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ABSTRACT 

Title: Study of Darcy Forchheimer Flow of Hybrid Nanofluid due to a Stretching 

Sheet.  

The hybrid nanofluids have shown to be more valuable for heat transfer in engineering 

applications, according to recent breakthroughs in the field due to their improved 

thermophysical properties. Hybrid nanofluids provide improved efficiency in applications 

like solar collectors, automotive engines, electronic devices, solar heating, cooling in 

buildings, drug reduction and refrigeration because of their better heat transfer properties. 

Hybrid nanofluids may reduce environmental impact and save energy by increasing the 

efficiency of thermal systems. The current study examines the flow of electrically conducting 

hybrid nanofluid in a Darcy Forchheimer porous medium. The hybrid nanofluid is flowing 

towards an exponentially stretching sheet and the flow is significantly influenced by the 

presence of thermal radiation, MHD, mixed convection and Joule heating. The consideration 

of the various effects and the governing equations lead to a set of partial differential 

equations. The partial differential equations are reduced into a set of ordinary differential 

equations with the help of the appropriate similarity transformations. These equations are 

solved using the bvp4c technique in MATLAB software. The study provides the influence of 

the various parameters such as nanoparticle volume fractions, suction/injection parameter, 

magnetic parameter, Forchheimer number, Eckert number, porosity parameter, mixed 

convection parameter and radiation parameter. The outcomes of the associated parameters for 

velocity, temperature profile, skin friction coefficient and Nusselt number are presented in 

graphical form. The mixed convection parameter enhances the velocity profile. The heat 

generation/absorption parameter, magnetic parameter, porosity parameter, Forchheimer 

number, radiation parameter and Eckert number increases the temperature profile. The results 

yields from the current study are useful for the use of hybrid nanofluids in engineering, 

technology and many other fields.
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CHAPTER 1 

1 Introduction and Literature Review 

1.1 Hybrid nanofluids 

The idea of nanofluids was initially suggested by Choi and Eastman (1995). 

Nanofluid is colloidal suspension of nanoparticles such as metals   𝑢  𝑢  𝑔  𝑎 𝑀𝑔 𝑆𝑖   

carbon nanotubes ( 𝑁𝑇   metallic oxides     𝑂   𝑢𝑂 𝑇𝑖𝑂  𝑍𝑛𝑂 𝑆𝑖𝑂   and carbides 

( 𝑎   𝑆𝑖         in an ordinary fluid like oil, water, ethylene glycol propylene, organic 

liquid and polymer solution. Hybrid nanofluid can be made by suspending two or more 

different kinds of nanoparticles in the base fluid. Various techniques are used to produce 

nanofluids e.g. direct evaporation, chemical precipitation, chemical vapor condensation and 

gas condensation/dispersion. Some of the primary thermophysical properties of nanofluids 

are surface tension, specific heat, density, viscosity and thermal conductivity. The 

thermophysical features of nanofluids are affected by several factors such as volume 

concentration, nanoparticle type, fluid temperature, size, shape and technique of synthesis. 

Due to their enhanced thermal attributes, nanofluids are primarily used as coolants in heat-

transfer devices like heat exchangers, radiators and electronic cooling systems. Another area 

where nanofluids are used because of their controlled optical properties is in solar collectors. 

By modifying thermal conductivity and absorbing sunlight nanofluids have also been 

investigated as potential improvements to thermal desalination systems. Moreover, nanofluids 

can be utilized in machining. Hybrid nanofluids are used for achieving greater 

thermophysical, optical, rheological, and morphological qualities. Due to advantages of this 
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category of fluids over mono nanofluids, namely high thermal conductivity, reduced 

extinction, low frictional losses, reduced pumping power, large absorption range, low 

pressure drop, hybrid nanofluids are predicted to replace the simple nanofluids. The 

applications like electronic component, thermal management, photovoltaic thermal 

applications, solar collectors, automobile, cooling, machine cutting and engine applications 

have all been tested with hybrid nanofluids. Turku et al. (2006) reported the characterization 

and synthesis of new hybrid materials based on multi-wall carbon nanotubes and polypyrrole 

nanotubes. Application of hybrid sphere/carbon nanotube particles in nanofluids was 

investigated by Han et al. (2007). Jana et al. (2007) revealed the impact of single and hybrid 

nano-additives on the thermal conductivity of the fluid. Suresh et al. (2011) explored the 

synthesis of    𝑂   𝑢 nano composite powder and water based nanofluids. Stability for 

various volume concentrations has been investigated. Lund et al. (2023a) evaluated a hybrid 

nanofluid flow along a moving porous plate using magnetohydrodynamics. Since magnetic 

force has numerous useful applications in medicine, engineering and industry, thus it has an 

impact on processes that transfer heat. Rasool et al. (2023a) inspected the properties of 

unsteady hybrid nanofluid over a shrinking surface due to a magnetic field including the 

velocity slip and suction effect. The bvp4c technique was used for the numerical solution. 

Asghar et al. (2023a) examined the dual solutions of hybrid nanofluid for 

stretching/shrinking surfaces. The influence of viscous dissipation, convective boundary 

conditions, heat sources/sinks and thermal radiation were studied. The outcomes revealed that 

the hybrid nanofluids transmit heat much faster compared to conventional nanofluid. 

Chatterjee et al. (2023) determined the positional influence of discrete coolers and heaters on 

a cylindrical thermal system in order to optimize energy utilization and achieve improved 

thermal performance. This system was subjected to a magneto-thermal convection with a 

hybrid nanofluid   𝑢     𝑂 /  𝑂 . By moving four heater and cooler pieces that were 

positioned centrally on the walls of the cylinder's four quadrants, four possibilities were 

examined. The equations were solved numerically by finite difference technique. Alqahtani et 

al. (2023a) explored the numerical solution of electrically conducting hybrid nanofluid 

spinning flow by considering two parallel surfaces. The first order set of differential 

equations were estimated using the numerical technique referred as the parametric 

continuation method (PCM). Bilat et al. (2023) performed an analytical investigation of 

hybrid nanofluid over a linearly stretched sheet with thermal radiation, viscous dissipation 

and MHD. Hayat et al. (2023a) considered hybrid nanofluid flow in the presence of viscous 

dissipation, MHD and thermal radiation between two concentric cylinders. In a comparison 
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analysis, the effectiveness of hybrid nanofluid is more noticeable than those of nanofluid. 

Mohanty et al. (2023) did the thermal inquiry of unsteady hybrid nanofluid with interfacial 

nanolayer mechanism based on Cattaneo-Christov heat flux over a spinning sphere. Khan et 

al. (2023a) worked on Williamson hybrid nanofluid flow with 𝑇𝑖𝑂  and  𝑜  𝑂4 

nanoparticles, considering viscous dissipation, Joule heating, homogeneous-heterogeneous 

reactions, thermal radiation and thermal stratification. Saleem et al. (2024) conducted 

comparative study between the hybrid nanofluid     𝑂  𝑍𝑛𝑂/𝐾𝑂  with the nanofluids 

    𝑂 /𝐾𝑂  and  𝑍𝑛𝑂/𝐾𝑂 . A magnetohydrodynamics incompressible stagnation point 

flow with viscous dissipation, convective condition and thermal radiation was examined. The 

mathematical model was analyzed by the use of a numerical scheme named Keller box 

method. Shamshuddin et al. (2023) worked on a mathematical model created for 

incompressible flow across a stretching surface in Cartesian coordinate system with chemical 

reactions, Ohmic heating, slip boundary conditions and the study was conducted for non-

Newtonian Prandtl water-based hybrid nanofluid. Shah et al. (2024) studied the boundary 

layer flow of MHD radiative hybrid nanofluid past a stretching/shrinking surface. The 

transient electroosmotic hybrid nanofluid flow in an annular region among catheter tube and 

mildly symmetric axial stenosis was examined by Kot and Elmaboud (2024). The migration 

of gyrotactic microorganisms in the bloodstream was examined with non-newtonian Sutterby 

fluid being regarded as a blood model. The solid  𝑔–   nanoparticles were suspended in 

pure human blood to create the hybrid nanofluid. Khan et al. (2024) examined the flow 

phenomena and thermal properties of a hybrid ferrofluid based on kerosene oil in comparison 

to the two models, Yamada-Ota and Xue. The applications of activation energy, convective 

conditions, Joule heating, thermal radiation and heat sources were reviewed. This research 

guarantees that the modified Yamada–Ota model produces more accurate results when 

compared to the Xue model. Mahabaleshwar et al. (2024) dealt with the Bingham hybrid 

nanofluid  𝑀𝑜𝑆  𝐺𝑂/ 𝐺  flow across a porous stretching/shrinking surface with inclined 

MHD and thermal radiation According to Xiao et al. (2024), hybrid nanofluid combining 

 𝑢𝑂 &  𝑇𝑂 nanoparticles proved to be a good choice for spectral beam splitters. Sundar and 

Mouli (2024) analyzed efficiency and number of transfer units of hybrid nanofluid     𝑂4  

𝑆𝑖𝑂 /  𝑂  passing through plate heat exchanger. It was observed that effectiveness and the 

number of transfer units improved with an enlarge Reynolds numbers and particle loadings. 

