the boundary layer adjacent to the stagnation point. Using the
aluminium alloy 7072 and aluminium alloy 7075 with water, Alharbi et al. [55] scrutinized
the implications of thermal radiation and stagnation point flow of the hybrid nanofluid
around a spinning orbital sphere. The acquired differential equations are solved
parametrically. Karthik and Kumar [56] dispersed dust particles in the fluid comprised of
an alloy of titanium along with Ag, H20, C2He02, giving rise to (Alloy of titanium —
Ag/H20 — C2He02). Solar radiation was factored in for this flow near to the stagnation
point. Fadhel et al. [57] employed a stretchable/shrinkable surface to computationally
evaluate the stagnation point flow of Casson fluid, making a blend of nanosized particles
of copper, nanoparticles of alumina as well as sodium alginate basefluid. The numerical

outputs were interpreted by the bvp4c framework, which ultimately revealed a dual nature



of the achieved solution. Mahmood ef al. [58] studied the influence of thermal radiation on
the stagnation point flow of hybrid nanofluid, by suspending nanoscale particles of copper
as well as those of alumina in water, across a vertical porous sheet while also including
mixed convection and magnetohydrodynamic. The findings illustrated how different
parameters impacted the motion of the fluid and heat transfer attributes. Ouyang et al. [59]
determined the fluid flow of time-dependent nanofluid, hybrid nanofluid and tri-hybrid
nanofluid flowing over a shrinking sheet in a permeable medium near a stagnation point
with heat absorption and generation. Singla ef al. [60] investigated stagnation point fluid
flow of the copper-alumina nanoparticles immersed in water and the flow was subjected to

mixed convection and slip velocity condition.

1.5 Joule Heating

When a solid or a liquid (conductor) possessing resistance allows electric
current to flow through it, the electrical energy is transformed into heat and the entire
framework is described as Joule heating. Since this heating is a direct consequence of
resistance, it is also referred to as resistive heating. The free movement of electrons is
hindered as the current traverses through an electric conductor. This resistance then turns
the current’s energy into thermal energy. This essential principle has countless uses in our
day-to-day activities, including heaters, toasters, geysers, ovens, stoves operating via
electricity, heat sensor gadgets, fuse panels, circuit wirings, metals melding and fusion,
medical equipment of heat therapy etc. Nawaz et al. [61] gained an insight into how the
Genetic Algorithm works for the Newtonian and non-Newtonian fluid flow when the fluid
is under the impact of Joule heating. The stagnation point flow over the stretching sheet
was observed numerically by the Downhill simplex (Nelder-Mead) method while the
OHAM scheme generated analytical computations. Hayat et al. [62] submerged copper in
pure H20 and examined the flow over a stretching surface with porosity and Joule heating.
The fluid has constant density and depiction of numerous variables on the profiles of
temperature and velocity were obtained. Kamran et al. [63] studied the mechanism of

Casson nanofluid while being subject to magnetism and condition of slip. The surface of
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flow was being stretched while Joule heating was also affected strongly on the flow. The
algorithm of Keller-box was adopted to access the conduct of multiple factors. Ghadikolaei
et al. [64] examined the performance of a non-Newtonian hydromagnetic, micropolar fluid
of constant density as it flows past a stretching plate while being simultaneously altered by
nonlinear thermal radiation and Joule heating. Aziz ef al. [65] considered a nanofluid (Cu —
C2He02) and a hybrid nanofluid (Cu — Fe304/C2Hs02) and analyzed its entropy
generation and the flow over a porous stretchable sheet with Joule heating and the slip
conditions. Thermal radiation and a magnetic field influencing the flow were also under
consideration to assess this flow. Khashi’ie et al. [66] looked into the nanofluid flow water
based hybrid nanofluid, constituting of the element copper nanoparticles and the
nanoparticles of alumina compound, along a shrinking surface. The single phase
(homogeneous) model of nanofluid was adopted and Joule heating impacted on it. Taking
Joule heating as the most influential factor, Shoaib et al. [67], applied the implicit Lobatto
scheme to study the computational mechanisms of an aqueous fluid and its three-
dimensional flow via a revolving surface, being under the effects of thermal radiation, with
the nanometer sized particles of copper and the compound of aluminium oxide. Ramzan et
al. [68] took into account an aqueous hybrid nanofluid with the nanoparticles of magnesia
and observed its flow over a surface. Joule heating and its influence showed effects on the
flow. Radiative heat was another major component of the model, along with the slip
conditions. Algahtani et al. [69] investigated the hybrid nanofluid composed of ethylene
glycol with the nanoparticles of aluminium oxide, as well as copper oxide, creating (Cuo —
Al203/C2H602) so that the transfer of thermal energy, and frictional resistance could be
explored while the flow was affected by Ohmic heating and prescribed heat flux. Khashi’ie
et al. [70] presented the results via the boundary value problem solver (bvp4c) for the
model of suspended alumina particles along with the copper nanoparticles in pure H20.
The fluid 1s flowing over a shrinking surface with Ohmic heating and convective boundary
conditions. Rasool et al. [71] used the revised form of the Buongiorno framework and took
the aspects of thermal diffusion, nonlinear radiation, Ohmic heating and magnetism into
account and studied their involvement in the transfer of a fluid formed by submerging Ag —
MoS> particles into 1:1 of water-ethylene glycol basefluid, and the resulting blend of (Ag —
MoS2/50%C2He¢02 — 50% H20) . The procedure of Newton-Raphson elaborated the
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features of Falkner-Skan. Hayat et al. [72] elaborated the influence of Lorentz force and
Joule heating on a hybrid nanofluid (Cu — CoFe204/H20). The flow was observed over a
surface with pores where Darcy-Forchheimer, heat generation, and thermal radiation had
their direct effect on the flow. Jayanthi and Niranjan [73] tackled the flow of time-
independent, incompressible, 2-D, electromagnetic nanofluid when Joule heating,
chemical processes and thermal radiation act on it. Bvp4c was employed and numerous
dimensionless variables were assessed. Zainodin et al. [74] determined the efficiency of
the nanoparticles of CoFe204 -Fe304 immersed in water when the flow is affected by Joule
heating, mixed convection and viscous dissipation. Jameel et al. [75] interpreted the impact
of Joule heating on Maxwell nanofluid whose Darcy-Forchheimer flow was the subject of
research with Cattaneo-Christov framework. Viscous dissipation and thermal radiation,
along with other physical variables were a part of the analysis. Muhammad et al. [76]
focused on the Darcy-Forchheimer flow of an MHD, aqueous hybrid nanofluid with MoS-
and Ag nanoparticles scattered within. A magnetic field was applied on the surface and
Joule heating was the major factor of impact. Rafique et al. [77] identified the results of a
ternary hybrid nanofluid (Ti0O2 — Al03 — Cu) with pure water, with the factors of Ohmic
heating, temperature stratification, variable viscosity and suction. The effect of viscous
dissipation was also explored for the flow near a stagnation point. Tanveer et al. [78]
studied the entropy generation and heat transfer phenomenon of an alumimnium oxide and
copper-based aqueous nanofluid within a material with pores in the midst of gyro-oriented
microbes with Ohmic heating. The gravity-stricken microbes give rise to bioconvection.
Razzaq et al. [79] examined the flow of an aqueous hybrid nanofluid made of copper
element nanoparticles and those of aluminium oxide and an inclined magnetic force is
applied while Ohmic heating was regarded as the primary component.

