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ABSTRACT  

Title: Numerical Study of Entropy Generation Effect in Al2O3 / Methanol Nanofluid Flow 

over a Swirling Disk 

 

This thesis presents a comprehensive numerical study for the effects of entropy generation on 

the flow of an Al2O3/Methanol nanofluid over a Swirling disk. The primary focus is to analyse 

the steady-state, incompressible flow characteristics and heat transfer dynamics of the 

nanofluid. The governing equations, which were originally expressed as partial differential 

equations (PDEs), are transformed into a set of nonlinear ordinary differential equations 

(ODEs) through similarity transformations. These transformed equations are then solved by 

using MATLAB’s bvp-4c solver. The results are presented through graphs and tables, providing 

insights into the influence of these parameters on entropy generation and thermal conductivity. 

This study contributes to the understanding of nanofluid behaviors in rotating systems, offering 

potential applications in engineering and industrial processes.  
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CHAPTER 1  

INTRODUCTION  

1.1 Nanofluids 

Nanofluids are specially designed fluids comprising two components: a base fluid (such 

as oil, water, or ethylene glycol) and small particles that are usually between one and one 

hundred nanometers in diameter. These nanoparticles can be derived from various materials, 

including metals (such as copper, silver, or gold), metal oxides (like alumina or titanium 

dioxide), carbon nanotubes, or other nanomaterials. In 1995, Choi et al. [1] introduced the 

creation of a novel type of heat transfer fluid by suspending small metal particles in 

conventional fluids. These "nanofluids" are anticipated to substantially enhance thermal 

conductivity, potentially reducing energy consumption in heat exchangers and various 

industrial applications. As discussed by Senthilraja et al. [2] nanofluids have numerous 

potential uses in industries such as automotive, microelectronics, nuclear, space, and power 

generation, where they serve to augment heat transmission and elevate energy efficiency. 

In the automotive sector, Patel et al. [3] investigated nanofluids composed of minuscule 

particles, highlighting their capability to enhance system efficiency through effective heat 

transfer and reduced wear and tear. However, they noted that further research is needed to fully 

understand their benefits and address stability concerns. Ali et al. [4] investigated the behaviour 

of fluids containing micron-sized aluminium oxide particles, which studies the impact of 

magnetic fields, thermal radiation, and heat fluctuations. Their findings indicated that particle 

size and spacing significantly affect energy distribution and flow. Ahmad et al. [5] investigated 

the heat transfer characteristics and flow of a hybrid nanofluids, using silver and titanium 

dioxide in a water base. They simplified the governing equations to nonlinear differential 

equations and utilized Cattaneo-Christov's theory to account for the finite speed of heat 

transmission. 
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Similarly, Yasmin et al. [6] analyzed the impact of temperature and particle 

concentration on the properties of metal oxide nanofluids., with a particular emphasis on 

magnetic and electric fields, chemical stability, and oxidation resistance. These factors 

underscore the potential of metal oxide nanofluids in sustainable energy applications. 

Moreover, Fadhil et al. [7] investigated the use of nanofluids as a cost-effective solution for 

cooling electronic devices, heat exchangers, and chemical processes. They highlighted the 

enhanced heat-transfer qualities of liquids like water, oil, or ethylene glycol when used in 

nanofluid applications. Afzal et al. [8] described the role of entropy in analyzing blood-based 

hybrid nanofluids in rotating disks within industrial and medical settings through an optimal 

homotropy analysis approach.  

Omid Mahian et al. [9] discussed the advantageous effects of nanofluids in enhancing 

the efficiency of solar collectors, water heaters, and thermal energy storage systems, 

emphasizing their role in addressing efficiency and environmental concerns. Moreover, 

Mahmod et al. [10] analyzed a mathematical model employing tri-hybrid nanofluids that 

demonstrated significant improvements in temperature profiles and rates, suggesting potential 

advancements in applications like metal coatings, aerospace, and medicine. Rafique at al. [11] 

discovered notable improvements in heat transfer in nanofluid thermal performance, which 

could have a wide range of industrial applications. Through the analysis of viscosity, joule 

heating, and other characteristics, Rafique et al. [12] investigated heat transfer in nanofluids 

containing carbon nanotubes and found that certain parameters lead to enhanced heat transfer 

rates. Also, Basit et al. [13] examined the use of hybrid nanofluids that integrate blood with 

nanoparticles. Compared to conventional nanofluids, these hybrid variants exhibit superior heat 

transfer properties, heralding new possibilities for their application in thermal management. 

1.2 Entropy generation 

Entropy is a fundamental concept in thermodynamics, physics, and information theory, 

representing the measure of a system's disorder or unpredictability. The term "entropy 

generation" refers to the quantity of entropy produced in a system through irreversible processes 

such as fluid flow, chemical reactions, and heat transfer. Understanding and controlling entropy 

generation is crucial for the development of ecologically sustainable systems, as it directly 
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influences the efficiency of energy systems and their environmental impact. The role of entropy 

in heat transfer and fluid dynamics becomes particularly significant when external factors like 

magnetic fields are altered. For example, Mehryan et al. [14]  investigated the impact of variable 

magnetic fields on the flow and heat transfer properties of iron oxide nanoparticles in a 

container. They found that modifying the magnetic field could enhance both entropy and heat 

transfer efficiency, especially at high Rayleigh numbers. Furthermore, Huminic et al. [15] 

examined how hybrid nanofluids and nanofluids influence entropy generation, highlighting 

their potential as an innovative alternative to traditional thermal systems. Similarly, Khan and 

Alzahrani [16] explained the interactions of heat, magnetism, and particle motion to develop a 

mathematical model for Jeffrey nanofluid flow. Their model simplified complex mathematics 

to demonstrate how various parameters impact velocity, friction, and heat transport. 

Further explorations into hybrid nanofluids were conducted by Akhter et al. [17] who 

investigated fluids composed of water mixed with copper and aluminium oxide nanoparticles 

in a heated chamber equipped with a heat-conducting cylinder, porous material, and a magnetic 

field. Their findings emphasized the effects of heat transport, magnetic field strength, 

nanoparticle composition, and porosity on fluid behaviour. Additionally, the creation of entropy 

in magnetized fluids over a stretched surface was studied using the Buongiorno model by Khan 

et al. [18], considering particle thermophoresis and diffusion. This study highlighted how 

factors such as radiation, magnetic fields, and fluid properties significantly affect entropy 

generation, temperature, and velocity. Moreover, using the Runge-Kutta method, Rafique et al. 

[19] investigated how nanoparticle shape affects heat transmission and entropy in water-

alumina nanofluids, revealing that nanoparticles enhance heat transfer efficiency. Sharma et al. 

[20] focused on the interaction between solar radiation, nanoparticles, and microorganisms 

within a polyvinyl alcohol-water hydrogel in a parabolic trough solar collector, emphasizing 

heat transmission and entropy generation.  

In the context of advanced technologies and industries, Ibrahim and  Gamachu [21] 

explored the impact of varying nanoparticle concentrations of fluid flow and heat transfer on a 

rotating disc. By reducing entropy formation, performance is intended to be optimized. 

Meanwhile, Mahian et al. [22] studied the impact of nanofluids on heat transmission and 

entropy generation across different systems. Kumar et al. [23]  investigated the impacts of 

magnetic fields and nanoparticle composition on entropy generation in nanofluid flow, with 



4 

 

 

particular implications for nuclear propulsion and spacecraft temperature control. Additionally, 

Rashidi et al. [24] investigated how a rotating porous disc responds to temperature and magnetic 

field variations. It finds that, for certain parameters, entropy creation is reduced, which suggests 

possible uses in renewable energy and space propulsion systems. 

1.3 Swirling disk in fluid dynamics 

In fluid dynamics, the concept of a "swirling disk" refers to a rotating disk3 that 

demonstrates the complex flow patterns of fluids around solid objects. This phenomenon is 

essential for understanding the intricate behaviours of fluids under rotational forces and has 

significant applications in various scientific and industrial fields. In hybrid nanofluids flow, 

analysis on swirling disks plays a crucial role. For instance, utilizing the Homotropy Analysis 

Method, Khan et al. [25] explored the fluid dynamics around a rotating disk, finding that an 

increase in coupling stress parameters results in decreased radial and axial velocities. This 

insight is crucial for the design of devices where fluid motion control is critical. Similarly, Beg 

et al. [26] developed a mathematical model for a device that integrates bacteria and 

nanoparticles, analyzing factors such as fluid flow, temperature, and motion. Their research 

holds potential for advancing technologies in food processing equipment by improving hygiene 

and efficiency. 

Using mathematical models and simulations, Balaji et al. [27] examined the effects of 

magnetic and electrical fields on fluid flow and heat transfer, with real-world implications in 

coating operations, bioreactors, and medical sensors. Using the homotopy analysis method,  

Visuvasam and Alotaibi [28] studied Von Kármán swirling flows in a viscous liquid using the 

homotopy analysis method. They confirmed that stronger slide and hole effects significantly 

reduce fluid speed, aligning with computational predictions and enhancing our understanding 

of fluid dynamics in controlled environments. Similarly, Rana and Gupta [29] concentrated on 

the influence of heat and solute buoyancy forces in micro-liquid dynamics on a rotating disc. 