Li et al. (2024) looked at the impacts of an endothermic/exothermic chemical reaction for the 

flow through a stretched surface and an induced magnetic field for the hybrid nanofluid flow 
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was examined. The outcomes indicated that more effective transfer of mass was 

accomplished by the water based hybrid nanofluid and engine oil contributes to effectiveness 

in heat transfer. 

1.2 Magnetohydrodynamics 

Magnetohydrodynamics is an interesting subfield of physics that deals with the study 

of fluid under the magnetic influences. The word magnetohydrodynamics is a combination of 

the terms magneto, implying magnetic field, hydro, that refers water, and dynamics, which 

implies movement and Hannes Alfvén (1942) founded the field of MHD. The 

magnetohydrodynamics relates the study of magnetic features and conduct of electrically 

conducting fluids. MHD flows have noteworthy influence on the physical features of the 

fluids in the various fields like, fission reaction, crude purification, solar wind, pumps, 

nuclear fusion and petrochemicals. Additionally, the pharmaceuticals, polymer processes, 

production of paper, glass, amplifier manufacturing and medicines use MHD flows. Chamkha 

(2003) inspected the electrically conducting, laminar, viscous, Newtonian fluid flow on a 

vertical permeable surface that was constantly in motion. Sreenivasulu and Reddy (2013) 

performed an analysis on a two-dimensional chemically reacting and radiating stagnation 

point flow of nanofluid placed in a porous medium across a stretching surface with 

suction/blowing and MHD. Ghadikolaei et al. (2017) proposed the stagnation point flow of 

the hybrid nanofluid over a stretched sheet with MHD considering the various shape factors. 

The heat transfer properties and thermal conductivity of the fluid was also emphasized in the 

study. The hybrid nanofluid flow over a non-linearly stretching sheet with heat source/sink 

and variable magnetic field was analyzed by Afzal et al. (2023). This study uses  𝑢𝑂  

𝑀𝑊 𝑁𝑇𝑠 as nanoparticles to construct a hybrid nanofluid based on engine oil for industrial 

applications like heat exchangers, combustive engines and solar energy. Lone et al. (2023) 

proposed numerical solutions of a cross hybrid nanofluid   𝑔  𝐺𝑂/𝐾𝑂  with 

suction/injection, magnetic field and convective boundary conditions along a stretched sheet. 

Zainodin et al. (2023) conducted an analysis for the outcomes of the magnetohydrodynamic 

stagnation-point flow of a hybrid ferrofluid across a moving surface by looking at the effects 

of Joule heating, convective boundary condition and viscous dissipation. Waseem et al. 

(2024) investigated the behavior of three dimensional fluid flow and heat transfer of hybrid 
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nanofluid as it travelled across a bidirectional interface taking magnetohydrodynamics into 

account. Tiwari-Das demonstration of the thermophysical characteristics of nanofluids was 

utilized. Using the bvph2.0 software Mathematica tool, the improved model was computed 

using the well-known OHAM technique. Paul et al. (2024) expressed the impact of viscous 

dissipation, heat source/sink and inclined magnetic field on a thermally stratified flow of a 

hybrid nanofluid   𝑢      𝑂 /   𝑂  in a porous medium over a vertically positioned 

linearly stretched cylinder. Padma et al. (2024) revealed the impact of MHD on hybrid 

nanofluid flow over an expanding/contracting sheet in the presence of slip boundary 

conditions, thermal radiation, heat source/sink and viscous dissipation. Naqvi et al. (2024) 

explored the numerical study of entropy generation over stretching and shrinking surfaces for 

magnetohydrodynamic hybrid nanofluid. Shamshuddin et al. (2024) simulated the flow of 

water-based bioconvective hybrid nanofluid past a thermal convective exponentially 

extending sheet. Abas et al. (2024) studied the magnetohydrodynamic hybrid nanoliquid   𝑢-

   𝑂 /blood) flowing over a bi-directional stretching surface heated convectively. Mahmood 

et al. (2024a) examined the consequence of several thermal conductivity models on the MHD 

stagnation point flow of a hybrid nanofluid due to a porous stretching surface. The work 

examined the effects of slip velocity, mixed convection and thermal conductivity for the 

hybrid nanofluid flow. The upshot of magnetic field, mixed convection and thermal radiation 

on a hybrid nanofluid flowing over a flat vertical permeable plate was thoroughly examined 

by Jafaripournimchahi et al. (2024). The governing equations were made simpler by using 

Akbari-Ganji's approach and conventional similarity transformations which produced 

ordinary differential equations. Ahmed et al. (2024) examined the hybrid nanofluid's mixed 

convection flow across a nonlinear stretching sheet. The influence of heat radiation in the 

presence of a magnetic field was examined. The RK-Fehlberg Method was used to 

numerically obtain the similarity solutions. Guo et al. (2024) exposed the heat transmission 

of MHD hybrid nanofluid flow across a vertical spinning cylinder with mixed convection. 

The flow was analyzed in the presence of slip and convective conditions, activation energy, 

viscous dissipation and nonlinear thermal radiation. Selimefendigil and Oztop (2024) studied 

that how the rotating partition in a lid driven cavity that has an inner isothermal obstruction 

influence the mixed convection hybrid nanofluid under magnetic field. Rashad et al. (2024) 

inspected the influence of thermal radiation on an unsteady magnetized hybrid nanofluid flow 

across a porous medium. Salah et al. (2024) considered magnetohydrodynamic mixed 

convection hybrid nanofluid over a solid square block contained in a wavy porous cavity. The 
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flow field was examined in relation to the effects of the thermal radiation and heat generation. 

Yadav et al. (2024) studied the hybrid nanofluid flow with mixed convection, thermal 

radiation over an inclined permeable shrinking plate with inclined magnetic field and slip 

condition effects. Yasir and Khan (2024a) dealt with the magnetized hybrid ferrofluid flowing 

over an exponentially vertical surface experiencing a thermally mixed convective flow. 

Furthermore, convective heat transfer process was observed in context of heat sink/source 

and Joule heating. Abbas et al. (2024a) explored mixed convection Marangoni convective 

flow of dusty hybrid nanofluid in the context of MHD and heat source. The problem was 

numerically solved by RKF-45th order shooting technique. Perveen et al. (2024) numerically 

investigated convective MHD hybrid nanoliquid flow caused by a stretching surface. Also the 

viscous dissipation and heat generation were explored. 

1.3 Darcy Forchheimer 

Darcy (1856) explored the homogenous fluid flows due to porous media. The fluid's 

flow through a porous media is defined by Darcy's law. The flow rate of the fluid is directly 

proportional to the pressure gradient, as per Darcy's law. In both liquid phase and gas phase 

systems, it is only accurate at low flow velocities. For high velocity flows it is frequently 

replaced with the Forchheimer equation, which has a quadratic velocity term in the 

momentum equation. The relationship between flow rate and potential gradient is nonlinear at 

high velocities and as a result nonlinearity increases with flow rate as discovered in 1901 by 

the Philippe Forchheimer (Whitaker, 1996). The petroleum extraction, reservoir dynamics, 

fossil fuel operations, groundwater supply, nuclear waste management, groundwater 

pollution, energy storage devices, grain storage, oil reserves, fermentation, solar panels and 

many more applications of porous media's permeability. Hayat et al. (2017) addressed the 

Darcy-Forchheimer flow in the presence of magnetic field using the Buongiorno model for 

viscoelastic nanofluid through the stretching surface. Optimal homotopy analysis method was 

used for the solution of ODEs. Ramesh (2019) evaluated the impact of convective conditions 

on the rate of heat transfer for a hybrid nanofluid flowing across a disk in the Darcy 