In light of the prior stated research analysis, it can be concluded that the
stagnation point flow of a hybrid nanofluid over a shrinking surface immersed in a porous
medium in the presence of Joule heating has not been addressed yet. The influence of
inclined magnetohydrodynamics is also explored. The numerical interpretation of the
results via bvp4c has been done from the reduced mathematical equations evolved as ODEs
by means of similarity factors. The graphical representation for the temperature and

velocity distributions have also been attained in a similar manner. The present work aims
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to benefit the scientific and technical communities by fostering a thorough analysis and

paving the way for potential initiatives and endeavors.

1.6 Thesis Organization

The thesis is comprised of five chapters. A brief description of each chapter is
mentioned below.

Chapter 1 embodies the foundational introduction of the crucial factors
constituted in the study, accompanied by a rigorous review of the existing work in literature
relevant to the associated effects.

Chapter 2 proposes all the significant terminologies and laws to develop the
mandatory understanding of the present investigation.

Chapter 3 describes the mechanism of three fluids, two nanofluids and one hybrid
nanofluid, moving over a shrinking sheet, with the stagnation point flow being conditional
upon thermal radiation, viscous dissipation and convective boundary conditions. The
mathematical model is simplified and investigated numerically through the medium of
MATLAB software.

Chapter 4 assesses the fluid flow over a shrinking surface in a porous medium for
the hybrid nanofluid in addition to the nanofluids with the important variables of Joule
heating and inclined magnethydrodynamics. The Darcy Forchheimer flow is also a part of
the analysis. The numerical conclusions obtained via bvp4c have been represented
graphically for the velocity and temperature distributions as well as surface friction
coefficient and Nusselt number.

Chapter 5 elaborates the concluded insights of the study and provides a few

pathways to some fascinating potential research projects.
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Chapter 2

Fundamental Concepts and Laws

This chapter addresses some of the key definitions, fundamental terminologies and
basic laws which are necessary for the effective comprehension of the evaluation presented

in the next chapters.

2.1 Fluid

A liquid, gas or any substance in motion is referred to as a fluid when it is unable
to withstand an applied external force and deform continuously as a consequence of the
applied shear force. This indicates that a fluid does not possess the ability to endure shear

stress. Basic examples include kerosene oil, air, blood, water etc. [80]

2.2  Fluid Mechanics

One of the most fundamental branches of physics, fluid mechanics explores the

flow of fluids, behavior of fluids under the influence of forces exerted on them and the
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consequent effects on the physical characteristics of the fluid. It includes two prime fields

[80].

2.2.1 Fluid Dynamics

This sub-branch of fluid mechanics primarily focuses on the particular interactions,

forces and their impact on the fluid flow properties when a fluid is in motion. [80]

2.2.2 Fluid Statics

Another major domain of fluid mechanics, fluid statics, also described as

hydrostatics, examines the physical attributes of a fluid that is stationary i.e. at rest. [80]

2.3 Fluid Flow and its Types

Fluid flow describes the transport of a fluid through a particular point as a
consequence of uneven forces exerted on the fluid. The movement of fluid goes on
continuously, so long as the imbalanced forces remain present. The flow of a fluid is

categorized by the following types [80].

2.3.1 Steady Flow

The flow is identified as a steady flow [80] when certain necessary aspects of the
fluid, including fluid temperature, fluid velocity, fluid density and pressure are time-
independent and remain unchanged at a specific point in time. Representing fluid features

by @, mathematically:
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3 = 0. 2.1

2.3.2 Unsteady Flow

When the fluid motion and its parameters of pressure, velocity, density, etc.
become time-dependent and alter with the passing of time at a particular point, then such a

flow is referred to as unsteady [80]. Mathematically,

¥ + 0. (2.2)

2.3.3 Laminar Flow

When the flow of fluid is observed along smooth parallel layers or designated
pathways, without significant overlapping or blending between layers, then the flow can

be specified as laminar. [80]

2.3.4 Turbulent Flow

Turbulent flow is defined as an incredibly disordered fluid movement. Such a flow
displays erratic and unpredictable patterns and emerges with a rise in velocity and decline

in viscosity. [80]

2.3.5 Compressible Flow

If a fluid’s density varies on a continuous form with the fluid’s motion, the flow is
regarded as compressible. Variations in other physical aspects (velocity, pressure etc.) are

the outcomes of this compressibility. [80]
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2.3.6 Incompressible Flow

This type of flow is accompanied by little to no changes in the fluid’s density as
the fluid flows with the passage of time. In other words, density of the fluid is time-

independent and thus remains constant. [80]

24 Thermal and Physical Properties of Fluid

2.4.1 Viscosity

Viscosity [81] is termed as the rate of fluid’s resistance to the flow when an
external force acts on it. It is the influence of internal friction as the layers of fluid move

simultaneously.

2.4.2 Kinematic Viscosity

A fluid’s kinematic viscosity [81] is characterized as the dynamic viscosity-to-

density ratio. Mathematical representation of kinematic viscosity is,
U

V=-
p

(2.3)

Its units in the SI are m2/s and dimensionally elaborated as [L2T1].
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2.4.3 Dynamic Viscosity

Dynamic (absolute) viscosity [81] associates shear stress to the rate of variation in

velocity i.e. velocity gradient of the fluid. It is mathematically expressed as,

Strees(shear)

Viscosity (u)=

(2.4)

Gradient of velocity’

Dimensionally, viscosity is depicted as [ML~1T—1] and its unit of measurement is 4.
ms

2.4.4 Pressure

Pressure [81] is the ratio of the perpendicularly applied force on a material, to the
cross-sectional area of the material’s surface. It represents the physical forces implemented

on an object. It is indicated in mathematical terms as,

_E
Pressure =~ (2.5)

It is estimated in N/m? units.