They discovered that thermophoresis significantly alters thermal behaviour, achieving optimal 

performance through advanced optimization techniques. Umavathi et al. [30] improved device 

design with more bacterial-resistant bio coatings by studying the dispersion of microbiological 

particles on rotating discs using nanotechnology and bioinspired approaches. Using graphs and 
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calculations to illustrate findings, Hussain et al. [31] investigated the effect of water-containing 

nanoparticles on heat transmission in a flexible disc under thermal radiation. Similarly,  

Tasawar and Hayat in [32]  examined the constant movement of a viscous nanofluid in a porous 

media containing copper nanoparticles, examining variables such as heat radiation, slip, and 

viscous dissipation. The impact of radiation on fluid flow via a spinning disc is examined by 

Jain and Bohra [33] who utilized numerical techniques and graphic analysis to investigate the 

impact of radiation on fluid flow through a spinning disc. Their analysis of temperature and 

velocity variations under different fluid parameters provides valuable data for improving 

industrial processes involving rotational flow dynamics. Using numerical techniques, Zhang et 

al. [34] discovered that a wavy, rotating disc improves thermal energy transfer in a water-based 

nanofluid containing nanoparticles of magnesium oxide and silver. Additionally, Attia et al.  

[35]  explored the impact of porosity temperature and velocity patterns. This study investigated 

the fluid flow over a rotating disc in a porous medium using numerical techniques, to examine 

the impact of medium permeability on heat transfer and fluid flow.  

1.4 Thesis Contributions 

In this thesis, a detailed review of the work of Attia et al. [35] is presented. Furthermore, 

this study presents the extension to base study by investigating how porous media and viscous 

dissipation impact the steady flow and heat transfer over a swirling disk. The primary objective 

is to use the von Kármán transformation to convert the complex partial differential equations 

(PDEs) into ordinary differential equations (ODEs). The transformed equations are then solved 

by using MATLAB’s bvp-4c solver. Detailed results and discussions are presented through both 

graphical and tabular formats, enhancing the understanding of fluid behaviour in engineered 

porous structures and contributing significantly to the field of fluid dynamics.  

1.5 Thesis Organization 

This thesis is divided into multiple chapters, and the details of each chapter are as 

follows: 
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Chapter 1 is an introductory chapter and provides a brief overview of the important concepts, 

brief literature on hybrid nanofluids, thesis contributions and organization. 

Chapter 2 offers essential definitions, guidelines, and concepts necessary to realize upcoming 

work. The mathematical model and shooting method are mentioned on the concluding page of 

this chapter. 

Chapter 3 offers a detailed review of the works done by Attia et al.  [35] and provide the 

simulation of baseline work for comparison. 

Chapter 4 presents the extended work of Attia et al. [35] the numerical investigation of the 

consequences of entropy generation in an Al2O3/Methanol nanofluid flowing across a rotating 

disc. The main objective is to study the heat transfer dynamics and steady-state incompressible 

flow characteristics of the nanofluid.  The bvp-4c solver in MATLAB is then used to solve 

these modified equations. The findings, which show how these parameters affect entropy 

generation and thermal performance, are displayed as graphs and tables.  

  Chapter 5 provides the conclusion of this thesis and highlights the future research direction.  

References In the end, a list of references is given for use in this study. 
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CHAPTER 2  

BASIC DEFINITIONS 

This chapter includes several common definitions, terms, and rules used in the thesis to 

help readers comprehend the formal results and analysis done in the study. 

2.1   Fluid  

Fluid is defined as a liquid substance that can flow and fit the shape of its container 

under applied shear stress. It includes both liquids and gases and differs from solids in its 

inability to resist deformation persistently. Fluids are characterized by properties such as 

viscosity, which describes their resistance to flow; compressibility, which indicates how much 

they can be compacted; and density, which is their mass per unit volume. These properties make 

fluids integral to understanding and analyzing phenomena in fields like hydraulics, 

meteorology, and various engineering disciplines. 

2.1.1  Fluid Mechanics 

It is a branch of physics that studies the behaviour of fluids, which includes liquids, 

gases, and plasmas, as well as the forces acting on them. It also includes fluid statics, which 

deals with the study of fluids at rest, and also with fluid dynamics, which studies fluids in 

motion. This field is fundamental in understanding and designing systems in which fluids are 

in motion or at rest, such as in aerodynamics, hydrodynamics, weather systems, and many 

engineering applications. 
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2.1.2   Fluid Dynamics 

Fluid dynamics, which focuses on the study of fluids in motions is a sub-discipline of 

fluid mechanics. It involves analyzing the behaviour and properties of liquids and gases in 

motion, covering various phenomena such as flow velocity, pressure, density, and temperature 

changes. This field is crucial for solving practical problems in engineering and science, 

including designing aircraft and vehicles for optimal aerodynamics, understanding weather 

patterns, engineering efficient water supply systems, and exploring complex biological flows 

such as blood circulation. 

2.2   Physical Properties of the fluid 

2.2.1 Pressure 

Pressure in physics is defined as the force per unit area exerted perpendicular to the 

surface. Generally, it is expressed in terms of units such as pascals (𝑃𝑎), atmospheres (atm), or 

pounds per square inch (𝑝𝑠𝑖). The mathematical expression for pressure is given as: 

 

                                                              𝑃 = 𝑭/𝐴,                                                                          (2.1)                                                                                 

 where 𝑃, 𝐹 and 𝐴 represent pressure, force, and area, respectively. 

2.2.2 Density 

Density, which is a measurement of mass per unit volume of a material or substance, 

indicates how much mass is present in a specific volume and is stated in quantities like grammes 

per cubic centimeter (𝑔/𝑐𝑚2) or kilograms per cubic metre (𝑘𝑔/𝑚3). 

 

                                                        𝜌 =   𝑚/𝑣.                                                                          (2.2) 
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2.2.3 Temperature 

Temperature is a fundamental physical quantity that measures the average kinetic 

energy of the particle, indicating how cold or hot an object is. This measure plays a crucial role 

in determining the physical state (solid, liquid, gas) of a substance. The temperature is usually 

measured in either Fahrenheit (°F), degrees Celsius (°C), or Kelvin (K). In the context of 

physics and chemistry, temperature influences a wide range of material properties and 

behaviors, including phase transitions (like melting and boiling), reaction rates, and the 

expansion or contraction of materials. It is also a key parameter in the laws of thermodynamics, 

which describe heat transfer between systems. 

2.2.4  Dynamic Viscosity 

Viscosity is a property of fluids which describes the resistance of fluid flow and internal 

friction. It indicates how much a fluid resists being deformed by shear or tensile stress. There 

are two types of viscosity, in which dynamic viscosity measures the force needed to slide one 

layer of fluid over another, and kinematic viscosity, which considers the fluid's density in its 

calculation. Mathematically, viscosity is given as: 

                           Viscosity = µ = 
shear stress

rate of sheare strain
 .                                          (2.3)                           

2.2.5 Kinematic Viscosity 

Kinematic viscosity measures the resistance to fluid flow and diffusion under the 

influence of gravitation force. It is the ratio of the density and fluid's dynamic viscosity. 

Kinematic viscosity indicates how quickly a fluid will spread out or diffuse in the absence of 

any external force other than gravity. The unit of kinematic viscosity is Stoke (St) or meters 

squared per second (𝑚²/𝑠), where one stokes equals 10-4 m²/s.  
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2.2.6 Stress 

Stress in a physical context refers to the internal force exerted by one part of an object 

on another part per unit area. It arises when external forces are applied to a material or when 

internal forces are induced by influences such as temperature changes or deformation. Stress is 

typically measured in units of pressure, such as pascals (𝑃𝑎) or pounds per square inch (𝑝𝑠𝑖). 

2.2.7 Shear Stress 

Shear stress occurs when a force is applied parallel to the surface of a material, causing 

layers to slide relative to each other. This action is distinct from tensile or compressive stress, 

where the forces are perpendicular to the surface of the material, 

                                                            𝝉 = 𝑭/𝐴 ,                                                                (2.4)                                                                  

where 𝑭 noted the force and 𝐴 represent area. 

2.2.8 Normal Stress 

Normal stress is defined as the internal force per unit area (stress) generated by forces 

like tension or compression within a material and perpendicular to its surface. 

2.2.9 Newton’s Law of Viscosity 

This law defines the connection between the shear stress and the rate of strain (or 

velocity gradient) in a fluid. It states that for many fluids, the shear stress between adjacent fluid 

layers is proportional to the rate at which the layers move relative to each other. Mathematically, 

it is expressed as: 

                                                                     𝜏𝑥𝑦  ∝
𝜕𝑢

𝜕𝑦
 ,                                                       (2.5) 

or 

                                                                     𝜏𝑥𝑦  =  µ (
𝜕𝑢

𝜕𝑦
) .                                                   (2.6) 
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According to this law, fluids that exhibit this relation are terms as true are known as Newtonian 

fluids. The most common examples of such Newtonian fluids are water, air, and light oils, 

where the viscosity remains constant regardless of the forces applied. This law is foundational 

in fluid mechanics, helping to explain and predict the flow behavior of fluids under various 

conditions. 