Forchheimer porous medium. Basit et al. (2023) examined the significance of thermal 

radiation on a hybrid nanofluid's Darcy-Forchheimer flow because of two corresponding 

parallel disks. The numerical result was assessed by means of a bvp4c approach. Pal and 
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Mandal (2023) explained the hybrid nanofluid Darcy flow over a shrunk surface with the 

magnetic field and thermal radiation. Additionally viscous dissipation, variable thermal 

conductivity, thermal slip condition and chemical reaction were considered. Mohana and 

Rushi Kumar (2023) inspected the Darcy-Forchheimer hybrid nanofluid flow including the 

impacts of viscous dissipation and Joule heating for a bidirectional stretched sheet. The work 

aimed to explore the flow properties and heat transfer of nanofluid with spherical, brick and 

blade shapes. Rasool et al. (2023b) examined the influence of Joule heating and Darcy 

Forchheimer on the Falkner-Skan aspects of hybrid nanofluid  𝑀𝑜𝑆   𝑔/  𝐺 +   𝑂  

over a static wedge surface. The resulting nonlinear boundary layer equations were 

effectively solved using the Newton-Raphson methodology and the generalized differential 

quadrature method. As compared to monotype nanoliquids, the hybrid nanoliquids were 

shown to have a greater heat flux rate. Khan et al. (2023b) studied the numerical description 

of the MHD bioconvective hybrid nanofluid flow through a non-Darcy permeable medium 

containing heterogeneous/homogeneous reactions with a cone placed vertically. The 

characteristics of a hybrid nanofluid that used water as its operating fluid and contained 

nanoparticles like 𝑀𝑔𝑂 and  𝑔 was observed. For heat transfer mechanisms, thermal 

stratification and non-uniform heat source/sink were also examined. Yaseen et al. (2023) 

observed the hybrid nanofluid flow caused by an inclined magnetic field on a smooth surface. 

The hybrid nanofluid was examined in a Darcy-Forchheimer medium with suction/injection, 

Marangoni boundary conditions, viscous dissipation, quadratic linear thermal radiation and 

Joule heating. Alqahtani et al. (2023b) described how a Casson hybrid nanofluid flow along a 

stretching sheet caused a change in mass and energy transfer. An inclined magnetic field to 

regulate the flow stream was exerted to the fluid flow. In the study of fluid flow, factors such 

as the Darcy effect, heat absorption, viscous dissipation, thermal slip, velocity slip and 

thermal radiation were taken into account. Yasir et al. (2024b) evaluated the dissipative 

Darcy-Forchheimer hybrid nanofluid flow in a porous medium. The study comprised thermal 

radiation, heat source/sink and Joule heating. Hakeem et al. (2024) scrutinized the Darcy 

Forchheimer hybrid nanofluid slip flow over a thin inclined moving needle. The fourth-order 

Runge–Kutta method was used for the solution of differential equations. Farooq et al. (2024) 

analyzed the Darcy-Forchheimer flow of hybrid nanofluids  𝑆𝑊 𝑁𝑇   𝑔/𝑆   and 

 𝑀𝑊 𝑁𝑇   𝑢/𝑆   induced by the stretching surface. The Cattaneo–Christov heat flux 

model, thermal radiation and slip effect were also highlighted. Hayat et al. (2024a) used the 

Darcy–Forchheimer law for the thermal conductivity analysis of peristalsis of hybrid 
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nanofluid along with Joule heating. ND Solve technique was used for the solution of ordinary 

differential equations. Hayat et al. (2024b) inspected the Darcy Forchheimer flow of hybrid 

nanomaterials of three-dimensional electrically conducting flow induced by a rotating 

stretchable disk. Lund et al. (2024) found the consequence of viscous dissipation and Joule 

heating instigated by Darcy-Forchheimer porous medium for an unsteady water-based hybrid 

nanoliquid over a permeable shrinking surface. Prasad et al. (2024) explored the stagnation-

point slip flow in Darcy-Forchheimer medium with hybrid Ferrofluid stimulated through a 

stretching sheet. Senthilvadivu et al. (2024) envisioned the time dependent Darcy 

Forchheimer flow of Casson hybrid nanofluid under velocity slip over a Riga plate. The 

viscous dissipation and thermal radiations were also accounted. Mahmood et al. (2024b) 

studied how the Darcy-Forchheimer flow of hybrid nanofluid     𝑂 − 𝑢/  𝑂  through a 

frequently moveable sheet was affected by the several thermal conductivity models. The 

study covers influences of Ohmic heating, thermal radiation, viscous dissipation and 

magnetohydrodynamics. Mebarek-Oudina et al. (2024) used Darcy-Brinkman-Forchheimer 

model for comprehensive analysis of the magnetic flow of a hybrid nanofluid  𝑀𝑔𝑂  

   𝑂 /  𝑂  to evaluate the convective heat transfer. Ali et al. (2024a) focused on the Darcy-

Forchheimer hybrid nanofluid flow along a porous plate driven by buoyancy. The Darcy-

Forchheimer hybrid nanofluid flow across a permeable spinning disc was explained 

numerically by Ali et al. (2024b). The various factors including thermal radiation, viscous 

dissipation, thermal slip condition, and exponential heat source/sink were all taken into 

consideration while estimating the fluid flow. The parametric continuation technique was 

used to solve the set of equations that were produced. Muhammad et al. (2024) studied the 

behavior of a hybrid nanofluid under stretching of a curved surface. The study involved the 

significant effects of magnetohydrodynamics, Darcy-Forchheimer porous medium flow, 

convective boundary condition and Joule heating. Sharma et al. (2024) associated Mintsa and 

Gherasim models to analyze the impact of inertial drag on Darcy Forchheimer hybrid 

nanofluid flow across a stretching sheet under convective boundary conditions. The 

magnetohydrodynamic Darcy Forchheimer flow of dusty Sutterby hybrid nanofluid with 

variable thermal conductivity and convective boundary conditions was focused by Abbas et 

al. (2024b). The RKF-45th method was employed to solve the ODEs numerically. 
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1.4 Joule Heating 

The mechanism (Varghese et al. 2014) by which heat is generated whenever an 

electric current moves through a conductor is known as "Joule heating." Joule heating, also 

known as resistive heating has applications in many industrial processes. It is used in multiple 

heating appliances such as soldering irons, electric stoves, electric heaters and cartridge 

heaters. Electric fuses are employed as a safety measure if the large current goes through 

them, they will melt and break the circuit. Propylene glycol and vegetable glycerin are 

vaporized by Joule heating in electronic cigarettes. When the filament of an incandescent 

light bulb is heated by Joule heating, it illuminates. Joule heating is a method used in food 

processing equipment where alternating current and food resistance generate heat. Ohmic 

heating ensures fast, uniform heating and maintaining quality. Khan et al. (2019) examined 

the viscous dissipation, Ohmic heating and mixed convection effects for the hybrid 

nanomaterial along the stretched heated disk. Khashi'ie et al. (2020) discussed the heat 

transfer and properties of flow considering the combined effects of Joule heating, suction and 

MHD for the hybrid nanofluid across a permeable surface. Hayat et al. (2023b) reported flow 

of the water-based hybrid nanoliquid across a permeable curved surface under the effects of 

Lorentz and inertial forces. Additionally, Darcy Forchheimer as well as Joule heating were 

encountered. The features for thermal radiation and heat sources were also included in order 

to conduct a thorough thermodynamics investigation. The built-in Mathematica package ND 

Solve technique was used to solve the ordinary differential equations. An innovative design 

of intelligent Bayesian regularization neural networks (IBRNN) was utilized by Awan et al. 

(2023) to examine the impacts of Joule heating and magnetic field for the flow of the hybrid 

nanomaterial model   𝑢 +  𝑢𝑂  with blood as the base fluid. Rasool et al. (2023c) inspected 

Joule heating and also viscous dissipation effect for magnetohydrodynamic flow of hybrid 

nanofluid due to a porous shrinking sheet. To solve the system of ODEs, MATLAB’s bvp4c 

function was used. AL-Zahrani et al. (2023) addressed Joule heating and 

magnetohydrodynamics for hybrid nanofluid ( 𝑔  𝐺/Blood). There were several uses for 

the flow arrangement that was established between the expanding and contracting channels, 

particularly in biomedical engineering and VIM was used to obtain the solution. Ramesh et 

al. (2023) considered the impact of Joule heating, viscous dissipation, velocity slip and 

convective conditions for the radiative hybrid nanofluid flow through microchannels. The 

Neural networks using Levenberg-Marquardt back propagation was employed for predicting 
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the flow state. Raju (2023) observed the impact of Joule heating and thermal radiation on an 

inclined length channel under convective boundary conditions for the dissipative flow of 

hybrid and micropolar nanofluid. A combination of shooting and Runge–Kutta fourth order 

method was employed. Idris et al. (2023) inspected heat transfer rate of a hybrid nanofluid 

  𝑢     𝑂 /  𝑂  taking into account the combined effects of Joule heating, thermal 

radiation, magnetohydrodynamics and thermal slip condition across a moveable porous plate.  