2.4.5 Stress

Stress [81] is the quantity that measures the magnitude of the shear forces which

trigger deformation in a material. Mathematically,
F

o=-,
A

(2.6)

where F is the force exerted, A denotes the area of cross-section and ¢ indicates the stress

induced. This mathematical concept has the SI units of %
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2.4.6 Normal Stress

This kind of stress is prompted when the force implemented on a surface acts in a

direction perpendicular (normal) to the area of cross-section of the material. [81]

2.4.7 Shear Stress

When the administered force works in a parallel direction to the surface of a

material, the resulting stress is termed as shear stress [81].

2.4.8 Density

Density [81] is an essential physical attribute of matter, define as the mass-to-

volume ratio of a substance or material. Mathematically,

m

pP=3 2.7

The SI unit of density is kg/m3.

2.5 Newton’s Law of Viscosity

This law [82] demonstrates that the shear stress between two consecutive fluid
layers and the gradient of velocity have a direct relationship between them, with a

mathematical formulation as,

i
= (2.10)
_
T=pgs Q.11
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where the rate at which the component of fluid is subjected to shear strain is governed by

92 dynamic viscosity is identified as y and T symbolizes shear stress.
9y

2.6 Types of Fluid

2.6.1 Newtonian Fluid

Newtonian fluids [81] linearly relate the gradient of velocity with shear stress,
elaborating the compliance of Newton’s law of viscosity. Some basic forms of Newtonian

fluids include air, mineral oils, water, ethyl alcohol etc.

2.6.2 Non-Newtonian Fluid

Non-Newtonian fluids [81] relate the rate of shear stress and strain in a nonlinear
manner and as a result, do not comply with Newton’s law of viscosity. A few notable non-

Newtonian fluids include ketchup, toothpaste, paint, slurries and starch.

2.7 Mechanisms of Heat Transmission

There are three primary mechanisms [82] by which the transmission of heat occurs

between two systems of different temperatures.
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2.7.1 Conduction

Conduction [82] of heat signifies the flow of energy from a material’s particles
with high energy to the neighbouring particles of low energy as an immediate effect of

particle-to-particle interactions.

2.7.2 Convection

Convection [82] incorporates the effects of fluid motion with conduction when the

energy is transmitted from a surface to the surrounding fluid in motion.

2.7.2.1 Forced Convection

Forced convection [82] induces the motion of fluid over a surface by utilizing

external sources such as mechanical instruments, pumps etc.

2.7.2.2 Free/Natural Convection

This procedure is characterized by fluid motion stimulated when temperature

alterations cause the density to vary and give rise to buoyancy forces. [82]

2.7.2.3 Mixed Convection

Mixed convection [82] is powered by both the external and buoyant forces,

generating a combined effect of forced as well as free (natural) convection.
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2.7.3 Radiation

When matter releases energy as electromagnetic waves due to the variations in the
arrangement of molecules or atoms, the consequent phenomenon is known as radiation

[82]. Heat radiation does not need a transition medium for heat transfer.

2.8  Thermal Diffusivity

The thermal diffusivity [82] of any material can be regarded as the ratio of the heat
that the material transmits to the amount of energy stored per unit of volume. It is

mathematically designated as,

a=__
o (2.8)

where the thermal conductivity k, reflects how heat is transmitted effectively, p proposes

the density and Cp, the heat capacity.

2.9 Thermal Conductivity

Thermal conductivity [82] is categorized as the rate of heat transfer per unit area

of an object with a per unit difference of temperature. In mathematical form,

_ qL
k=1am (2.9)

where the amount of thermal energy g is being conducted over an area A, creating a
difference in the temperature.

W /mK is the unit used to characterize thermal heat conductivity.
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2.10 Dimensionless Numbers

2.10.1 Prandtl Number

Prandtl number [83] is a number having no dimensions and illustrates how the

kinematic viscosity and thermal diffusivity are associated with each other. Mathematically,

u

Pr=—, (2.12)

af
where af quantifies the thermal diffusivity and v elaborates the kinematic viscosity of the

fluid.

2.10.2 Nusselt Number

This non-dimensional parameter [83] is specified as the conducted heat-to-

convective heat energy ratio of a fluid. It has an expression as,

_ .nggvetbn — hL
Nu = - (2.13)

X
Qconduction

where k signifies the heat conductivity, the characteristic length is indicated by L and

coefficient of heat convection is given by h.

2.10.3 Eckert Number

Eckert number [83] is a dimensionless variable, used to link the heat transfer by

convection with the kinetic energy of the fluid, with the help of the following ratio,

2

Ec =
AT (2.14)

where v? is the velocity of flow, specific heat is denoted by ¢, and the temperature

variation is given by AT.
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2.10.4 Skin Friction Coefficient

The skin friction [83] is a particular form of drag that is induced by the variation
in velocities of a fluid’s layers when the fluid encounters a solid boundary. Its mathematical

expression is,

Cr =T (2.15)
2

where the wall’s stress (shear) is 7w, the free stream velocity is described by u« and the

fluid’s density is designated by p.

2.10.5 Reynolds Number

This non-dimensional quantity [83] helps to clarify the connection between the
forces due to inertia and viscous forces. The flow pattern of the fluid is specified as

turbulent or laminar with the aid of Reynold’s number. It is calculated as,

ul
Re =", (2.16)

u

where u states the velocity, L is for denoting characteristic length and v symbolizes the

dynamic viscosity.

2.10.6 Biot Number

The Biot number Bi quantifies the ratio of internal thermal resistance to external

thermal resistance during convective heat transfer [83]. Mathematically,

hL

Bi =
i="5 (2.17)

Here, h signifies the convective heat transfer coefficient, L is the characteristic length and

k is the thermal conductivity of the material.

24



Chapter 3

Stagnation Point Flow of Hybrid Nanofluid with

Magnetohydrodynamics and Viscous Dissipation

3.1 Introduction

Hybrid nanofluids are an innovative and highly evolved type of heat transfer fluids
that exhibit exceptional thermal attributes. This chapter examines the two dimensional,
time-independent flow of three distinctive fluids in close proximity to the stagnation point.
The surface under consideration is assumed to be shrinking. The elements of convective
boundary conditions accompanied by viscous dissipation are also involved. The problem
of fluid flow is a mathematical illustration of differential equations in cartesian coordinates.
The subsequent ODEs are acquired by utilizing appropriate similarity variables on the
principal PDEs. The strategy of bvp4c in the software of MATLAB is implemented to

explore the profiles of velocity and temperature graphically.
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Fig. 3.1: Flow Configuration Model.