2.3   Types of fluid flow 

2.3.1 Flow 

A fluid or gas moves continuously through a conduct or across a surface under the influence 

of gravity, pressure differentials, or other external factors. Its direction and rate are what define 

the flow. 

2.3.2 Compressible Flow 

When a fluid flows at a high speed or at a different temperature, it is said to be 

compressible because the fluid density substantially reacts to pressure changes. For example, it 

flows over an aircraft wing at high speed. 

 

2.3.3 Incompressible Flow  

Incompressible flow refers to a fluid flow condition where the fluid density remains 

constant, even with changes in pressure or flow velocity. This condition is commonly assumed 

for liquids and low-speed gas flows, such as water flowing through a household plumbing 

system. 

2.3.4 Steady Flow  

When there is steady flow, there are no time-varying changes in the fluid's velocity, 

pressure, or other flow characteristics at any one site,  
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𝜕𝜆

𝜕𝑡
 =  0,                                                                       (2.7) 

where 𝜆 is any fluid property. For example, the flow of water in a pipe. 

2.3.5 Unsteady Flow 

When a fluid's velocity varies over time, the flow is said to be unsteady because its 

direction and speed fluctuate instead of staying constant, 

                                                                
𝜕𝜆

𝜕𝑡
 ≠  0 ,                                                                                  (2.8) 

For example, pulsatile blood flow in arteries and exhaust from an accelerating vehicle. 

2.3.6 Laminar Flow 

Fluid motion, known as laminar flow, produces a clean and organised flow pattern when 

the fluid moves in parallel layers without interruption. For example, honey flows from a Spoon, 

and blood flows in capillaries. 

2.4    Type of Fluids 

2.4.1  Ideal Fluid  

                 An ideal fluid is a hypothetical substance that is viscosity-free and incompressible, 

implying that it does not encounter internal friction or flow resistance. For example, air is used 

in theoretical aerodynamics, and water is used in basic hydrodynamics. 

2.4.2  Real Fluid 

            A real fluid, also called a viscous fluid, behaves differently from an ideal fluid, 

particularly when stress is applied. Their viscosity gives them resistance to deformation and 

flow. For example, oil is used in engine lubrication, and blood is used in the human circulatory 

system. 
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2.4.3  Newtonian Fluid  

In a Newtonian fluid, the local strain rate corresponds to the rate at which the fluid's 

deformation changes over time, and the viscous stresses resulting from its flow are consistently 

proportional at all points in time. This indicates that regardless of the load placed on it, its 

viscosity is constant. For example, water, air, mineral oils, glycerin. 

2.4.4  Non- Newtonian Fluid 

A non-Newtonian fluid is one whose viscosity, as opposed to the constant viscosity of 

Newtonian fluids, varies in response to stress or shear. It may thicken or thin. For example, 

ketchup, toothpaste, blood. 

2.4.5   Nano-Fluid 

A nanofluid refers to a fluid that contains suspended nanoparticles that enhance its 

thermal conductivity and heat transfer properties due to the small size of the particles. For 

example, cooling fluids in electronics and heat transfer fluids in solar collectors. 

2.5   Heat Transfer Mechanism and Properties 

2.5.1 Heat Transfer 

           The process through which thermal energy is moved across physical systems is known 

as heat transfer. The method depends on the temperature differential and the characteristics of 

the medium used to transfer the heat. The following are the ways through which the heat is 

transferred. 
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2.5.2 Conduction  

When there is a temperature or electrical potential differential between adjacent regions, 

a substance can transfer heat or electricity directly through it without moving. This phenomenon 

is known as conduction. For example, a classic example of conduction, the process by which 

heat passes from the iron to your skin, is touching a hot iron and feeling it transfer straight to 

your hand. 

2.5.3 Convection 

Convection is the movement of heat through a fluid (liquid or gas) due to molecular 

motion. Warmer fluid particles rise to the surface while colder particles sink, resulting in a 

circulating pattern. For example, convection is demonstrated by a pot of boiling water on the 

stove, where heat moves through the water, pushing hotter water to the top and colder water to 

the bottom. 

2.5.4 Radiation 

The transfer of energy without the need for physical contact through space or a medium 

in the form of electromagnetic waves or particles is known as radiation. 

2.6   Viscous Dissipation  

The process of internal friction in a fluid flow transforms mechanical energy into heat, 

which is known as viscous dissipation. 

 

                               𝛷 = 𝜇 Σ (
𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑖
),                                                                (2.9) 

where  𝛷 is viscous dissipation, 𝜇 is dynamic viscosity,  𝑢𝑖 and  𝑢𝑗  are the components of the 

fluid in the respective 𝑥𝑗 and  𝑥𝑖 direction.    
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2.7   Thermal Conductivity   

A material's thermal conductivity measures its ability to conduct heat. It is defined as 

the amount of heat passing through a unit area of the material in a unit of time under a unit 

temperature gradient. 

 

                                            𝑘 =
𝑄 .  𝐿

𝐴 .  ∆𝑇 
 .                                                                   (2.10)        

2.8   Thermal Diffusivity  

A substance's thermal diffusivity, or the rate at which heat diffuses through it, tells us 

how rapidly a material reacts to temperature changes. 

  

                                          𝛼 =
𝑘

𝜌 .𝑐𝑝

 .                                                                                (2.11) 

2.9   Mixed Convection 

The process of heat transmission, known as "mixed convection," occurs when a fluid is 

concurrently subjected to forced convection (caused by external forces like a pump or fan) and 

natural convection (caused by buoyant forces). 

2.10 Solution of Methodology 

One numerical method for solving boundary value problems (BVPs) for ODEs is known 

as the shooting method. It works especially well with second-order differential equations, but 

it can also be modified to work with higher-order problems. This technique converts a boundary 

value problem into its corresponding initial value problem (IVP) so that common techniques 

such as Runge-Kutta can be applied to solve it [36]. 
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  𝑦′′ = 𝑓(𝑥, 𝑦, 𝑦′) , with    𝑦(𝑎) =  𝛼  𝑎𝑛𝑑  𝑦(𝑏)  =  𝛽,                                                     (2.12)                                                                                                

The solutions to two initial-value problems cannot be combined linearly to form a 

nonlinear problem. These issues take the following form: 

 

 𝑦˝ =  𝑓 (𝑥, 𝑦, 𝑦′),    𝑤𝑖𝑡ℎ  𝑦(𝑎) =  𝛼  𝑎𝑛𝑑  𝑦′ (𝑎)  =  𝑡 ,                                                   (2.13)                                                                                                    

by choosing the parameters t   

   

    𝑙𝑖𝑚
𝑘→∞

(𝑏 =  𝑡𝑘),  =  𝑦(𝑏) = 𝛽,                                                                                  (2.14) 

 

where 𝑦(𝑥, 𝑡𝑘 ) denotes the IVP of (2.12) with 𝑡 =  𝑡𝑘 , and 𝑦(𝑥) denotes the solution to the 

problem (2.11). A variable 𝑡0 indicates the starting height at which the item is launched from 

the point (𝑎, 𝛼) along with the curve that the IVP solution describes:  

 

 𝑦˝ =  𝑓 (𝑥, 𝑦, 𝑦′ ),  with  𝑦(𝑎) =  𝛼  𝑎𝑛𝑑  𝑦′(𝑎) =  𝑡0,                                                    (2.15) 

                                                    

We adjust our approximation by selecting heights 𝑡1, 𝑡2, until 𝑦(𝑏, 𝑡𝑘) is close to "hitting" β if 

𝑦(𝑏, 𝑡0) is not close enough.  

                                                       𝑦(𝑏, 𝑡) − 𝛽 =  0 .                                                                       (2.16)                                                                                              

The problem can be solved using the second technique by first selecting the initial 

approximations, 𝑡0 and 𝑡1, and then generating the remaining terms in the sequence by 

 

            𝑡𝑘 =  𝑡𝑘−1  −  
(𝑦(𝑏,𝑡𝑘−1)−𝛽)(𝑡𝑘−1−𝑡𝑘−2)

𝑦(𝑏,𝑡𝑘−1)−𝑦(𝑏,𝑡𝑘−2)
,           𝑘 = 2,3, . . . . . ..                         (2.17)                                          

There is just one initial approximation, 𝑡0, required to construct the sequence (𝑡𝑘) using the 

more potent Newton's approach. 

                               𝑡𝑘  =  𝑡𝑘−1  −
𝑦(𝑏,𝑡𝑘−1)−𝛽

𝑑𝑦

𝑑𝑡
 (𝑏,𝑡𝑘−1)

 ,                                                                     (2.18)                                                                              

and it necessitates an understanding of (𝑑𝑦/𝑑𝑡)(𝑏, 𝑡𝑘−1). This is a challenge since we only 

know the values 𝑦(𝑏, 𝑡0), 𝑦(𝑏, 𝑡1), . . . , 𝑦(𝑏, 𝑡𝑘−1); an explicit representation for 𝑦(𝑏, 𝑡) is 

unknown. 