The numerical solution was obtained using the bvp4c technique. The hybrid nanofluid was 

shown to have a remarkable ability to transport heat more effectively than both nanofluid and 

water. Lund et al. (2023b) looked into the heat transfer features of a magnetized Casson 

hybrid nanofluid while taking Joule heating, suction and thermal radiation into account. Kodi 

et al. (2023) addressed the outcomes of nonlinear thermal radiation, Brownian motion and 

rotation parameter on a hybrid nanofluid past a stretching plate with the aid of Joule heating, 

chemical reaction and thermophoresis. Nadeem et al. (2023) reviewed the contribution of 

fuzzy volume percentage with Joule heating and convective boundary conditions to 

understand the flow mechanism of tangent unsteady hyperbolic fuzzy hybrid nanofluid along 

the exponentially stretching surface. Raza et al. (2023) explored the Joule heating and 

viscous dissipation effect for time dependent, laminar incompressible hybrid nanofluid flow 

over the two moveable permeable coaxial disks oriented orthogonally in the existence of 

magnetic field. The shooting method was utilized for the numerical solution. Zangooee et al. 

(2023) investigated the impact of Joule heating and radial magnetic field on hybrid 

nanofluid's uniform, incompressible flow between two concentric cylinders. For the 

numerical solution, fifth-order Runge-Kutta method was employed. Bhatii et al. (2023) 

investigated the impact of Joule heating, electric and magnetic field on the hybrid nanofluid 

 𝑍𝑛𝑂   𝑢𝑂/𝑆   flow for the geothermal energy applications. The series solution of 

nonlinear differential equations was found using the homotopy perturbation approach. 

Agrawal and Kaswan (2023) looked at the hybrid nanofluid's squeezing flow along the two 

parallel disks with the consideration of thermal radiation, Joule heating and viscous 

dissipation. The numerical solutions were obtained through bvp4c and the analytical solution 

was obtained by HAM. Khalid et al. (2023) explored the impact of Joule heating on the dual 

solutions of the radiative hybrid nanofluid flow in the porous media. The flow was examined 

with heat source/sink, thermal radiation and melting heat transfer. Basavarajappa and Bhatta 

(2024) looked at the consequences of Joule heating, thermal radiation on the heat transfer and 

Falkner-Skan flow of hybrid nanofluid on a wedge-shaped surface. Hanif et al. (2024) 

https://www.emerald.com/insight/search?q=Pradeep%20Kaswan
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explored how the  𝑔–𝑇𝑖O  nanoparticles enhance the heat transfer in an inclined cavity. This 

research assessed that the thermal performance of the proposed thermal system with the 

occurrence of thermal radiation, resistive heating and magnetic field. Additionally, a 

comparison was made between the heat transfer capacities of a hybrid nanofluid, nanofluid 

and conventional fluid. Ragavi and Poornima (2024) investigated the heat and flow properties 

of a hybrid nanofluid   𝑔     𝑂 /  𝑂  across an unstable radially expanding sheet 

embedded in a porous medium. A number of important factors including Joule heating, 

viscous dissipation, porosity, suction and slip were taken into consideration while conducting 

the inquiry. Junaid et al. (2024) explored the heat and mass transfer rate of EMHD Eyring–

Powell hybrid nanofluid flowing over a stretched surface, with the effect of Joule heating. 

The homotopy analysis method in Mathematica software was explored for higher-order 

ODEs. Kar et al. (2024) scrutinized the three dimensional radiative hybrid nanofluid flow 

over a rotating stretched inclined disk in the occurrence of a magnetic field, viscous 

dissipation and in addition, Joule heating. The spectral quasi-linearization approach was used 

to further solve the altered equations. Rehman et al. (2024) created a hybrid nanoliquid model 

that incorporated physical effects of practical interest such as magnetic field and Joule 

heating. Alarabi and Mahdy (2024) investigated the magnetized Sutterby hybrid nanofluid 

with Joule heating application in the case study of agrivoltaics technology. The influence of 

viscous dissipation and magnetic field were taken into account. The tri-hybrid nanofluid 

performed noticeably better in terms of heat transfer than both hybrid and traditional 

nanofluids. Tanveer et al. (2024) explored the hybrid nanofluid flow with mass and heat 

transfer influenced by Joule heating over a nonlinear stretching sheet. 

From the above mentioned literature, it is observed that there is a space available to 

explore more modifications concerning Darcy Forchheimer flow of hybrid nanofluids past 

stretching/shrinking surfaces. The current study deals with the impact of various effects 

including mixed convection, MHD, viscous dissipation, Joule heating, thermal radiation and 

velocity slip on the Darcy Forchheimer flow of hybrid nanofluid. The flow is subjected to an 

exponentially stretching sheet. The influences of considered effects on velocity and 

temperature profiles are observed. In addition, friction drag and Nusselt number are also 

displayed for various factors.  
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1.5 Thesis Organization 

The brief summary of all chapters is listed below: 

Chapter 1 contains thorough introduction of various concepts and an extensive 

literature review based upon the current research. 

Chapter 2 includes the fundamental concepts and terminologies required for the 

execution of suggested work. 

Chapter 3 consists of inclusive review of hybrid nanofluid flow with mixed 

convection and heat sink/source over a shrinking surface. The similarity transformation is 

used to transform the PDEs into ODEs. The bvp4c technique is utilized to attain the graphical 

results for velocity profile, temperatures profile, skin friction and Nusselt number. 

Chapter 4 explores the Darcy Forchheimer flow of hybrid nanofluid with 

magnetohydrodynamics, thermal radiation and viscous dissipation over a stretching sheet. 

The modeled PDEs are changed into ODEs by similarity transformation. A numerical 

technique, bvp4c is used to assess graphical results for skin friction, Nusselt number, velocity 

profile and temperature profile. The obtained results re validated through existing data in the 

literature.  

Chapter 5 presents the conclusions of present study and suggest the future initiatives 

that could be further helpful in the field of hybrid nanofluids. 
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CHAPTER 2 

2 Basic Definitions 

This portion covers several typical definitions and principles that will assist readers 

comprehend the analyses in the upcoming chapters. 

2.1 Fluid 

The substances that can move and alter continually when exposed to external force 

or shear stress are known as fluids. Liquids like water, oil, or milk, as well as gases like air or 

helium are the examples of fluids (Pritchard & Mitchell, 2016). 

2.2 Fluid Mechanics 

Fluid mechanics (Pritchard & Mitchell, 2016) is the study of how a fluid behaves both 

at rest and in motion. It plays important rule in many fields, including geophysics, biology, 

meteorology oceanography, astrophysics, and mechanical, chemical, civil, biomedical and 

aeronautical engineering. 
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 Fluid Statics 2.2.1

The fluid statics (Pritchard & Mitchell, 2016) is the study of the conduct of fluid at 

rest. It implicates exploration of stresses and pressures that fluids encounter when they are at 

rest. Numerous real-world applications, including weather forecasting, blood flow in human 

body and designing of ships and dams, have resulted from the understanding of fluid statics.  

 Fluid Dynamics 2.2.2

It includes the study of moving fluids. It entails the investigation of flow patterns, 

fluid properties including pressure, acceleration, and velocity, as well as the forces operating 

on fluid elements. The basic equations for explaining fluid motion are the Navier-Stokes 

equations (Pritchard & Mitchell, 2016). 

2.3 Viscosity 

Viscosity (Pritchard & Mitchell, 2016) is a fundamental property of fluids that 

characterizes their resistance to flow or deformation. It shows the internal resistance a fluid 

encounters during motion. 