3.2 Mathematical Formulation

The current framework relies on the incompressible, time-independent (steady), two-
dimensional flow of three nanofluids, adjacent to the stagnation point. The first fluid is
comprised of alumina Al;03 and Zn0O nanoparticles saturated in kerosene oil, while the other
two are ZnO-kerosene oil and Al;03-kerosene oil based nanofluids. This flow, giving rise to a
boundary layer, is investigated over a shrinking surface in the horizontal direction. The velocity
for the shrinking/stretching surface is designated as uw = ax, along the horizontal x-axis.
Perpendicular to the surface under observation, a magnetic field B, is taken into account. Due
to the stagnation point, ue = bx is the free stream velocity. The phenomenon of viscous
dissipation coupled with convective boundary conditions are also examined.

The velocity field prescribed for this model is,
V = [u(x,y),v(x,),0]. (3.1)

The following equations govern the fluid flow problem,
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V.v=0,

(3.2)
phnf[(v. V)V] =V.t+ phnfb, (33)
(pCp)hnf[(v' V)T] = -V.q + Tr(t.L) + g, (3.4)
with
q = —kgradT. (3.5)

Here, V indicates the field of velocity, p denotes the fluid’s density, T is categorized as the
Cauchy stress tensor, the temperature of the fluid is T, q gives the heat flux and the radiative
heat flux is symbolized by g-.

The equations listed below are attained by implementing relevant boundary layer

assumptions.
O 1w =, (3.6)
Ox oy
ou ou au, u %u o
ut v =y ST T LT B2y — ), (3.7)
ax dy € ppay 02 Phap €
2 2
ua_T-i-va_T: knnf a_T_ 1 aqT+ Uhnf a_u . -
ox o ey 07 (Comr 8 (PCpdmy By (3-8)

The fluid flow is assessed under the following boundary conditions:

aT (3.9)
Uu=uw=ax,v=_0,—kns (a_y) = h(Tf —T),wheny =0,

U—>Ue =bx,T-> T, v—>0, wheny - oo. (3.10)
In the formerly stated conditions, u signifies the velocity in the horizontal direction, v
represents the velocity vertical to the horizontal direction, a and b show arbitrary constants,
uw and T'r designate the velocity and temperature at the wall and u. and T characterize the

free stream velocity and temperature.

The non-dimensional similarity variables are taken to be
1

N _ T=Te (3.11)
n (ﬂf) y: 6(77) Tf—Too’
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Table 3.1: Thermophysical Attributes of Kerosene Oil, Zinc Oxide and Alumina. [84]

Characteristics Ker((;-slene Zno0 AlO3
p(kg/m3) 7813 5700 3970
k(W /mK) 0.15 25 40
o((Qm))-1 0.0000000006 9.999 0.0000000001
Cp(J/kgK) 2090 523 765

Table 3.2: Thermophysical attributes under consideration for both Nanofluids. [84]

Characteristics Nanofluid
Electrical Conductivity (o) Onf _ Os1— 2¢s1(0f — 0s1) + 207
of os1+ (o — 0s1) + 207
Dynamic Viscosity (1) Mif = 1
us 1- ¢Sl)2.5
Specific Heat Capacity (Cy) (PConr = (1 = $s)(PCo)s + Ps1(Cr)st
Density (p) pnf = (1 — ¢s1)pr + Ps1pst
Thermal Conductivity (k) Knf _ ks1 — 2¢s1(kr — ks1) + 2k

ker ks1 + psi1(ks — ks1) + 2ky
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Table 3.3: Thermophysical attributes of Hybrid Nanofluid (ZnO — Al203/Kerosene 0Oil)
[84].

Characteristics Hybrid Nanofluid

. .. -2 - +2 —2 - +2
Electrical Conductivity Ohnf 1952 $s2(0ns — 052) + 20w X 051~ 2¢s1(0f — 0s1) + 207
o of Os2 +¢52(0'nf_0'52) +20nf 051+¢sl(0'f_051)+20f
(
Mhnf _ 1

T N A
Specific Heat Capacity  (0Chmy = (pCP)sz sz | PP Pt

(Cp) (pCp)f (pCp) (pCp)r
Densig/ (p) Pinf _ Ps2Ps2 Pils +(1- ¢P NA—-¢ )
s1 s2

Dynamic Viscosity (1)

1-¢ )]Q-9¢

s1 s2

+1
pPf Pf pf
Thermal conductivity ~ *of — prsa=2¢sallens=ksp)ddknsy - rksi=2¢si(ky=ks)+2kg
) kf ks2+¢s2(knf—ks2)+2kng ks1+s1(kp—ks1)+2kf
For the Eq. (3.8), in the expression 99 | q is established as
oy r
_ 4o o 3.13
CIr - 3 k* ay 2 ( * )

The terms o* and k*define the coefficient of mean absorption. The expression described below

is obtained when for T4, the Taylor’s expansion is utilized as

T4 = 4T 3T — 3T %, (3.14)
leading to
T+ 9T 4 (3.15)
g =4 @Too
Hence, the Eq. (3.13) becomes
_ 16073 9T (3.16)
T3k ay

Consequently, Eq. (3.8) is obtained as
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*m3 a2
Oy pL= Fany 0T L (T sy (B (3.17)
ox 9 (CrPnnf 8Y*  (CPPIhnf 3k*  dy? (CpPIhnf 0¥

The equation (3.6) is readily satisfied via the application of Egs. (3.11) - (3.12). Therefore,
the aforementioned PDEs from Egs. (3.7) and (3.8) take the following form

Hanf Tpnf
F2m) ~ FDF'(n) = 1= 22" () = M= (1 — f () = ., (3.18)
Lhnf Phnf
P P
k n " n " n !
(M5 + R) '() + M2 EePrf2(n) + P25 Pre(ne(n) = o, (3.19)
kg uf (pCpP)f
f(0) =0, 0(0)=-Bi(1-26(0), f(0)=A,whenn=0, (3.20)
() - 0, f(0) - 1,whenn — oo, (3.21)
2
The above stated equations include certain dimensionless entities, where M = Bo ‘Zf illustrates
pr
16T° 01
the magnetic parameter, the parameter for thermal radiation is depicted by R = 3k<1x1)< , the
f
2
Eckert number is symbolized as Ec = L, Prandtl number is denoted by Pr = HC)r
(Tr—T)(Cp)f kg

a
and the parameter of velocity ratio is demonstrated as 41 = 7

The mathematical expression for the factors of skin friction and Nusselt number are described

as,
c = 1! v, Nu =—[— +k oT w 3.22
f oW x [ (qr)y=0 hnf ) ]i—fT——T—)xq ’ ( :
foe 0 y=0 f f o
where g = (OT k is indicating the heat flux and t = du 1 characterizes the
w a_y)y=0 hnf w a_y =0 hnf

shear stress at the surface.

Then, Eq. (3.16) is reduced as

1ty v 1 Knng 7
Cr(Reyr =, " f (0), Nuu(Re) )6 (0), (3.23)

__(4R
g + kf

Furthermore, to prevent complexity in calculations, the ratios depicted below are utilized.