Let's say we reword the initial-value problem (2.12) to highlight the fact that the parameter 𝑡 

and 𝑥 are both necessary for the solution to occur: 
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      𝑦˝(𝑥, 𝑡) =  𝑓 (𝑥, 𝑦(𝑥, 𝑡), 𝑦′(𝑥, 𝑡)),   with     𝑦(𝑎, 𝑡) =  𝛼     and    𝑦(𝑎, 𝑡) =  𝑡.              (2.19) 

 

To denote differentiation with respect to 𝑥, we have kept the prime notation. When 𝑡 =  𝑡𝑘−1, 

we must calculate (
𝑑𝑦

𝑑𝑡
)(𝑏, 𝑡), thus, we start by taking the partial derivative of (2.17) with respect 

to 𝑡. This suggests that: 

 

    
𝜕𝑦′′

𝜕𝑡
(𝑥, 𝑡) =

𝜕𝑓

𝜕𝑡
(𝑥, 𝑦(𝑥, 𝑡), 𝑦′(𝑥, 𝑡)) .                                                                               (2.20)  

                                  

𝑥 and 𝑡 are the independent variable, so 
𝜕𝑥

𝜕𝑡
= 0  and simplify Eq. (2.19)  

 

 
𝜕𝑦′′

𝜕𝑡
(𝑥, 𝑡) =

𝜕𝑓

𝜕𝑦
(𝑥, 𝑦(𝑥, 𝑡), 𝑦′(𝑥, 𝑡))

𝜕𝑦

𝜕𝑡
(𝑥, 𝑡)) +

𝜕𝑓

𝜕𝑦′ (𝑥, 𝑦(𝑥, 𝑡)) . 𝑦′(𝑥, 𝑡))
𝜕𝑦′

𝜕𝑡
(𝑥, 𝑡) ,         (2.21)                

The initial conditions are   

                                          
𝜕𝑦

𝜕𝑡
(𝑎, 𝑡) = 0 ,                                                                     (2.22) 

and 

                                                
𝜕𝑦′

𝜕𝑡
(𝑎, 𝑡) = 1.                                                                (2.23) 

If we suppose that the order of differentiation of 𝑥 and 𝑡 can be reversed and simplify the 

notation by using 𝑧(𝑥, 𝑡) to denote
𝜕𝑦′

𝜕𝑡
(𝑥, 𝑡) then (2.17) with the initial conditions becomes the 

initial-value problem, 

   𝑧˝(𝑥, 𝑡) =
𝜕𝑓

𝜕𝑦
(𝑥, 𝑦, �́�)𝑧(𝑥, 𝑡) +

𝜕𝑓

𝜕𝑦′
(𝑥, 𝑡),                                                                              (2.24)  

 

                               with  𝑧(𝑎, 𝑡) = 0      and    𝑧(𝑎, 𝑡) = 1. 

                                                                                                                                                     

Newton's method requires two initial-value problems so (2.17) and (2.22)  to solve each 

iteration                                                

                        𝑡𝑘   =  𝑡𝑘−1  −  
𝑦(𝑏,𝑡𝑘−1)−𝛽

𝑧(𝑏,𝑡𝑘−1)
 .                                                                           (2.25) 
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2.11  Continuity Equation 

 The continuity equation explains the principle of conservation of mass in fluid 

dynamics. It states that the rate at which mass enters the system is equal to the rate at which it 

exits, plus the rate of accumulation within the system,  

                                     
𝜕𝜌

𝜕𝑡
+  𝜵. (𝜌. 𝑽)  = 0 ,                                                                                   (2.26)                                                                                           

 For incompressible flow,  

                             𝜵 . 𝑽 =  0 .                                                                                              (2.27) 

 

2.12 Momentum Equation  

The momentum equation in fluid dynamics describes the conservation of momentum 

for a fluid element. It is frequently derived from Newton's second law of motion. The equation 

links the external forces acting on the fluid to the rate of change of momentum within the flow 

field. It is crucial for predicting forces and fluid motion. 

                  𝜌( 𝑽.  𝜵 )𝑽 = −𝜵𝑝 + µ𝜵𝟐 𝑽 + 𝜌𝒃,                                                            (2.28) 

where 𝜌 is the fluid density, 𝑝 is the pressure, µ is the dynamic viscosity 𝑏 is the body force. 

2.13     Energy Equation 

The energy equation is a mathematical statement that explains the idea of energy 

conservation. It states that the energy of an isolated system remains constant throughout time 

and is frequently used in the context of physics and engineering. It usually manifests as kinetic 

energy plus potential energy equals constant, which captures the transformation of one form of 

energy into another but excludes the generation or destruction of new forms of energy. 

                             (𝜌𝑐𝑝 )(𝑽. 𝜵)𝑇 = 𝑘𝜵𝟐 𝑇 + 𝛷,                                                                    (2.29) 

where T is the temperature, k is thermal conductivity, and Φ is viscous dissipation.   



19 

 

 

2.14 Dimensionless Parameter 

2.14.1   Prandtl number (𝑷𝒓) 

The ratio of thermal diffusivity to momentum diffusivity, or kinematic viscosity, 

determines the 𝑃𝑟, a dimensionless quantity that expresses the relative thickness of the thermal 

and momentum boundary layers in a fluid flow. 

                         𝑃𝑟 =
𝜐

𝛼
 =

µ𝑐𝑝

𝑘
.                            (2.30) 

 

2.14.2    Eckert number (𝑬𝒄) 

The ratio of kinetic energy to enthalpy difference, or "Ec," is a dimensionless number 

used in fluid dynamics. It typically illustrates the link between a flow's kinetic energy and the 

energy needed to raise a fluid's temperature. It is frequently employed to measure how much 

kinetic energy in a flow is converted to thermal energy, 

                                             𝐸𝑐 =   
𝑢2

𝑐𝑝∆𝑇2
 .                                                                    (2.31) 

𝑢 is the velocity flow, 𝑐𝑝 is the specific heat. 

2.14.3   Skin Friction (𝒄𝒇) 

The force of resistance that exists between the surface of a solid object moving through 

a fluid, such as water or air, is called skin friction. Mathematically, it is defined as 

                                   𝑐𝑓    =    
𝜏𝑤

1

2
𝜌𝑢2

 ,                                                                (2.32)         

where shear stress is depicted as 𝜏𝑤 , density is denoted by 𝜌 and 𝑢 represents the free-stream 

velocity. 
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2.14.4     Nusselt Number (𝑵𝒖) 

The Nusselt number quantifies the ratio of convective to conductive heat transfer at a 

boundary. Mathematically, it is defined as 

                                     𝑁𝑢 =
ℎΔ𝑇

𝐾
Δ𝑇

𝐿

=
ℎ𝐿

𝑘
 ,                                                                                          (2.33) 

where h is the temperature transfer due to convection, 𝐿 is the specific length, ∆𝑇 is the 

temperature difference, and 𝑘 denotes the fluid’s thermal conductivity. 

 

2.14.5     Bejan Number (Be) 

The Bejan number (Be) is a dimensionless quantity which quantifies the ratio of fluid 

friction irreversibility to heat transfer irreversibility in a flow process. 

                                          𝐵𝑒 =
Pressure drop irreversibility

Total irreversibility
 .                                                     (2.34) 

2.14.6    Brickmann Number (Br) 

The Brinkman number (Br) measures the ratio of viscous dissipation to conductive heat 

transfer within a fluid. This dimensionally less quantity is particularly relevant in the study of 

heat transfer in fluid flow, especially in cases where viscous heating is significant, such as in 

high-speed or highly viscous flows. 

                    𝐵𝑟 =
𝜇𝑈2

𝑘(𝑇𝑤−𝑇∞)
 ,                                                                               (2.35) 

where  𝑈 is the velocity of the fluid, 𝜇 is dynamic viscosity and 𝑘 is thermal conductivity. 
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CHAPTER 3 

STEADY FLOW OVER A ROTATING DISK IN A POROUS 

MEDIUM WITH HEAT TRANSFER 

3.1   Overview  

This section studies the flow and heat transfer of an incompressible viscous fluid over 

an infinite rotating disk in a porous media. Numerical methods are used to find the solution. 

The impact of the medium's porosity on the temperature and velocity distributions is considered. 

The results are given in the form of graphs and tables. 

3.2   Mathematical Formulation 

Let the disk be in the plane z = 0 and suppose that a viscous incompressible fluid fills 

the space z > 0. The motion is caused by an infinitely large, insulated disk rotating at a constant 

angular speed 𝜔 through a porous mate, which presents the impact of the porosity of the 

medium on steady flow and heat transfer. The disk is rotated about an axis orthogonal to its 

plane. If not, the fluid is under pressure (𝑝∞) and at rest.  