 Dynamic Viscosity 2.3.1

The measure of internal resistance of the fluid to flow is called dynamic viscosity 

(Pritchard & Mitchell, 2016). It is represented by the symbol   and it shows the ratio of the 

shear stress to shear rate.  
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𝑠𝑕𝑒𝑎  𝑠𝑡 𝑒𝑠𝑠 

𝑣𝑒  𝑐𝑖𝑡𝑦 𝑔 𝑎𝑑𝑖𝑒 𝑡
  (2.1) 

The SI unit for dynamic viscosity is 𝑃𝑎 𝑠  

 Kinematic Viscosity 2.3.2

It is defined as the ratio of dynamic viscosity to fluid’s density (Pritchard & Mitchell, 

2016). It is symbolized by the symbol    

  
 

 
  (2.2) 

where   and   show the dynamic viscosity and the density of the fluid respectively. The 

kinematic viscosity is measured in 
  

𝑠
   

2.4 Newton’s Law of Viscosity 

Newton's law of viscosity (Pritchard & Mitchell, 2016) states that the shear stress in a 

fluid is directly proportional to the velocity gradient. 

𝜏𝑦𝑥    
𝑑𝑢

𝑑𝑦
  (2.3) 

where 𝜏𝑦𝑥     and 
𝑑𝑢

𝑑𝑦
 represent shear stress, dynamic viscosity and velocity gradient 

respectively.  
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2.5 Newtonian Fluids  

A Newtonian fluid (Pritchard & Mitchell, 2016) is one whose viscosity is independent 

of shear rate. Mathematically, it is written as 

𝜏𝑦𝑥    
𝑑𝑢

𝑑𝑦
. (2.4) 

The examples of Newtonian fluids include water, gasoline, mineral oil, alcohol and air. 

2.6 Non Newtonian Fluids 

These are fluids that do not follow the Newton’s law of viscosity and they change the 

behavior under the applied stresses (Pritchard & Mitchell, 2016). Mathematically, it is 

expressed as 

𝜏𝑦𝑥 ∝ (
𝑑𝑢

𝑑𝑦
*
 

   𝑛 ≠ 1  (2.5) 

 The examples of non-Newtonian fluids are shampoo, paints, corn, blood starch and custard. 

2.7 System 

System (Pritchard & Mitchell, 2016) is defined as the region of space or the collection 

of matter under consideration. A system might be a fixed amount of fluid contained within an 

arbitrary region or a specific volume within a fluid flow field. 
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2.8 Surrounding 

Everything that interacts with the system beyond the system boundary is considered 

as the surrounding (Pritchard & Mitchell, 2016). 

2.9 Control Volume 

A control volume (Pritchard & Mitchell, 2016) is a region or an imaginary boundary 

within the fluid flow field that is used to study the interactions within that region and the flow 

properties. 

2.10 Control Surfaces  

It is described as the control volume's geometric boundary. Control surfaces may be 

imaginary or real. It could be stationary or moving (Pritchard & Mitchell, 2016). 

2.11 Method of Description 

The fluid comprises of huge number of particles with constantly changing relative 

locations. The particles in a fluid flow follow specific paths based on the arrangement of the 

passage. It is essential to track the fluid particles at several times and locations in order to 

carry out an in depth analysis. Two different approaches are used often for the mathematical 

analysis of fluid motion (Pritchard & Mitchell, 2016). 
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    Lagrangian Method 2.11.1

   It addresses the inquiry of the flow pattern of each particle individually at a given 

time. Thus the motion of each and every particle of a fluid can be obtained (Pritchard & 

Mitchell, 2016). 

   Eulerian Method 2.11.2

  It involves the flow configuration of all particles simultaneously across one region. 

The principles of mechanics are employed at all fixed points to figure out the fluid motion at 

every point in the flow field (Pritchard & Mitchell, 2016). 

2.12 Flow Systems 

There are two main flow systems namely internal flow system and external flow 

systems (Pritchard & Mitchell, 2016). 

   Internal Flow Systems  2.12.1

  Internal flows (Pritchard & Mitchell, 2016) are those in which the fluid flows 

through confined spaces. Its examples are fluid flows through pipes and open channel’s. 

   External Flow Systems 2.12.2

  External flows (Pritchard & Mitchell, 2016) are those in which confiding boundaries 

are at relatively larger or infinite distances such as water flow around a ship's hull, airflow 

over an airplane wing and wind flow over buildings. 
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2.13 Rate of Discharge 

The quantity of fluid flowing per second through a channel or a pipe is known as a 

discharge and it is denoted by 𝑄 (Pritchard & Mitchell, 2016). 

𝑄  𝑎𝑣  (2.6) 

where 𝑎 is cross sectional area of the pipe and 𝑣 is average velocity of the fluid. 

2.14 Body Forces 

Body forces (Pritchard & Mitchell, 2016) are defined as the forces that arises without 

physical interaction and distributed over the fluid volume and mass. The examples of body 

forces are electromagnetic force and gravitational force. 

2.15 Surface Forces 

All the forces exerted directly through contact on the medium's boundaries are 

considered as surface forces (Pritchard & Mitchell, 2016). The examples of surface forces 

include pressure and friction. 

2.16 Flow Lines 

The imaginary lines that indicate the direction in which a fluid will move within a 

structure or system are called flow lines (Pritchard & Mitchell, 2016). Types of flow lines are 

listed below: 
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   Path Lines  2.16.1

  A path line (Pritchard & Mitchell, 2016) is the track that the fluid in motion takes. 

Thus, path lines display a particle's direction for a specific period of time. 

   Stream Lines 2.16.2

  The imaginary lines that are formed so that the direction of motion at any given 

place is shown by the tangent to them. As a result, the streamlines depict the number of 

particles moving simultaneously (Pritchard & Mitchell, 2016). 

   Streak Lines 2.16.3

  The locus of all the particles of a fluid which has moved through a particular fixed 

point over time in a flow is known as a streak line (Pritchard & Mitchell, 2016). The smoke 

trail coming from a chimney is an illustration of a streak line.  

   Time Lines 2.16.4

  A time line (Pritchard & Mitchell, 2016) is an accumulation of fluid particles that 

makes a line at a specific time in a given flow field. Later on, line’s general position and 

shape will be changed. 

   Stream Tubes 2.16.5

  A stream tube (Pritchard & Mitchell, 2016) is an element of a fluid that is enclosed 

by several stream lines that restrict the flow. The stream tubes behave like a solid tube. 
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2.17 Flow 

Flow (Pritchard & Mitchell, 2016) is the term expressing the change in deformation 

that occurs when a force is applied. It defines the fluid behavior and its interaction with the 

surroundings. 

   Uniform Flow 2.17.1

  In a uniform flow (Pritchard & Mitchell, 2016), fluid particles’ velocities are the 

same throughout the pipe or channel. In this type of flow, the fluid particles do not experience 

any acceleration as they move from one point to another and the streamlines are parallel and 

equally spaced. The uniform flow is demonstrated by a continuous flow through a lengthy, 

horizontal channel with a constant diameter.  

   Non Uniform Flow 2.17.2

  In a non- uniform flow (Pritchard & Mitchell, 2016) the fluid particles’ velocities 

vary all over the pipe or channel's portions. The flow does not have the fluid's homogenous 

characteristics and flow rate. The non-uniform flow may take place in natural flows such as 

ocean currents or rivers, and engineering mechanism involving ventilation or heat 

exchangers.  

   Laminar Flow 2.17.3

  In a laminar flow (Pritchard & Mitchell, 2016) every individual particle of fluid has 

a distinct track and the fluid particles do not cross each other. Laminar flow occurs in various 

forms such as oscillatory, pulsed and unidirectional flow. Examples of this type of flow 
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include straight-line upward movement of smoke from a stick, the flow of blood through 

capillaries and the flow of oil by thin tubes. 

   Turbulent Flow 2.17.4

  In a turbulent flow (Pritchard & Mitchell, 2016), every fluid particle has an arbitrary 

path and intersects with other particles on its path. Fluid particles travel in a chaotic manner 

and random variations are observed at high speed. This kind of flow is commonly seen in 

pipes having larger diameter that has high fluid velocities and consists of continuously 

altering directions and fluid speed.  

   Steady Flow 2.17.5

  The steady flow (Pritchard & Mitchell, 2016) is the flow, in which the flow rate per 

second remains constant. For the flow field, the characteristics at every point are unchanged 

over time. This type of flow can be seen in the water flowing through a straight pipe with a 

constant diameter. Mathematically, it can be expressed as 

∂𝜂

∂𝑡
    (2.7) 

where 𝜂 represents any fluid property. 