A = — Bluf — (€ (3.24)
wur' pr (pCpP)f
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§ ="t g Funr (3.25)

Consequently, Egs. (3.18), (3.19) and (3.23) are reduced to the following arrangement
, p A S
f2m = ff' ) 1= —f"ap —M_(1-f@) =0,

(3.26)

(K + R)6"(n) + AEcPrf"2(n) + CPrf(n) 6'(n) =0, (3.27)
4 o i 4 .

(Re):Cr = Af (0), (Re) > Nux=—(3R+K)6 (0). (3.28)

Here, Re signifies the local Reynold’s number.

3.3 Numerical Stratagem

The bvp4c module of MATLAB is implemented to work out the previously obtained
ODEs for the flow model. The differential equations involved in the problem are of higher
order. Hence, they are initially converted to the form of first order DEs and then, as a result,

the aid of bvp4c process is taken into consideration.

y(D) = f, (3.29)

y(@) =, (3.30)

y(3) = f". (3.31)

y(4) = 0, (3.32)

y(5) =@, (3.33)

y(3) = [Y@Y - y(Dy3) =1 - M {1 -y 3. (3:34)
Y (8) = [~CPr{y(1)y(5)} — AEcPr{y(3)}1] (). (3.35)

And the relevant boundary conditions are
yo(1) =0, yo(5) = —Bi(1 —y0(4)), yo(2) =4 (3.36)
Yo(4) 20, ye(2) > L. (3.37)
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3.4 Graphical Analysis and Discussion

The analysis of several effects that arise as a consequence of numerous dimensional
entities on the profiles of velocity and temperature is fundamental to the study. This section
emphasizes the essential flow attributes by extensively investigating the fluid problem. The
notable impacts of dimensionless parameters on the quantities under scrutiny are demonstrated.
Figures 3.2, 3.3 and 3.4 depict the velocity profile for the magnetic parameter (M) and the
corresponding volume fractions of Al,03 and ZnO nanoparticles ¢iand ¢z respectively.
Figure 3.2 portrays that an upsurge in the values of M also upsurges the velocity of the hybrid
nanofluid as well as the two nanofluids. Figure 3.3 and 3.4 illustrate the velocity profile under
the influence of increasing values of the nanoparticle volume fractions. It is found that the
velocity of the nanofluids and hybrid nanofluid diminishes for larger values of ¢1 and ¢2,
because the momentum boundary layer thickness is minimized with the accumulation of
volume fractions of nanoparticles. Figures 3.5-3.9 clarify the considerable influence of
different dimensionless factors on the temperature profile of the hybrid and nanofluids, which
include Prandtl number (Pr), Eckert number, (Ec), Radiation parameter (R), Biot number
(Bi), and ¢1, ¢ i.e. the volume fractions of the nanoparticles of ZnO and Al;03. Figure 3.5
exemplifies a deterioration in the temperature of the three distinct fluids with heightened Pr
values. Figure 3.6 depicts the temperature profile for the variation in Eckert number (Ec). With
a spike in Ec, the thermal field is intensified due to a surge in the boundary layer thickness and
the kinetic energy of the fluid. This directly amplifies all three fluid’s temperature. Figure 3.7
shows that temperature of the nanofluids as well as the hybrid nanofluid amplifies as the
radiation factor is augmented. When the convective heat transfer is boosted, it offsets the
outcomes of thermal radiation, leading to a heightened temperature profile. Figure 3.8 displays
the growing trend of the temperature profile of the fluids with an enhancement in the Biot
number (Bi), owing to the fact that the increment in the Biot number (Bi) causes the
temperature gradient near the surface to increase as well due the enhancement in the thermal
boundary layer thickness. Figure 3.9 and 3.10 represent a rise in the temperature for all the
three fluids under considerations. As the nanoparticles volumetric fractions are elevated, it
results in a greater temperature profile. This behavior is justified by the better accumulation of

heat energy as a result of rise in thermal conductivity. Figures 3.11-3.14 analyze the pivotal
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effects of the distinguished parameters of M, A1, Ec and R with variations of ¢ on skin friction
and Nusselt number. For ¢1, the skin friction coefficient shows an upsurging trend with the
magnetic parameter (M) in Figure 3.9. This behaviour remains the same for the hybrid and
both the nanofluids respectively. This is because of the fact that the magnetic field hinders the
fluid movement and the strength of magnetic field defies the flow, driving up the drag force
and ultimately increasing the skin friction coefficient. Fig 3.10 is sketched to illustrates the
conduct of friction drag with the velocity ratio parameter A1 when ¢ is raised. It is revealed
that the friction drag is elevated when ¢2 is accumulated for the fluids for growing Ai.
Concerning the three fluids, Figure 3.11 exhibits a drop in the heat transmission rate for
increased Eckert number (Ec) when ¢1 is altered in an increasing manner. Figure 3.12
demonstrates a decay in the Nusselt number with a boost in ¢p1 when the radiation parameter
(R) is under consideration.

Table 3.1-3.3 represent the thermophysical features of the hybrid nanofluids and both the
nanofluids. This information is essential for the execution of the study. Table 3.4 is presented
to show the excellent agreement of the present analysis with the available published data. The
comparison validates the ongoing analysis. Table 3.5 shows the ranges of the values used in

the computation of the study.
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Fig. 3.2: Variation of velocity distribution f'(n) for magnetic parameter M.
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Table 3.4: Comparison of values of 11 on f''(0) when M =0, Pr =0, R =0, Ec

Bi= 0, ¢1 =0, ¢ =0.

s Wang [89] Rehman et al. [84] Current results
1 £7(0) Q) £7(0)
-1.15 1.08223 1.08220 1.08223
-1 1.32882 1.32880 1.32882
-0.75 1.48930 1.48930 1.48930
-0.5 1.49567 1.49567 1.49567
-0.25 1.40224 1.40224 1.40224
0 1.23258 1.23258 1.23258
0.5 0.71330 0.71330 0.71330

1 0 0 0

Table 3.5: Parametric values incorporated in the current analysis.