The velocity field V in cylindrical coordinates (r, ϕ, z) is described by the components: 

                          𝑽 = [𝑢(𝑟, 𝑧), 𝑣(𝑟, 𝑧), 𝑤(𝑟, 𝑧)] ,                                                     (3.1) 

where u, v, and w represent the velocity components in the r, ϕ and z directions. The governing 

equations for the incompressible, steady-state flow include the continuity and Navier-Stokes 

equations modified for a porous medium. 

                        𝜵 . 𝑽 =  0 .                                                                                      (3.2) 
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                     𝜌(𝑽. ∇)𝑽 = −𝛁P + μ𝜵𝟐𝑽 −
𝜇

𝑘
𝑽 ,                                                      (3.3)       

       and                                                                                     

                        (𝜌𝑐𝑝 )(𝑽. 𝜵)𝑇 = 𝑘𝜵𝟐 𝑇 + 𝛷.                                                             (3.4)     

The component form of the constitutive equations are given below; 

  
𝜕𝑢

𝜕𝑟
+

𝑢

𝑟
+

𝜕𝑤

𝜕𝑧    
= 0,                                                                                                                       (3.5)                                                                                                           

𝜌 (𝑢
𝜕𝑢

𝜕𝑟
+  𝑤

𝜕𝑢

𝜕𝑧 
– 

𝑣2

𝑟
 ) +

𝜕𝑝   

𝜕𝑟 
= µ (

𝜕2𝑢

𝜕𝑟2 +
1   

𝑟   
 
𝜕𝑢

𝜕𝑟
 −

𝑢

𝑟2 +
𝜕2𝑢

𝜕𝑧2) −  
µ

𝐾 
𝑢,                                      (3.6) 

𝜌 (𝑢
𝜕𝑣

𝜕𝑟 
+ 𝑤

𝜕𝑣

𝜕𝑧
+

𝑢𝑣

𝑟
) = µ (

𝜕2𝑣

𝜕𝑟2 +
1

𝑟
 
𝜕𝑣

𝜕𝑟
−

𝑣

𝑟2 +
𝜕2𝑣

𝜕𝑧2 )   −
µ

𝐾
𝑣,                                                     (3.7)                                 

 ρ (𝑢
∂w

∂r
+ 𝑤

∂w

∂z
 ) +

∂p

∂z
= µ (

∂2w

∂r2  +
1

r
 
∂w  

∂r
+

∂2w

∂z2  ) − 
µ

K
𝑤 ,                                                      (3.8) 

and  

ρcp (𝑢
∂T

∂r
+ 𝑤

∂T

∂z
 ) =   k (

∂2T

∂z2 +
∂2T

∂r2 +   
1

r
 
∂T

∂r
 ) + µ[(

∂𝑢

∂z
)

2

+ (
∂𝑣

∂z
)

2

.                                         (3.9) 

with the boundary condition 

 𝑢 =  0,   𝑣 = 𝜔𝑟,    𝑤 = 0 ,   𝑇 =  𝑇𝑤  𝑎𝑡  𝑧 =  0,                                                                    (3.10) 

 𝑢 → 0,    𝑣 → 0, 𝑝 → 𝑝∞,   𝑇 → 𝑇∞     𝑎𝑠 𝑧 → ∞,                                                                     (3.11) 

 

where 𝑝 stands for pressure, µ for viscosity, 𝜌 for fluid density and 𝐾 for Darcy 

permeability. The velocity components 𝑢, 𝑣, and 𝑤 are in the direction of increasing 𝑟, 𝜙, an𝑑 𝑧, 

respectively. Von Karman transformation is defined below; 

   𝑢 = 𝑟𝜔𝐹(𝜉),      𝑣 = 𝑟𝜔𝐺(𝜉),   𝑤 = √𝜔𝜈 𝐻(𝜉) ,     𝑧 =
√𝜈

𝜔
𝜉 , 𝑝 − 𝑝∞ =  −𝑝𝜈𝜔𝑃 ,        and 

    𝜃 =
𝑇 −𝑇∞

𝑇𝑤−𝑇∞
,                                                                                                                      (3.12) 

             where 𝜈 is the fluid's kinematic viscosity,  𝜉 denotes the non-dimensional distance along 

the axis of rotation. 𝐹, 𝐺, 𝐻, and 𝑃 denotes non-dimensional functions of 𝜉. 

             
𝑑𝐻

𝑑𝜉
+  2𝐹 = 0 ,                                                                                                                      (3.13) 

𝑑2𝐹

𝑑𝜉2 −  𝐻 
𝑑𝐹

𝑑 𝜉
 − 𝐹2 + 𝐺2 − 𝑀𝐹 = 0 ,                                                                                (3.14) 
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𝑑2𝐺

𝑑 𝜉2
− 𝐻

𝑑𝐺 

𝑑𝜉
− 2𝐹𝐺 − 𝑀𝐺 = 0 ,                                                                                           (3.15)                                                                                                

             
𝑑2𝐻

𝑑𝜉2 − 𝐻
𝑑𝐻

𝑑𝜉
+  

𝑑𝑃

𝑑𝜉
− 𝑀𝐻 = 0 ,                                                                                                (3.16) 

and 

         
1

𝑃𝑟 

𝑑2𝜃

𝑑𝜉2 − 𝐻
𝑑𝜃

𝑑𝜉
+ 𝐸𝑐 [(

𝑑𝐹

𝑑𝜉
)

2
+ (

𝑑𝐺

𝑑𝜉
)

2
] = 0 .                                                                     (3.17) 

The porosity parameter is 𝑀 =  𝜈/𝐾𝜔 ,  Prandtl number is 𝑃𝑟 = 𝑐𝑝µ/𝑘 and Eckert number is 

  𝐸𝑐 =  
𝑟2𝜔2

𝑐𝑝(𝑇𝑤−𝑇∞
)
 . 

 With dimensionless boundary conditions ; 

          𝐹 =  0 , 𝐺 =  1  , 𝐻 =  0     when   𝜉 = 0 ,                                                                (3.18) 

          𝐹 → 0 , 𝐺 →  0,      𝑝 →  0       when 𝜉 → ∞ ,                                                                 (3.19) 

and 

         𝜃(0) = 1, 𝜃(∞)  =  0.                                                                                                            (3.20)  

These equations and boundary conditions describe the fluid flow behavior and heat 

transfer over a rotating disk in a porous medium. The system of partial differential equations is 

solved using numerical methods to obtain the velocity and temperature distributions. The 

obtained solutions then analyze the impact of the medium's porosity on the fluid dynamics and 

thermal characteristics. 

3.3   Methodology 

The set of nonlinear ordinary differential equations (ODEs) derived from Eq. (3.13)-

(3.17), with boundary conditions (3.18)-(3.20), are solved using the built-in bvp4c of MATLAB 

software to solve dimensionless boundary value problems for ODE. The mathematical solution 

for the converted system is defined as follows: 
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            𝑥₁ =  𝐹 , 𝑥₂ = 𝐹′ , 𝑥₃ = 𝐺 , 𝑥₄ = 𝐺′ , 𝑥₅ = 𝐻 , 𝑥₆ = 𝜃 , 𝑥₇ = 𝜃′  as follows: 

𝑥1
′ = 𝑥2,                                                                                           𝑥1 (0) = 0 , 

𝑥2
′ = 𝑥5𝑥2 − 𝑥3

2 ,                                 𝑥2(0) = 𝑠(1) , 

𝑥3
′ = 𝑥4  ,                                                                                           𝑥3(0) = 1   ,       

𝑥4
′ =  𝑥5𝑥4 + 2𝑥1𝑥3 ,                                                    𝑥4(0) = 𝑠(3), 

𝑥5
′2𝑥1 ,                                                                                              𝑥5(0) = 0, 

𝑥6
′ = 𝑥7 ,                                                                                           𝑥6(0) = 1, 

𝑥7
′ = (Pr)𝑥5𝑥7 − 𝑃𝑟𝐸𝑐(𝑥2

2 + 𝑥4
2),                                                  𝑥4(0) = 𝑠(6), 

where 𝑠1, 𝑠3and 𝑠6 are chosen to be 𝑥₁(∞)  =  0, 𝑥₃(∞) = 0 , 𝑥₆(∞)  =  0. The width of the 

boundary layer in the given equation is represented by “infinity”.  

 

The solutions obtained using this method are validated by comparing them with 

previous studies. For example, the results of a typical Newtonian fluid match closely with the 

findings of Rashidi et al. [24]. Additionally, the velocity profile values provided in Table 3.1 

correspond precisely with the reference values, confirming the accuracy of the numerical 

method employed [24]. 