   Unsteady Flow 2.17.6

  In an unsteady flow (Pritchard & Mitchell, 2016), the fluid's characteristics vary with 

respect to space and time. An unsteady flow is one that changes over time, such as when an 

airplane accelerates on the runway before taking off. Mathematically, it is defined as,  
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∂𝜂

∂𝑡
≠    (2.8) 

 

where 𝜂 represents any fluid property. 

   Compressible Flow 2.17.7

  A fluid is said to be compressible (Pritchard & Mitchell, 2016) if significant 

variations in density can be caused by pressure changes in the fluid. In compressible flow the 

fluid's density and volume vary as the flow passes through. The gases usually have 

compressible flow. In addition, compressible flows are associated to gas pipelines, abrasion 

blasting, jet engines, high-speed aircraft, and rocket motors. 

   Incompressible Flow 2.17.8

  In an incompressible flow (Pritchard & Mitchell, 2016), the fluid's density and 

volume do not change while the flow is occurring. All liquid usually have an incompressible 

flow. For instance, the majority of water and air flow, including ships, low-speed aircraft, 

pumps, hydraulic turbines, submarines and biofluid flow like blood, all fall under the 

category of incompressible flow. 

   Rotational Flow 2.17.9

  The flow particles rotate around own axis with certain angular velocity in a 

rotational flow (Pritchard & Mitchell, 2016). It occurs when the fluid particles traveling 

through the flow route rotate about their own axes. A fluid may rotate when it is disturbed, 

travels through a curved surface, or passes by an obstacle. For example if a match stick is 

thrown on a surface of the moving fluid it will rotate about its axis. It is frequently seen in 

whirlpools and tornadoes. 
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 Irrotational Flow 2.17.10

    The flow particles do not whirl around their specific axis and retains its initial 

position. In this type of flow, the vorticity of the fluid is zero. The streamlines and potential 

lines are perpendicular to each other in this flow. When a matchstick is tossed into a moving 

fluid's surface, it stays in the same orientation and does not rotate around its axis (Pritchard & 

Mitchell, 2016). 

 One Dimensional Flow 2.17.11

    For one dimensional (Pritchard & Mitchell, 2016) flow, a straight line is used to 

depict its streamlines. This is due to the fact that a straight streamline only has one dimension 

which can be the direction of x-axis, y-axis, or z-axis. The flow in a long or straight pipe can 

be regarded as one-dimensional flow. 

 Two Dimensional Flows 2.17.12

    A flow is considered two-dimensional (Pritchard & Mitchell, 2016) when its 

properties, including pressure, density, and velocity, vary in two directions. The flow 

properties including velocity, pressure, and density, vary in only two spatial dimensions, 

typically denoted as x and y. In such a flow, there is no variation in the third dimension, 

typically z. The airflow over a long, wide flat plate is an example of this type of flow.  

 Three Dimensional Flows 2.17.13

    The streamlines for three dimensional (Pritchard & Mitchell, 2016) flows can be 

represented in a space. In practical terms, oceanic flows, atmospheric flows, respiratory 

system and blood flow in the blood vessel are the few examples of three dimensional flows. 
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2.18 Modes of Heat Transfer 

 Heat transfer (Durst & Arnold, 2008) takes place when there exist a temperature 

difference. The transfer of heat might happen gradually by the walls of an ice cooler or by a 

cooking pan. By using materials or managing airflow, the rates of heat transmission can be 

regulated. However, there are three ways that heat transfer can occur in any process. 

   Conduction 2.18.1

  Conduction (Durst & Arnold, 2008) is the process that occurs as heat is transferred 

from a region of greater temperature to one of lower temperature by the interaction and 

motion of molecules. The transfer of heat from a stove to frying pan is an example of 

conduction. 

   Convection 2.18.2

  Convection (Durst & Arnold, 2008) is the process of heat transmission as a result of 

the bulk movement of fluid’s particles. Ice melting and sea breeze are the two basic examples 

of convection. Water boils when molecules with greater density settle at the bottom and 

molecules with lower density shift to the top, creating a circular motion that heats the water is 

an example of convection. 

   Radiation 2.18.3

  It is a process in which thermal energy can travel across an object as waves or 

particles. Radiation has applications in food preservation, imaging, radiation therapy, nuclear 

power plants and medical diagnostics (Durst & Arnold, 2008). 
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2.19 Dimensionless Numbers 

   Prandtl Number 2.19.1

  The Prandtl number (Kunes, 2012) correlates the fluid's kinematic viscosity to its 

thermal diffusivity. It is expressed mathematically as: 

𝑃𝑟   
kinematic viscosity 

thermal diffusitivity
  (2.9) 

 i.e., 

𝑃𝑟    
𝜐

𝛼𝑓
 

 /  

 /    
   

   

 
  

(2.10) 

 where 𝜐 𝛼𝑓     and    indicates kinematic viscosity, thermal diffusivity, specific heat and 

thermal conductivity respectively.  

The observations reveal that when 𝑃𝑟 >>> 1  then momentum diffusivity dominates 

over thermal diffusivity. This usually happens to highly viscous liquids, like molten metal and 

oils. Temperature gradients in these situations vanish far more quickly than momentum 

gradients. When 𝑃𝑟 <<< 1, the thermal diffusivity dominates over momentum diffusivity. 

This is typical for gases and many liquid metals. In this case where heat transfer occurs much 

more rapidly than momentum transfer. When 𝑃𝑟  1  thermal diffusivities and momentum 

are of similar magnitude. 

   Reynolds Number 2.19.2

  Reynolds number (Kunes, 2012) is a dimensionless number useful to predict 

turbulence and flow patterns. Reynolds number indicates the relationship between inertial and 

viscous forces. Mathematically, 

𝑅    
inertial force 

viscous force
  (2.11) 

i.e., 
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𝑅     
𝜈𝐿

𝜐
   (2.12) 

 where 𝑣 𝐿 and 𝜐 represents velocity, characteristic length and kinematic viscosity 

respectively. For low Reynolds numbers, the flow tends to be laminar and viscous forces are 

dominant. The flows can be transitional for the intermediate Reynolds numbers unveiling the 

characteristics of both turbulent and laminar flow. At high Reynolds numbers, the flow is 

more likely to be turbulent due to the dominance of inertial forces. 

   Grashof Number 2.19.3

  It illustrates the association between viscous and buoyancy forces (Kunes, 2012). It 

describes how strong natural convection is in comparison to viscous effects. A greater 

buoyancy-driven flow is indicated by higher Grashof numbers. Thus 

Grashof number   
bouyant force

viscous force
  (2.13) 

i.e., 

𝐺𝑟 = 
𝑔𝛽 𝑇𝑤𝑎𝑙𝑙−𝑇∞ 𝐿 

𝜐   
(2.14) 

 where   𝑇∞ 𝑇𝑤𝑎   𝑔  𝐿 and 𝜐 signifies thermal expansion coefficient, bulk temperature, 

temperature of the wall, acceleration due to gravity, vertical length and kinematic viscosity 

respectively. 

   Nusselt Number 2.19.4

  In fluid mechanics, the Nusselt number (Kunes, 2012) is a dimensionless number 

that describes the convective heat transfer within a fluid. The Nusselt number is a typical way 

to quantify the ratio of convective against conductive heat transmission over the boundary 

layer or surface. 
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Nusselt number = 
Convection heat transfer

Conduction heat transfer
, 

(2.15) 

i.e., 

𝑁𝑢 = 
𝑕𝐿

 
, 

(2.16) 

 where 𝐿  ℎ and   represent characteristic length, heat transfer coefficient and thermal 

conductivity respectively. This is necessary to study and design the cooling systems, heat 

exchangers and many other heat transfers related engineering applications. 

   Eckert Number 2.19.5

  The Eckert number (Kunes, 2012) is a dimensionless number used to describe the 

connection between the enthalpy difference and kinetic energy. It is especially significant in 

high-speed flow scenarios, like the combustion chambers of jet engines, where the process of 

heat transfer depends mainly on the alteration of kinetic energy into thermal energy. 

Mathematically, 

   = 
𝑢 

𝑐    
   

(2.17) 

where 𝑢,    and 𝑇 denotes the fluid velocity, specific heat capacity and temperature of the 

fluid respectively. 