Parameters Values References
M 1,2,2.5 Saleem et al. [85]
Pr 1.8,1.9,2 Saleem et al. [85]
R 0,0.5,1 Saleem et al. [85]
Ec 0.7,1,1.3 Saleem et al. [85]
A -1.35 Saleem et al. [85]
Bi 0.1,0.2,0.3 Saleem et al. [85]
P1 0.1,0.2,0.3 Saleem et al. [85]
b2 0.1,0.2,0.3 Saleem et al. [85]
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Chapter 4

Thermally Radiative and Magnetohydrodynamic Flow of
Hybrid Nanofluid in the presence of Joule Heating

4.1 Introduction

The prime objective of this chapter is to investigate the behavior and nature of three
different fluids (ZnO — Kerosene Oil, Al,03 — Kerosene Oil and Zn0O — Al,03 —
Kerosene Oil) flowing past a shrinking surface in a porous medium. The flow is examined
when the effect of Darcy Forchheimer is involved while the fluid flow is being directly
impacted as the consequence of Joule heating, inclined magnetohydrodynamics and convective
boundary conditions. Viscous dissipation, along with thermal radiation also significantly affect
the flow. By means of certain adequate transformations, the governing mathematical equations
are reconstructed into a nonlinear system of ODEs and are eventually solved via bvp4c, a tool
of the MATLAB program, in order to obtain numerical outcomes. The temperature and
velocity profiles, in addition to the Nusselt number and skin friction are analyzed graphically.
In order to validate the present findings, a comparative investigation with the available

literature has also been performed.
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Fig. 4.1: Flow Configuration Model.

4.2 Mathematical Formulation of the Problem

The model under consideration is based on the steady, 2-D flow of two distinct
nanofluids and a hybrid nanofluid, with kerosene oil taken to be the basefluid and the
nanoparticles considered to be ZnO and Al;03. The fluid flows over a shrinking sheet
dispersed in a porous medium. The vertical axis is subject to an induced inclined magnetic
field B = (0, Bo, 0). The additional factors of Joule heating, thermal radiation, viscous
dissipation along with the implications of Darcy Forchheimer are also employed. The linear
shrinking is described by uw = ax. The wall temperature Ty is less than T, the temperature
of free stream. The free stream velocity is given by u. = bx, where b indicates the stagnation
point intensity. The equations governing the fluid flow are acquired with the enforcement of
specific boundary layer theory approximations and are stated as

ou + v = , (41)
Ox ay
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w® M=y My — Ohnf BZ(sina)?(u —u ) + F(u? — u?)
o, . O e e

ax ay €0 ppap 02 Phnf
Hhnf
- (u-u),
e

Hanf  8%u

PhnfK’, 4.2)
ua_T i l76_T _  knnf aZ_T _ 1 aqr + Ohnf Bz(u —u )2 + Uhnf O_u)z ‘s
o W Gy P e O (oG © T N G )
The system is being monitored with the help of the following boundary conditions:
aT (4.4)
Uu=uy =ax,v=0,—kns (a_y) = h(Tf —T),wheny =0,
U-u, =bx,v->0, T» Ty, wheny = o, (4.5)

where u and v denote the horizontal and vertical components of velocity, a and b are
considered to be arbitrary constants, uw and u. are the velocity elements at the wall and free

stream, while T and T provide the wall and ambient temperature respectively. Furthermore,

in Eq. (4.3), the thermal radiation throughout the surface is demonstrated as a(;lr and has an
y

approximated value to be [86]

4o 0T (4.6)

&= =3,

Here, the Stefan Boltzmann constant is o* and k* nominates the mean absorption coefficient.

When the Taylor’s expansion of T4 is implemented around T w, the following form is acquired

T* =~ 4T 3T — 3T 0%, 4.7)
which generates
aT#* aT 4.8
I 43 (4.8)
dy 0y

and therefore, Eq. (4.6) becomes

_ _160"T3, aT 4.9
CIT - 3 k* ay ( . )

After substituting Eq. (4.6) in (4.3), it leads to the following equation

QO Hvor Ky 0T 1 (160°T3 Ty 4 oy B2(u —u )2 +
ox (CrPnng dY*  (CPPnnf 3k*  9y? Coplhms © e (4.10)
Hhnf ﬂ 2

(Coppdhnf 9y
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The following transformations have been selected for the current model [85]

1
_ Prb? _ T=Te 4.11)
n=C, 0y 0m=,"0
(4.12)

w= b, v =— D ).
Py

Table 4.1: Thermo-physical attributes of Kerosene Oil, Zinc Oxide and Alumina. [84], [85],

[87]
Characteristics Keg)islene Zn0 Al; 03
p(kg/m3) 783 5700 3970
k(W /mK) 0.15 25 40
o((Qm))-1 0.0000000006 9.999 0.0000000001
C,(J/kgK) 2090 523 765

Table 4.2: Thermo-physical attributes under consideration for nanofluids [84], [85], [87].

Characteristics Nanofluid
Electrical Conductivity (o) Onf _ Os17 2¢s1(0f — 0s1) + 207

of Os1 +1¢s1(0f —0s1) + 207
Dynamic Viscosity (1) Mi =

us (1 - ¢sl)2'5
Specific Heat Capacity (Cy) (OCo)r = (1 = s)(PCr)f + hs1(PCp)st
Density (p) prr = (1 — ¢s1)pr + Ps1ps1
Thermal Conductivity (k) kn ks1 — 2¢s1(kr — ks1) + 2k

k¢ ks1 — ¢ps1(ky — ks1) + 2ky
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Table 4.3: Thermo-physical attributes of hybrid nanofluid (ZnO — Al203/Kerosene Oil)
[83], [84], [87].

Characteristics Hybrid Nanofluid

-2 — 2 -2 - 2
Electrical Conductivity Thnf _ gs2 $s2(0ns — 052) + 20w X os1 $s1(or = 0s1) + 207

(0) or 0s2 + ¢Ps2(onf — 0s2) + 20nf os1 + ¢s1(of — 0s1) + 20¢

Mhnf _ 1

e (1—¢1)*(1— ¢>2)2(5 Cr)et &
Specific Heat Capacity ~ (PCp)ns = (PCp)s2 Ps2 PEP)s1 @1 | 1-¢ )1 —-9¢

(Cp) (pCe)r, ., (pCp) (oCr)y B
Densig/ (,0) Phnf — p52¢52 . [IBS{¢51 + (1 _¢P )] (1 _ d) )
sl s2

pr pr pr

Dynamic Viscosity (1)

s2

kunf _ phsz=2¢s2(knp=ks2)+2knpy - chsi=2¢s1(kp=ks1)+2kg
k¢ ks2+¢ps2(knf—ks2)+2knf ks1+@s1(kp—ks1)+2ky

Thermal conductivity

(k)

The crucial parameters of Nusselt number and coefficient of surface friction are clarified as
- Xw
C = w  Nu=- , (4.13)

f oF u? x kf (Tfr—Tw)

where the shear stress at the surface and the heat transfer rate is demonstrated as

(au

T =(—

w ay)y=0 Hinf, (4.14)
- k. 4.15

q,- (ay)y:0 g (4.15)

when the chosen transformation variables (4.11) — (4.12) are utilized, Eq. (4.1) is promptly
satisfied and as a result, Egs. (4.2) — (4.5) are transformed to the form