 

Table 3.1: Values of 𝐹ʹ(0), 𝐺ʹ(0), 𝜃ʹ(0) compared with  Rashidi et al. [24] 

𝐹 ́(0) 𝐺 ́(0) 𝜃 ́(0) 

Rashidi et al  

[24] 

presented Rashidi et al  [24] presented Rashidi et al  

[24] 

Presented 

0.510233 0.510186 0.61592 0.61589 0.32586 0.3276 

 

The numerical solution to the differential equations for the considered fluid model along 

with the boundary conditions is obtained by employing the built-in bvp4c technique in 

MATLAB software. This approach allows for the accurate and efficient determination of the 

velocity and temperature distributions in the flow over a rotating disk in a porous medium, 

considering the effects of porosity on the system. The numerical solutions obtained provide 

valuable insights into the fluid dynamics and heat transfer characteristics of the system under 

study. 
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3.4   Results and Discussion 

This chapter presents the impact of variation in porosity parameter M and Prandtl 

number 𝑃𝑟 on velocity profiles and temperature. For instance, the results in Figure 3.1 present 

the effects of the porosity of the medium on the flow of velocity in the radial direction. The 

results indicate that the increase in the porosity parameter M will decrease F and the thickness 

of the boundary layer. The variations in the velocity component G's profile are shown in Figure. 

3.2 for different values of M. The results show how the porosity of the medium affects the 

tangential velocity G. The momentum boundary layer thickness decreases as the porosity 

parameter M rises. Figure 3.3 illustrates variations in the profile of the velocity component H 

as the value of the porosity parameter varies. As the porosity parameter M increases, the axial 

velocity component H and, hence, the thickness of the momentum boundary layer both increase. 

Additionally, increasing the porosity parameter will affect the viscous forces more significantly, 

which results in a decrease in the velocity profile. 

 The results in Figure 3.4 present the influence of the porosity parameter M on the 

temperature θ. This is because the porosity prevents the fluid at almost ambient temperature 

from reaching the disk's surface. As a result, raising M raises both the temperature and the 

thickness of the thermal boundary layer. Heat transmission is increased at the surface when no 

fluid is present and the temperature is close to ambient. In Figure 3.5, it is observed that by 

increasing the Prandtl number 𝑃𝑟, the thermal boundary layer decreases. 
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Figure 3.1: Effect of porosity parameter M on the radial velocity profile F(𝜉). 

  

Figure 3.2: Effect of the porosity parameter M on the tangential velocity profile G(𝜉). 
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Figure 3.3: Effect of the porosity parameter M on the axial velocity profile H(𝜉). 

        

Figure 3.4: Effect of Eckert number on the temperature profile of 𝜃(𝜉). 
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Figure 3.5: Effect of the Pr number on the temperature profile 𝜃(𝜉). 
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CHAPTER 4  

NUMERICAL STUDY OF ENTROPY GENERATION EFFECT 

IN 𝐀𝐥𝟐𝐎𝟑/METHANOL NANOFLUID FLOWS OVER A 

SWIRLING DISK 

4.1   Introduction 

In this section, we have considered the base fluid Methanol, and the nanoparticle is 

𝐴𝑙2𝑂3. The fluid is flowing over the surface of the swirling disk, and entropy generation is 

being examined. The problem is then mathematically formulated, and the main PDEs are 

converted into nonlinear ODEs. Transformed equations are solved mathematically. The results 

obtained are discussed briefly through graphs and tables. The effects of several related 

constraints, such as, 𝐶𝑓 and 𝑁𝑢 , 𝑁𝑠, 𝐵𝑒 and 𝐵𝑟 on the velocity profile 𝐹(𝜉) and temperature 

profiles 𝜃(𝜉) are displayed through graphs. 

 

Figure 4.1: Physical representation of the problem. 

T
w
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4.2   Mathematical formulation 

Suppose a steady, incompressible flow of nanofluid over a rotating disk. The base fluid 

comprises of Methanol, and the nanoparticles suspended in it are 𝐴𝑙2𝑂3. Let the disc be in the 

plane z = 0, and suppose the incompressible nanofluid fills the space z > 0. The equations for 

the flow and heat transfer in cylindrical coordinates can be expressed as: 

The velocity field of the equation is given as below; 

                          𝑽 = [𝑢(𝑟, 𝑧), 𝑣(𝑟, 𝑧), 𝑤(𝑟, 𝑧)] ,                                                    (4.1) 

  The equations of motion for incompressible steady flow defined as below; 

                                      𝜵 . 𝑽 =  0,                                                                        (4.2) 

                       𝜌𝑛𝑓(𝑽. 𝜵)𝑽 = −𝜵𝑃 + 𝜇𝑛𝑓𝜵𝟐𝑽 ,                                                     (4.3)    

and 

                        (𝜌𝑐𝑝 )𝑛𝑓(𝑽. 𝜵)𝑇 = 𝑘𝑛𝑓𝜵𝟐 𝑇 + 𝛷 .                                                (4.4) 

The component form of  the constitutive equations are given below: 

      
𝜕𝑢

𝜕𝑟
+

𝑢

𝑟
+

𝜕𝑤

𝜕𝑧
= 0,                                                                                                          (4.5)  

𝜌𝑛𝑓 (𝑢
𝜕𝑢

𝜕𝑟
+ 𝑤

𝜕𝑢 

𝜕𝑧
−

𝑣2

𝑟
) +

𝜕𝑝

𝜕𝑟
= µ𝑛𝑓(

𝜕2𝑢

𝜕𝑟2
+

1

𝑟

𝜕𝑢

𝜕𝑟
−

𝑢

𝑟2
+

𝜕2𝑢

𝜕𝑧2
),                                             (4.6)   

𝜌𝑛𝑓 (𝑢
𝜕𝑣

𝜕𝑟
+ 𝑤

𝜕𝑣

𝜕𝑧
+  

𝑢𝑣

𝑟
)  = µ𝑛𝑓(

𝜕2𝑣

𝜕𝑟2 +
1

𝑟

𝜕𝑣

𝜕𝑟
−

𝑣

𝑟2 +
𝜕2𝑣

𝜕𝑧2 ,                                                             (4.7) 

𝜌𝑛𝑓 (𝑢
𝜕𝑤

𝜕𝑟
+ 𝑤

𝜕𝑤

𝜕𝑧
 ) +

𝜕𝑝

𝜕𝑧
= µ𝑛𝑓 (

𝜕2𝑤

𝜕𝑟2 +
1 

𝑟

𝜕𝑤

𝜕𝑟
+

𝜕2𝑤

𝜕𝑧2  ,                                                                 (4.8) 

and 

(𝜌𝑐𝑝)𝑛𝑓  (𝑢
𝜕𝑇

𝜕𝑟
+ 𝑤

𝜕𝑇

𝜕𝑧
) = 𝑘𝑛𝑓 (

𝜕2𝑇 

𝜕𝑟2 +
1 

𝑟

𝜕𝑇

𝜕𝑟
+

𝜕2𝑇

𝜕𝑧2) + µ𝑛𝑓[(
𝜕𝑢

𝜕𝑧
)

2
+ (

𝜕𝑣

𝜕𝑧
)

2
],                        (4.9)     
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Here, 𝜇𝑛𝑓  is the dynamic viscosity, 𝜌𝑛𝑓 is the density of nanofluid and  𝑘𝑛𝑓  is the thermal 

conductivity nanofluid, which are defined below. 

𝜌𝑛𝑓 =  (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑝 ,                                                                                      (4.10) 

(𝜌𝑐𝑝)𝑛𝑓 = (1 − 𝜙)(𝜌𝑐𝑝)
𝑓

+ (𝜌𝑐𝑝)
𝑝

,                                                                    (4.11)                                                                                   

 
𝑘𝑛𝑓

𝑘𝑓
=  

𝑘𝑝+2𝑘𝑓+2𝜙(𝑘𝑓−𝑘𝑝)

𝑘𝑝+2𝑘𝑓−𝜙(𝑘𝑓−𝑘𝑝)
 ,                                                                                      (4.12)                                                                                                                                               

and  

  𝜇𝑛𝑓 =
𝜇𝑓

(1−𝜙)2.5
 .                                                                                                    (4.13)                                                                                                                                                                                                                                 

𝜙 is the nanoparticle quantity fraction, (𝜌𝑐𝑝)
𝑛𝑓

is the heat capacitance of the nanofluid and 𝑘𝑛𝑓 

is the useful thermal conductivity of the nanofluid. The surface of the rotating disk is kept at a 

constant temperature 𝑇𝑤 and the temperature and pressure of the ambient nanofluid are 

𝑇∞and 𝑃∞. 

The corresponding BCs are:  

  𝑢 =  0,   𝑣 = 𝜔𝑟, 𝑤 = 0 , 𝑇 = 𝑇𝑤 𝑎𝑡  𝑧 = 0,                                                             (4.14)                                                                 

  𝑢 → 0, 𝑣 → 0 , 𝑝 → 𝑝∞ ,   𝑇 → 𝑇∞   𝑎𝑡  𝑧 →  ∞ ,                                                             (4.15)  

   In which the velocity components 𝑢, 𝑣, and 𝑤 are in the direction of increasing 𝑟, 𝜙, 

and 𝑧, respectively.  