   Skin Friction Coefficient 2.19.6

  The skin friction coefficient describes (Kunes, 2012) the degree of shear stress or 

skin friction that a fluid encounters when it passes over a solid surface. The expression for 

skin friction is 

 𝑓  = 
 𝑤 

 

 
 𝑢 

   
(2.18) 

where 𝜏𝑤 ,   and 𝑢 represents for shear stress, density and velocity. It is frequently employed 

in the analysis and design of numerous fluid flow-related engineering applications, including 
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heat transfer, aerodynamics, and automobile design. It depends on many factors for example 

the viscosity of the considered fluid, the in contact surface area and the roughness the surface.
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CHAPTER 3 

3 Mixed Convection Hybrid Nanofluid Flow with the Influence 

of Magnetohydrodynamics and Velocity Slip Condition 

3.1 Introduction 

This chapter includes the study of two dimensional, MHD hybrid nanofluid over an 

exponentially shrinkable surface. The study also involves the impact of mixed convection, 

heat generation/absorption and velocity slip. The flow model is presented in the form of 

partial differential equations. These nonlinear partial differential equations of the 

considered flow are altered into dimensionless ordinary differential equations by taking 

advantage of the suitable similarity transformation. The numerical solution is obtained 

through a technique bvp4c in MATLAB Software. The study scrutinizes the significance of 

multiple parameters on fluid flow. The consequences for the skin friction coefficient, 

Nusselt number, velocity profile and temperature profile are analyzed for the considered 

flow. The acquired outcomes are verified with the help of existing literature. This work 

includes the detailed review of the work published by Asghar et al. (2023b). 
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Figure 3.1: Geometry interpretation of fluid flow. 

3.2 Mathematical Formulation 

The present study is based on the MHD and mixed convection flow of the hybrid 

nanofluid     𝑂   𝑢/  𝑂   past an exponentially shrinking sheet in the Cartesian 

coordinates system. The surface temperature is 𝑇𝑤 𝑥  𝑇∞ 𝑥 + 𝑇0 
 𝑥

𝑙   where  𝑇∞ is the 

free stream temperature and 𝑇0 is the characteristic temperature. The surface is shrunk in 

the x-axis with the velocity 𝑢  𝑢𝑤   𝑈𝑤 
𝑥

𝑙   where 𝑢𝑤 is the surface velocity and 𝑈𝑤 is 

constant. The magnetic field    𝑥   0 
𝑥

 𝑙 is applied along the y-axis, where  0 shows the 

magnetic field intensity. The considered velocity filed is given by 𝐕  [𝑢 𝑥 𝑦  𝑣 𝑥 𝑦   ]  

The governing equations include the continuity equation, momentum equation and energy 

equation which are shown below. 

   𝐕     (3.1) 

 𝑕 𝑓[ 𝐕   𝐕]     +  𝑕 𝑓   (3.2) 

(   )𝑕 𝑓
[ 𝐕   𝑇]          (3.3) 

 where     𝑔𝑟𝑎𝑑𝑇 is the heat flux,    𝑝 +     is Cauchy stress tensor,   𝑕 𝑓  

   (   )𝑕 𝑓
  𝑇   𝑝     and    represents the density of hybrid nanofluid, body force, 

heat capacity, fluid temperature, thermal conductivity, hydrostatic pressure, unit tensor, 
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dynamic viscosity and first Rivilin-Erickson tensor respectively. After applying boundary 

layer assumptions, the following are the acquired equations (Yan et al., 2020; Yashkun et 

al., 2021). 

 

𝑢𝑥+𝑣𝑦     (3.4) 

𝑢𝑢𝑥 + 𝑣𝑢𝑦  
 𝑕 𝑓

 𝑕 𝑓
𝑢𝑦𝑦   

 𝑕 𝑓

 𝑕 𝑓
  𝑢+ 𝑕 𝑓 𝑇  𝑇∞ 𝑔  (3.5) 

𝑢𝑇𝑥 + 𝑣𝑇𝑦  
 𝑕 𝑓

     𝑕 𝑓
𝑇𝑦𝑦 +

𝑞

(   )𝑕 𝑓

 𝑇  𝑇∞   (3.6) 

The boundary conditions are as follows (Yan et al., 2020). 

𝑣  𝑣𝑤 𝑥     𝑢  𝑢𝑤 𝑥 +  𝑣𝑓(𝑢𝑦)    𝑇  𝑇𝑤 𝑥  𝑇∞ 𝑥 + 𝑇0 
 𝑥

𝑙    at    𝑦     

𝑢       𝑇  𝑇∞   at   𝑦  ∞   
(3.7) 

In Eq. (3.7), the velocities in the x-and y-axes are represented by the letters  𝑢 and 𝑣 

respectively,   is the velocity slip component      
−𝑥

 𝑙 ,    is the first component of 

velocity and 𝑣𝑓 is the kinematic viscosity. Moreover 𝑣𝑤   √
𝑣𝑓𝑈𝑤

  
 

𝑥

 𝑙𝑆  𝑆 is the 

suction/injection parameter where 𝑆 >   represents suction and 𝑆 <   indicates injection. 

The similarity transformations for the fluid flow are (Yan et al., 2020 & Waini et al., 2020). 

  √ 𝑣𝑓 𝑈𝑤  
𝑥

 𝑙  𝜂       𝜂  
𝑇−𝑇∞

𝑇𝑤−𝑇∞
    𝜂  𝑦√

𝑈𝑤

 𝑣𝑓 
  

𝑥

 𝑙    (3.8) 

 Here   is the stream function describing the velocities as 𝑢  
  

 𝑦
  and 𝑣   

  

 𝑥
  Thus the 

gained velocities are expressed as: 

𝑢  𝑈𝑤 
𝑥

𝑙   ′ 𝜂        𝑣    𝑦√
𝑈𝑤𝑣𝑓

  
  

𝑥

 𝑙 (  𝜂 + 𝜂 ′ 𝜂    (3.9) 

Eq. (3.4) is completely satisfied through Eq. (3.9) and after Eq. putting (3.9) in Eqs. (3.5) 

and (3.6), the obtained equations are mentioned below: 

(

 𝑕 𝑓

 𝑓

 𝑕 𝑓

 𝑓

, ′′′ +  ′′     ′   (

 𝑕 𝑓

 𝑓

 𝑕 𝑓

 𝑓

,𝑀 ′ +
 𝑕 𝑓

 𝑓
        (3.10) 

 
 

  
       𝑓

     𝑓

[
   𝑓

 𝑓
]  ′′ +  ′     ′ +

 
       𝑓

(   )
𝑓

𝑄     
(3.11) 
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 The boundary conditions are given as: 

            1         𝑆         ′     1 +   ′′     (3.12) 

  𝜂           ′ 𝜂                  as      𝜂  ∞. (3.13) 

Here 𝑀  
    

  𝑓

𝑈𝑤  𝑓
 shows the magnetic parameter,    

𝛽𝑓 𝑇  

𝑈𝑤
 𝑔 refers to the mixed 

convection parameter, 𝑃𝑟  
  𝑐  𝑓

 𝑓
 represents the Prandtl number,     √

𝑣𝑓𝑈𝑤

  
 indicates 

the velocity slip and heat generation/absorption parameter is 𝑄  
   

𝑈𝑤  𝑐  𝑓
 . 

 

The expression for skin friction coefficient  𝑓 together with local Nusselt number 𝑁𝑢𝑥 is  

 𝑓  
   𝑓

 𝑓𝑢𝑤
  𝑢𝑦 𝑦=0       𝑁𝑢𝑥  

  

 𝑓 𝑇𝑤−𝑇∞ 
[  𝑕 𝑓(𝑇𝑦)𝑦=0

+  𝑞  𝑦=0]  (3.14) 

 The dimensionless skin friction and Nusselt number are specified as: 

 (𝑅  
 

  𝑓  
   𝑓

 𝑓
 ′′        𝑅  −

 

 𝑁𝑢𝑥    [
   𝑓

 𝑓
]  ′     (3.15) 

where 𝑅  
 𝑢𝑤 

 𝑓
 is known as local Reynolds number. 

 

Table 3.1: Thermophysical characteristics for considered hybrid nanofluid. 

 (Yashkun et al., 2021). 