Upng Opnf
FDF'G) = £2) + 1+ g £ G1) + Mg (sina)2(1 — £'()
pr pr (4.16)
+Fr{L= F20) = =0 [r =11 =0,
7
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Hhnf

L LT RYO M e Eef2(p) + FaDOGr) +

CCD puy Pr ks 3 CPIanf
(pCP)f (pCP)f
9hnf
of  MEc[f'(n) —1]2 =0,
e — [f'(m) — 1] (4.17)
G

and the boundary conditions are

f(0) =0, 0(0)=-Bi(1-26(0)), f(0)=4,whenn =0, (4.18)
6(0) -0, f'(0) - 1, whenn — oo (4.19)
Egs. (4.16) — (4.19) include substantial dimensionless quantities such as magnetic parameter,

porosity parameter, thermal radiation parameter, velocity ratio parameter, Eckert number,

Prandtl number and Forchheimer parameter, which possess the following mathematical forms:

2 3

M = foo-,ﬁ , W = _Uf , R = 4T0001’ A = f, (420)
pb Kb 3kiky 1 b

Fc = (bx)? Pr = Cp) g Fr = Cp
(T—To) (Co)s K VK (4.21)

Also, Eq. (4.13) can be simplified in the form

1
2

l I’
Cr(Re)> = "2 £ (0), Nux(Re) > = —"—,’;Le'(()). (4.22)

The expressions can be easier to understand with the aid of the following ratios.

A= ‘uﬂf, — Phnf , C = (PCPhns (423)
ur Pr (oCP)f
§="m g = Kanf (4.24)
of kg

Finally, Egs. (4.16), (4.17) and (4.22) can now be expressed as,
FOF @) = F200) + 1+ 2 () + MS (sin@)? (1 — £ (n)) +

Fri1 = f2()] — = w, [f () — 1] = 0,
r M= —wo[f() —1] =0 (425)

(K +2R) () +2Ecf ") +f)0'(n) +ZMEc
[f() — 1]2 =0, (420

11
Pr'c
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1 1

”

‘ (4.27)
(Re):Cr = Af (0), (Re) 2 Nuy = —K6 (0).

4.3 Numerical Stratagem

The flow model, typically, consists of nonlinear differential equations, which are coupled as
well and are somewhat complicated to reduce. The numerical findings can be yielded by first

acquiring a system of ODEs retaining first order and then the bvp4c technique further solves

the system.
y() = f, (4.28)
y(@) =T, (4.29)
y(3) = f", (4.30)
y(4) =0, (431)
y(5) = 6, (4.32)

S
y(3) = [{y(2)}* —y(DyB) -1 - ME (sina)*{(1 - y(2))}

433
P~ + ety D 0y 33

Y'(5y = [y Ly () —éEc{y(s)}z + SMEc{y @)y~ 1}2lPrC ( EE) (4.34)
yo(1) =0, ¥o(2) =24, ¥0(5) = —Bi(1 —y0(4)) (4.35)
Yo(2) = 1, yoo(4) = 0. (4.36)
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4.4 Graphical Analysis and Discussion

This section involves the graphical conduct of a number of factors included in the
study, on the profiles of temperature and velocity. Additionally, the performance of key
variables is also highlighted for the Nusselt number and skin friction coefficient. The
parameters affecting the velocity profile consist of the concentration of ZnO nanoparticles
(¢1), concentration of Al203 nanoparticles (¢2), magnetic parameter (M), parameter of
porosity (wo), inclination angle («) and the Forchheimer parameter (Fr) respectively. Figures
4.2-4.7 illustrate the results of these variables. Figure 4.2 along with Figure 4.3 display the
decreasing trend of velocity profile for the two nanofluids and the hybrid nanofluid when the
volumetric concentrations ¢1 and ¢; are increased. The kerosene-based fluids experience a
greater level of viscosity and density for increased nanoparticles volumetric concentration and
hence the velocity level falls. Figure 4.4 shows that as the parameter of magnetism surges, the
three different fluids exhibit an elevated velocity profile. This occurs as the magnetic damping
is dominated by the momentum transfer from the surface and resulting, dominating the Lorentz
force. Figure 4.5 displays that an amplification in porosity parameter triggers a decline in the
velocity for the fluids, owing to the fact that velocity and porosity have an inverse relation.
Figure 4.6 reflects that a loss in the velocity profile is observed for an in increase in the
inclination angle («). The flow is usually facilitated by wall movement. For an inclined
surface, the component of shrinking force declines with gravity, lessening the fluid inertia and
lowering the velocity. The amplification of the Forchheimer number (Fr) on the velocity
profile is emphasized in Figure 4.7. In a porous medium, the nonlinear resistance to flow
becomes dominant with bigger values of Fr. This number minimizes the three fluids’ velocity,
optimizing the permeability and suppressing the porous drag force. Figures 4.8 to 4.14 portray
the temperature distribution when the parameters of Pr, Ec, R, Bi, ¢p1, ¢p2 and M are at work.
The behaviour of temperature distribution for varied Prandtl number (Pr) is depicted in Figure
4.8. With the increase in the magnitude of Pr, the temperature profile lessens for the two
nanofluids as well as for the hybrid nanofluid, caused by the dominant thermal boundary layer.
In accordance to higher quantities of Eckert number (Ec), the overall temperature also

experiences an increment as depicted in Figure 4.9. This is due to the heat production in the
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medium caused by enhanced friction in the three fluids, yielding consistent particle collisions,
all as a consequence of the boosted Ec. Figure 4.10 illustrates that the temperature for the three
fluids ascends for the rise in the radiation parameter (R). As R increases, the transfer of energy
is extremely affected by the thermal radiation contribution, which causes the fluid to absorb
more heat and so the thermal boundary layer also grows. Figure 4.11 demonstrates that when
the Biot number (Bi) is raised, the nanofluids witness an upraised profile of temperature. The
same demeanor is noted for the kerosene-based hybrid nanofluid. Enhancement in Bi suggests
higher convective heat transmission at the surface, ultimately rising the temperature. Figure
4.12 as well as Figure 4.13 describe the boosted temperature distribution against the volume
fractions ¢1 and ¢, for the fluids. The rise in ¢1 and ¢, will also strengthen the thermal
boundary layer and its thickness, resulting in a high temperature. Figure 4.14 exemplifies the
energy transport for the fluids when the parameter of magnetism (M) is under consideration.
The temperature gradient is uplifted by amplified magnetic strength. Figures 4.15-4.18
highlight the influence of crucial variables for Fr, M, w, and a on skin friction with the
deviations in ¢1. Figure 4.15 reflects the effect of the Forchheimer constant (Fr) on the skin
friction coefficient for the varied values of ¢1. It is found that when Fr ascends, the surface
friction drag for the fluids involved also rapidly grows, on account of intensified force of
inertial drag. Figure 4.16 shows an uplifted pattern of the skin friction coefficient for the three
fluids when the magnetic parameter (M) is extended in addition to ¢b1. Figure 4.17 indicates
the performance of the porosity parameter (w,) for diverse values of ¢1, implying that the skin
friction coefficient undergoes an increment for enhancement in w, and ¢1. Figure 4.18 clarifies
an enhanced pattern of the skin friction term for the inclination angle « in terms of uplifted ¢1.
Figures 4.19, 4.20, 4.21 and 4.22 clarify the interaction of R, M, Pr and Ec with the Nusselt
number in compliance with ¢1. Figure 4.19 demonstrates that with increasing values of ¢1,
the heat transfer coefficient gets diminished when being dealt against the parameter of radiation
(R). The Nusselt number declines for the fluids when variations of ¢p1 with magnetic parameter
(M) are being scrutinized in Figure 4.20. The same conduct is perceived for the association of
the Prandtl number (Pr) in Figure 4.21 when the Nusselt number is of consideration. Figure
4.22 elaborates the decline of the Nusselt number when Eckert number (E¢) is being estimated