Von Karman transformations are defined as below; 

 𝑢 = 𝑟𝜔𝐹(𝜉) ,      𝑣 = 𝑟𝜔𝐺(𝜉),   𝑤 = √𝜔𝜈𝑓𝐻(𝜉) ,    𝑧 =
√𝜈𝑓

𝜔
𝜉 , 𝑝 − 𝑝∞ =  −𝑝𝜈𝑓𝜔𝑃 ,         

 𝜃 =
𝑇−𝑇∞

𝑇𝑤−𝑇∞
 ,                                                                                                                                 (4.16)    

where 𝜈 is the fluid's kinematic viscosity, 𝜉 denotes a non-dimensional distance along the axis 

of rotation. 𝐹, 𝐺, 𝐻, and 𝑃 denotes the non-dimensional functions of 𝜉. The dimensionless forms 

of the equation are                                                                                                            

 (
𝑑

2
𝐹

 𝑑𝜉2
) − (1 −  𝜙)2.5{(1 − 𝜙) +

𝜙𝜌𝑝

𝜌𝑓
(𝐹2 + 𝐻

𝑑𝐹

𝑑𝜉
− 𝐺2)} = 0,                                       (4.17) 

  (
 𝑑

2
𝐺

 𝑑𝜉2
) − (1 −  𝜙)2.5{(1 − 𝜙) +

𝜙𝜌𝑝

𝜌𝑓
(𝐹𝐺 + 𝐻

𝑑𝐺

𝑑𝜉
+ 𝐹𝐺)} = 0,                                    (4.18) 
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   (
𝑑

2
𝐻

𝑑 𝜉2
) –

(1− 𝜙)2.5

(1− 𝜙)+𝜙
𝜌𝑝

𝜌𝑓

 𝐻
𝑑𝐻

𝑑𝜉
+

(1− 𝜙)2.5

(1− 𝜙)+𝜙
𝜌𝑝

𝜌𝑓

[(1 −  𝜙) 𝜌𝑓 + 𝜙𝜌𝑝)
𝑑𝑝

𝑑𝑧
] = 0,                            (4.19) 

   
𝑑2𝜃

𝑑𝜉2
+ 𝑃𝑟𝐸𝑐

1

(1− 𝜙)2.5 × [((
𝑑𝐹

𝑑𝜉
)

2
+ (

𝑑𝐺

𝑑𝜉
)

2
] ×

[𝑘𝑝+2𝑘𝑓− 𝜙(𝑘𝑓−𝑘𝑝)]

[𝑘𝑝+2𝑘𝑓+2 𝜙(𝑘𝑓−𝑘𝑝)]
− 𝑃𝑟𝐻

𝑑𝜃

𝑑𝜉
×

[𝑘𝑝+2𝑘𝑓−𝜙  ( 𝑘𝑓−𝑘𝑝)][(1− 𝜙)+ 𝜙 
(𝜌𝑐𝑝)

𝑝

(𝜌𝑐𝑝)
𝑓

]

[𝑘𝑝+2𝑘𝑓+2 𝜙(𝑘𝑓−𝑘𝑝)]
=0,                                                                                          (4.20 )                                                                                                                     

With dimensionless boundary conditions are defined below.         

  𝐹 =  0, 𝐺 =  1, 𝐻 =  0     when   𝜉 = 0 ,                                                                    (4.21) 

   𝐹 → 0, 𝐺 →  0, 𝑝 →  0         when 𝜉 → ∞ ,                                                                  (4.22) 

and 

         𝜃(0) = 1, 𝜃(∞) =  0.                                                                                                         (4.23)  

4.3   Entropy Generation 

 The expression for entropy generation is defined below 

  𝑆𝐺 =
𝑘𝑛𝑓

(𝑇∞)2 (
𝜕𝑇

𝜕𝑧
)

2

+
µ𝑛𝑓

𝑇∞
[(

𝜕𝑢

𝜕𝑧
)

2

+ (
𝜕𝑣

𝜕𝑧
)

2

] , 

where SG  is Entropy generation, knf is the thermal conductivity.  μnf is the thickness of the 

liquid part and. T∞ is the temperature of ambient temperature. By using similarity 

transformations in Eqs (4.24) then, we get the following equation:  

𝑆𝐺

𝑘𝑓𝛥𝑇2𝜔

(𝑇∞)2𝜐𝑓

=
[𝑘𝑝+2𝑘𝑓+2𝜙(𝑘𝑓−𝑘𝑝)]

[𝑘𝑝+2𝑘𝑓−𝜙(𝑘𝑓−𝑘𝑝)]
 (

𝑑𝜃

𝑑𝜉
)

2

+
𝑃𝑟𝐸𝑐

𝛺

1

(1−𝜙)2.5 × [(
𝑑𝐹

𝑑𝜉
)

2

+ (
𝑑𝐺

𝑑𝜉
)

2

],        (4.25)  

where 

  
𝑘𝑓∆𝑇2𝜔

(𝑇∞)2𝜐𝑓
  =  𝑆𝐺0

 and  𝑃𝑟𝐸𝑐 = 𝐵𝑟 ,                                                                (4.26)  

 𝑆𝐺

𝑆𝐺0

=   
[𝑘𝑝+2𝑘𝑓+2𝜙(𝑘𝑓−𝑘𝑝)]

[𝑘𝑝+2𝑘𝑓−𝜙(𝑘𝑓−𝑘𝑝)]
. (

𝑑𝜃

𝑑𝜉
)

2

+
𝐵𝑟

Ω

1

(1−𝜙)2 × [(
𝑑𝐹

𝑑𝜉
)

2

+ (
𝑑𝐺

𝑑𝜉
)

2

 ,                   (4.27)   
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    𝑁𝑠 =
𝑆𝐺

𝑆𝐺0

 , Ω =
Δ𝑇

𝑇∞
 and 𝑁𝑠 = 𝑁𝑆𝐻 + 𝑁𝑆𝐹 .                                                    (4.28) 

In which NSH represents the entropy generation number due to heat transfer and NGF denotes 

the entropy generation number due to viscous dissipation. 

4.4   Physical parameter  

Skin friction coefficient 

The quantity 𝐶𝑓 is given by, 

                          𝐶𝑓 =
√𝜏𝑤𝑟

2 +𝜏𝑤∅
2

𝜌𝑓(𝜔𝑟)2     ,                                                                              (4.29) 

here  Ωr are the radial and transversal skin friction coefficients  

𝜏𝑤𝑟 = [µ𝑛𝑓(𝑢𝑧 + 𝑤∅)]     𝑎𝑡     𝑧 = 0,  

                        𝜏𝑤∅ = [µ𝑛𝑓 (𝑣𝑧 +
1

𝑟
𝑤∅)]      𝑎𝑡     𝑧 = 0 ,                               (4.30) 

Putting Eq (4.29) into (4.30), we have, 

𝑅𝑒
1

2𝐶𝑓 =
1

(1−𝜙)2.5 √𝐹ʹ(0)2 + 𝐺ʹ(0)2 ,                                                         (4.31) 

Nusselt Number  

The quantity 𝑁𝑢 is given by, 

                                             𝑁𝑢 =
𝑟𝑞𝑤

(𝑇𝑤−𝑇∞)
 ,                                                                       (4.32)      

 Where 𝑁𝑢 is shear stress at the surface of the disc, and surface temperature flux is denoted by 

𝑞𝑤 and defined as; 

𝑞𝑤 = −𝑘𝑛𝑓(𝑇𝑧)     𝑎𝑡   𝑧 =   0                                                                                                     (4.33) 



34 

 

 

Putting Eq. (4.32) into (4.33), we have 

  𝑅𝑒−
1

2𝑁𝑢 = −
𝑘𝑛𝑓

𝑘𝑓
𝜃ʹ(0) .                                                                                                   (4.34) 

where 𝑅𝑒 =
𝜔𝑟2

𝜈𝑓
 is the local Reynolds number. 

4.5   Methodology 

  Eqs. (4.17)-(4.20) with boundary conditions (4.21)-(4.23) are sets of nonlinear ODE that 

are solved using MATLAB bvp4c tool. The mathematical solution for the converted system is 

defined as follows: 

𝑥1 =  𝐹 , 𝑥2 = 𝐹′, 𝑥3 = 𝐺 , 𝑥4 = 𝐺′, 𝑥5 = 𝐻 , 𝑥6 = 𝜃, 𝑥7 = 𝜃′ as follows: 

𝑥1
ʹ = 𝑥2,                                                                                                 𝑥1(0) = 0,   

𝑥2
ʹ = (1 − 𝜙)2.5 (1 − 𝜙 + 𝜙

𝜌𝑠

𝜌𝑓
) ( 𝑥2𝑥5 + 𝑥1

2 − 𝑥3
2) ,                           𝑥2(0) = 𝑠1, 

𝑥3
ʹ = 𝑥4  ,                                                                                                 𝑥3(0) = 1, 

 𝑥4
ʹ =  (1 − 𝜙)2.5 (1 − 𝜙 + 𝜙

𝜌𝑠

𝜌𝑓
) (𝑥5𝑥4 + 2𝑥1𝑥3) ,                             𝑥4(0) = 𝑠3, 

𝑥5
ʹ = −2𝑥1 ,                                                                                             𝑥5(0) = 0, 

𝑥6
ʹ = 𝑥7,                                                                                                   𝑥6(0) = 1, 

𝑥7
ʹ =

[𝑘𝑝+2𝑘𝑓−𝜙(𝑘𝑓−𝑘𝑝)]

[𝑘𝑝+2𝑘𝑓+2𝜙(𝑘𝑓−𝑘𝑝)]
[(1 − 𝜙) + 𝜙 

(𝜌𝑐)𝑝

(𝜌𝑐)𝑓
] (𝑃𝑟)𝑥5𝑥7 −

1

(1−𝜙)2.5

[𝑘𝑝+2𝑘𝑓−𝜙(𝑘𝑓−𝑘𝑝)]

[𝑘𝑝+2𝑘𝑓+2𝜙(𝑘𝑓−𝑘𝑝)]
𝑃𝑟𝐸𝑐(𝑥2

2 + 𝑥4
2),                                             𝑥4(0) = 𝑠6, 

where  𝑠1, 𝑠3 and 𝑠6 are chosen to be 𝑥₁(∞)  =  0, 𝑥₃(∞) = 0 , 𝑥₆(∞)  =  0. The width of the 

boundary layer in the given equation is represented by “infinity”. The numerical solution for 

differential equations for the considered fluid model along with boundary conditions is obtained 

by build-in bvp4c technique using MATLAB. In the typical Newtonian fluid case, our findings 

are comparable to earlier investigations of  Rashidi et al. [24]. 
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4.6  Results and Discussion 

In this section, the flow of nanofluid over the surface of the rotating disc is examined, 

and the entropy generation is investigated. The base fluid that we have considered is methanol, 

and the nanoparticle is  𝐴𝑙2𝑂3. Effects of various parameters are deliberated through graphs. 

Figure 4.2 shows the effect of nanoparticle volume fraction 𝜙 on the radial velocity profile 

 𝐹(𝜉) . As the value of 𝜙 increases, the radial velocity 𝐹(𝜉) increases. Effect of 𝜙 on the 

tangential velocity profile 𝐺(𝜉) is shown in Figure. 4.3. With an increase in ϕ, the momentum 

boundary layer's thickness increases. Figure. 4.4 illustrates the effect of ϕ on the axial velocity 

profile 𝐻(𝜉). 𝐻(𝜉) and the thickness of the boundary layer both decreases with increasing ϕ. 

Figure. 4.5 illustrates how the influence of the ϕ on the temperature 𝜃 is growing. Consequently, 

increasing 𝜙 causes the temperature to rise, and consequently, the thermal boundary layer 

thickness is enhanced. Figure 4.6 illustrates the impact of variation in Brinkmann number Br 

on temperature profiles. It is obvious from the figure that increases in Br augments the frictional 

heating within the fluid, which results in an increase in the temperature profile 𝜃(𝜉). Figure. 

4.7 shows that when the value of ϕ is increased, then the skin friction is enhanced. Figure 4.8 

displays the effects of Brinkmann number Br on Nusselt number 𝑅𝑒−1/2𝑁𝑢𝑥 plotted versus 

nanoparticle volume fraction ϕ. It can be observed that an increment in Br leads to significant 

decreases in the Nusselt number. Moreover, the effects of increasing 𝜙 on 𝑅𝑒−1/2𝑁𝑢𝑥 are also 

decreasing. 

Figures 4.9 and 4.10 show the impact of nanoparticle volume fraction 𝜙  and Brinkman 

number Br on the local entropy generation number 𝑁𝑠 plotted against 𝜉. Figure 4.9 presents the 

impact of variation in 𝜙 on 𝑁𝑠. As the value of 𝜙 increases, the value of 𝑁𝑠 decreases slightly 

near the rotating disk. However, as the distance from the disk increases, the impact of 𝜙 on 𝑁𝑠 

are increasing. For a fixed value of 𝜙, the entropy generation is maximum at the rotating disk 

and decreases with an increase in distance and becomes asymptotically zero in the far away 

region. Figure 4.10 shows that when we increase the value of Brinkman number Br, the fluid 

friction augments, which leads to a rise in entropy generation 𝑁𝑠 . 

The influence of nanoparticle volume fraction 𝜙  and Brinkman number (Br) and Bejan 

number (Be) are displayed in Figures 4.11 and 4.12. Figure 4.11 shows that heat transfer entropy 

effects are dominant at the surface of the rotating disk and in its vicinity. In contrast, the fluid 
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friction entropy effects are dominant away from the plate. Furthermore, it is observed from the 

figure that heat transfer entropy effects become slightly more dominating as ϕ grows within the 

boundary layer. Figure 4.12 illustrates that the fluid friction dominates at the surface of the 

rotating disk and is far away from the rotating disk. Furthermore, it is observed from the figure 

that entropy due to fluid friction becomes significantly dominant within the boundary layer as 

the value of ϕ augments. 

    

Figure 4.2: Effect of nanoparticle volume fraction 𝜙 on the radial velocity profile 𝐹(𝜉). 
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Figure 4.3: Effect of nanoparticle volume fraction 𝜙 on the tangential velocity profile 𝐺(𝜉). 

  

Figure 4.4: Effect of nanoparticle volume fraction 𝜙 on the axial velocity profile 𝐻(𝜉). 
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Figure 4.5: Effect of nanoparticle volume fraction 𝜙 on the temperature profile 𝜃(𝜉). 

     

Figure 4.6: Effect of Brinkmann Number Br on the temperature profile 𝜃(𝜉). 
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Figure 4.7: Effect of nanoparticle volume friction ϕ on skin friction coefficient 𝑅𝑒1/2𝐶𝑓.  

   
               Figure 4.8: Effect of Br on Nusselt number 𝑅𝑒−1/2𝑁𝑢𝑥 plotted against ϕ. 
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Figure 4.9: Effect of nanoparticle volume fraction 𝜙 on Entropy generation for rotating disk. 

  
Figure 4.10: Effect of Group parameter (Br/Ω) on Entropy generation Ns. 
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Figure 4.11: Effect of nanoparticle volume fraction 𝜙 on  Bejan number (Be). 

  
Figure 4.12: Effect of Group parameter Br/Ω on Bejan number (Be). 
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CHAPTER 5 

CONCLUSION AND FUTURE WORK 

5.1  Overview 

  This thesis examines the flow and heat transfer phenomena of nanofluid over a rotating 

disk, and entropy effects are examined. The base fluid is taken to be Methanol, and 

nanoparticles suspended in it are 𝐴𝑙2𝑂3. A set of ODEs are derived from nonlinear PDEs by 

applying the similarity transformations and are solved using the MATLAB routine bvp-4c. The 

investigation explores the impact of different physical parameters on flow, heat transfer 

characteristics, and entropy generation. The main findings of the study are as under: 

• The radial velocity 𝐹(𝜉) decreases with an increase in the value of nanoparticle volume 

concentration (𝜙). 

• A decrease in the velocity component 𝐻(𝜉) is observed as the value of 𝜙 augments. 

• An enhancement in the thermal boundary layer thickness is witnessed as 𝜙 increases. 

•  The influence of Brinkmann number Br on temperature profiles 𝜃(𝜉) is increasing. 

• There is an increase in skin friction coefficient with an increase in the value of 𝜙. 

• An increase in the values of nanoparticle volume concentration 𝜙 and Brinkmann 

number Br results in a decrease in the Nusselt number 𝑅𝑒−
1

2𝑁𝑢𝑥. 

• There is a slight decrease in the value of the entropy generation number 𝑁𝑠 in the 

vicinity of the rotating disk as the amount of  𝜙 increases. However, the effects of 

increasing the value of 𝜙 on 𝑁𝑠 are increasing as the distance from the disk increases. 

• An increase in the value of Brinkman number Br results in augmentation of entropy 

generation number 𝑁𝑠. 
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• For the nanoparticle volume concentration, the heat transfer entropy effects are 

significant at the surface of the rotating disk and in its neighboring region. In contrast, 

the fluid friction entropy effects dominate away from the plate. Furthermore, the heat 

transfer entropy effects become slightly more dominating as ϕ grows within the 

boundary layer. 

• In the case of Brinkmann number Br, the fluid friction entropy effects dominate at the 

rotating disk's surface and far away from the rotating disk. These effects become more 

prominent within the boundary layer region as the value of Br increases. 

 

5.2.  Future work 

Building on the findings of this study, future research could explore the flow and heat 

transfer characteristics of nanofluids over rotating disks under more complex conditions. 

Investigations could include varying the base fluid and nanoparticle combinations to assess their 

effects on flow dynamics and entropy generation. Additionally, studying the impact of non-

Newtonian fluid behavior and the presence of external magnetic fields could provide deeper 

insights into the behavior of nanofluids in practical applications. Advanced numerical 

techniques and machine learning algorithms could be employed to optimize the parameters for 

enhanced heat transfer and reduced entropy generation.  
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