with boosted values of ¢1.
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Table 4.1- 4.3 give the details of the necessary data required to perform the current analysis.
This data includes the properties of the two different nanofluids and the hybrid nanofluid. Table
4.4 is the comparative study of the research work with existing literature available in the related
studies. The comparison points out good out the validity of the results. The suitable ranges of

the dimensionless parameters taken in the study in illustrated in Table 3.5.
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Fig. 4.2: Variation of velocity distribution f'(n) for volumetric fraction ¢1.
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Table 4.4: Parametric values incorporated in the current analysis.

Parameters Values References
M 1,2,25 Saleem et al. [85]
Pr 1.8,1.9,2 Saleem et al. [85]
R 0,0.5,1 Saleem et al. [85]
Ec 0.7,1,1.3 Saleem et al. [85]
A1 -1.35 Saleem et al. [85]
Bi 0.1,0.2,03 Saleem et al. [85]
Fr 051,15 Ullah et al. [88]
Wo 0.5,1,1.5 Ullah et al. [88]
b1 0.1,0.2,0.3 Saleem et al. [85]
b2 0.1,0.2,0.3 Saleem et al. [85]
a nTnm Sneha et al. [90]
6 4 3

Table 4.5: Comparison of values of A1 on f”(0) when M =0, Pr=0, R=0, Ec =0,
Bi= 0, ¢1 =0, ¢ =0.

Wang [89] Rehn[lgz] etal. | Saleem et al. [85] Current results
A

1 O [ HO O
-1.15 1.08223 1.08220 1.08223 1.08223
-1 1.32882 1.32880 1.32882 1.32882
-0.75 1.48930 1.48930 1.48930 1.48930
-0.5 1.49567 1.49567 1.49567 1.49567
-0.25 1.40224 1.40224 1.40224 1.40224
0 1.23258 1.23258 1.23258 1.23258
0.5 0.71330 0.71330 0.71330 0.71330

1 0 0 0 0
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Chapter 5

Conclusion & Future Work

5.1 Conclusion Remarks

Hybrid nanofluids possess remarkable attributes and are regarded to have diverse and
distinct applications encompassing a wide range of systems and industries. Unlike
conventional nanofluids that use a single type of nanoparticle, HNFs combine two or more
nanoparticles to achieve synergistic effects, resulting in significantly higher thermal
conductivity than either component alone. This synergy allows engineers to tailor the fluid's
behavior—balancing thermal performance with viscosity and stability—for specific industrial
needs. In some cases, different nanoparticles are chosen not only for thermal enhancement but
also to introduce multifunctional traits like corrosion resistance, catalytic effects, or even non-
Newtonian flow characteristics, further expanding their application in microfluidic,
biomedical, and energy systems. Exhibiting refined and exceptional thermal features in
contrast to classic fluids and nanofluids, they facilitate more efficient heat conductivity, heat
transfer and viscosity. This study highlights the stagnation point and Darcy Forchheimer flow
of a kerosene oil-based hybrid fluid, with zinc oxide and alumina nanoparticles blended within.
The hybrid nanofluid is investigated along with the two nanofluids separately. The flow is
being inspected over a shrinking sheet in a porous medium, driven by the aspects of inclined
magentohydrodynamics and Joule heating. The modeled equations of the flow problem are

presented as partial differential equations and are adapted to be ordinary differential equations
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by implementing adequate similarity variables. Important numerical outcomes for multiple
involved parameters have been deduced with respect to the temperature and velocity profiles.
The factor of inclined magentohydrodynamics («) and the magnetic parameter (M) cause a
prominent elevation in the velocity distribution when their values are increased. On the other
hand, the velocity profile encounters a reduced magnitude as the volumetric fractions ¢1 and
¢2, porosity parameter (wo,) and Darcy Forchheimer variable (Fr) are elevated. For the
temperature profile, Biot number (Bi) and thermal radiation parameter (R) induce a decay in
the fluid’s temperature. The temperature distribution endures an increment as nanoparticles
volume concentrations ¢1 and ¢z, Eckert number (Ec), magnetic parameter (M) and Prandtl
number (Pr) are augmented. The Nusselt number is lowered for the thermal radiation
parameter (R) with higher quantities of ¢p1. The same behavior is obtained when the Nusselt
number is evaluated for magnetic parameter (M) and Eckert number (Ec) for ¢1. The skin
friction coefficient ascends with the increase in ¢1 against the magnetic parameter (M), angle
of inclination (&) and the Forchheimer constant (Fr) respectively. All the three fluids execute
the same behaviour for all the parameters discussed above. The comparison between the two
nanofluids and the hybrid nanofluid yield significant results. The prominence of hybrid

nanofluid over the nanofluid is apparent from the obtained results.

5.2 Future Work

The aforementioned study has been conducted for the stagnation point fluid flow of a
hybrid nanofluid with two nanofluids through a shrinking surface under the impact of Joule
heating and some more appropriate assumptions. This work, however, has the potential to lead
to various insightful future projects, a few of which are stated below.

e Unsteady and Darcy Forchheimer flow of hybrid nanofluid across a stretching/shrinking
sheet in the presence of mixed convection.
e Numerical analysis of a ternary hybrid nanofluid with Ohmic heating and activation

energy.
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Stagnation point flow of an unsteady hybrid nanofluid over a nonlinear stretching sheet
in a porous medium.
Heat and Mass Transfer of a ternary hybrid nanofluid employing the Cattaneo Christov

framework with Ohmic heating and inclined magnetohydrodynamics.
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