Names Properties 

Electrical Conductivity 
 𝑕 𝑓  

  𝑢 +    𝑓     𝑢   𝑓    𝑢 

  𝑢 +    𝑓 +   𝑢   𝑓    𝑢 
  𝑓 

  𝑓  
      

+   𝑓         
  𝑓        

 

      
+   𝑓 +       

  𝑓        
 

 𝑓 

Heat capacity      𝑕 𝑓  (1   𝑢 [(1       
       𝑓 +       

          
] +

  𝑢      𝑢 

Dynamic Viscosity  𝑕 𝑓  
 𝑓

 1    𝑢 
    1        

    
 

Thermal expansion 

coefficient 
 𝑕 𝑓  (1   𝑢  [(1       

    𝑓 +      
(       

] +   𝑢    𝑢 

Density  𝑕 𝑓  (1   𝑢  [(1       
    𝑓 +       

(       
] +   𝑢    𝑢 

Thermal 

conductivity  𝑕 𝑓  
  𝑢 +    𝑓     𝑢   𝑓    𝑢 

  𝑢 +    𝑓 +   𝑢   𝑓    𝑢 
  𝑓 

  𝑓  
      

+   𝑓         
  𝑓        

 

      
+   𝑓 +       

  𝑓        
 

 𝑓 
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Table 3.2: Thermophysical properties for alumina, copper and water. 

(Waini et al., 2020). 

Properties Alumina Copper Water 

 (S/m) 3.69  1   5.96  1   0.05 

  1 − (1/K) 0.85 1.67 21 

k(W/m K) 40 400 0.613 

  kg/    3970 8933 997.1 

  (J/kg K) 765 385 4179 

  

3.3 Numerical Simulation 

The fluid flow problems are complicated and analytical solutions have limitations, 

thus numerical approaches are crucial in fluid mechanics. Usually the nonlinear partial 

differential equations are complicated and are difficult to solve. Moreover the challenging 

boundary conditions and complex geometries that are hard to deal analytically are common 

in real-world applications. Thus, the numerical solutions are required for numerous 

complicated systems. The numerical solution to the differential equations for the considered 

fluid model along with the boundary conditions is obtained by employing built-in bvp4c 

technique in MATLAB software. 

  𝑦 1      ′  𝑦        ′′  𝑦 3     ′′′  𝑦     (3.16) 

  

𝑦    (

 𝑕 𝑓

 𝑓

 𝑕 𝑓

 𝑓

,[  𝑦      𝑦 3 𝑦 1 + (

 𝑕 𝑓

 𝑓

 𝑕 𝑓

 𝑓

,𝑀𝑦    
 𝑕 𝑓

 𝑓
   𝑦   ]  (3.17) 

  

   𝑦       ′   𝑦         ′′  𝑦     (3.18) 
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𝑦    𝑃𝑟

     𝑕 𝑓

(   )𝑓

(
 𝑕 𝑓

 𝑓
*

[
 
 
 
 

 𝑦   𝑦    𝑦   𝑦 1  
1

     𝑕 𝑓

(   )𝑓

𝑄𝑦   

]
 
 
 
 

  (3.19) 

with the conditions, 

𝑦𝑎 1  𝑆 𝑦𝑎   + 1   𝑦𝑎 3  𝑦𝑎    1 𝑦𝑏    𝑦𝑏     (3.20) 

  

3.4 Graphical Analysis and Discussion 

The study deals with the hybrid nanofluid flow instigated by a shrinking surface and 

the influential effects of MHD, mixed convection and slip conditions are dealt with. The 

graphical outcomes for the temperature profile, velocity profile, Nusselt number and skin 

friction, in relation to the several parameters are highlighted in this section of the chapter.  

 Figure 3.2 presents the velocity profile influenced by the suction/injection 

parameter. The velocity profile drops because of the increasing values of 𝑆. Since suction 

opposes the considered fluid field and the kinetic viscosity and the suction/injection 

parameters are inversely related, as a result the fluid's viscosity decreases as 𝑆 increases. 

Figure 3.3 shows the conduct of temperature profile under different values of the heat 

generation/absorption parameter. The figure reveals that the temperature profile increases 

with an increase in 𝑄  Figure 3.4 is constructed to explain the impact of solid volume 

fraction of   𝑢on the velocity profile. The figure demonstrates that the velocity profile 

enhances for different values of solid volume fraction because momentum boundary layer 

thickness thickens as   𝑢 increases. Figure 3.5 depicts the effect of   𝑢 on temperature 

profile and the increasing temperature profile is obtained under the various values of solid 

volume fraction   𝑢. The thermal boundary layer thickness increases with increasing 

showing that the thermal conductivity of solid particles is higher than that of the base fluid. 

Figure 3.6 demonstrates the magnetic parameter influence on velocity profile and the 

velocity profile increases as 𝑀 rises. In the similar pattern, Figure 3.7 portrays the 

temperature profile affected by the different values of magnetic parameter. It reveals that 

the   𝜂  drops down under the influence of  𝑀. Figure 3.8 illustrates the velocity profile for 
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the parameter of mixed convection. Noticeably      𝜂  rises when    increases. Figure 3.9 

demonstrates the temperature profile for the     the mixed convection parameter. It is 

noticed the   𝜂  falls in the range  1 ≤   ≤ 1. The rising behavior of velocity profile can 

be seen in Figure 3.10 when the values of velocity slip parameter    enlarges. Figure 3.11 

sketches the decreasing temperature profile for the velocity slip parameter  . The 

temperature profile decreases upon greater values of  . Figure 3.12 displays the effect of 

various values of solid volume fraction of copper    𝑢 and suction/injection parameter 𝑆 on 

skin friction coefficient at       
   1 𝑄    1     1 𝑀    1 𝑃𝑟        

  1. It can be seen that  ′′    upsurges with   𝑢 and 𝑆  Figure 3.13 signifies the 

consequence of   𝑢 on   ′    if       
   1 𝑄    1     1 𝑀    1 𝑃𝑟      

    1 .  ′    reduces as the   𝑢 increases and opposite trend is observed for 𝑆 . Figure 

3.14 reveals the consequences of magnetic parameter on  ′′    if       
   1 𝑄    1 

    1 𝑃𝑟          1 It is comprehended that  ′′    boosts for the growing values 

of 𝑀 and 𝑆  Figure 3.15 illustrates the impact of heat generation/absorption and 

suction/injection parameter 𝑆 on  ′    with       
   𝑢    1 𝑀    1      1 

𝑃𝑟          1. As 𝑄 increases significantly,   ′    decreases.  

Table 3.1 involves the thermophysical features of hybrid nanofluid, Table 3.2 is 

useful for the characteristics of    𝑂   𝑢 and      Table 3.3 expresses a significant level 

of precision among the values discovered in the existing literature and the values acquired 

in the current investigation. 
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Table 3.3: Estimated values of  ′′    and   ′    in case of variant values of 𝑃𝑟 if 

      
=  Cu    𝑄  𝑀      𝑆     and  1        

 

𝑃𝑟 

Lund et al. (2019) Waini et al. (2020) Asghar et al. (2023b) Current Study 

 ′′      ′     ′′      ′     ′′      ′     ′′      ′    

1.0 4.449203 4.447507 4.449204 4.447507 4.4492038 4.4475074 4.4492037 4.4475072 

1.6 4.540536 7.334577 4.540536 7.334578 4.5405362 7.3345777 4.5405362 7.3345774 

1.8     4.5571615 8.3078434 4.5571615 8.3078433 

2.0 4.570372 9.284828 4.570373 9.284829 4.5703728 9.2848287 4.5703728 9.2848286 

2.2     4.5811138 10.2648426 4.5811138 10.2648425 

2.4 4.590011 11.247347 4.590011 11.247348 4.5900111 11.2473478 4.5900111 11.2473477 

2.8     4.6038793 13.2182324 4.6038793 13.2182324 

3.0     4.6093825 14.2060090 4.6093825 14.2060090 

4.5     4.6346512 21.6444129 4.6346513 21.6444130 

6.2   4.648147 30.107416 4.6481472 30.1074164 4.6481473 30.1074165 

6.5     4.6497747 31.6027444 4.6497747 31.6027444 

7.0     4.6521678 34.0957891 4.6521678 34.0957892 

7.5     4.6542325 36.5897057 4.6542325 36.5897058 

8.0     4.6560319 39.0843414 4.6560319 39.0843415 

9.0     4.6590152 44.0753173 4.6590152 44.0753174 

10     4.6613871 49.0680252 4.6613871 49.0680252 

 

 

Figure 3.2: Variation in velocity profile for S. 
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Figure 3.3: Variation in temperature profile for 𝑄. 

 

Figure 3.4: Variation in velocity profile for  Cu. 
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Figure 3.5: Variation in temperature profile for  Cu. 

 

Figure 3.6: Variation in velocity profile for 𝑀  
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Figure 3.7: Variation in temperature profile in 𝑀  

 

Figure 3.8: Variation in velocity profile for  1. 
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Figure 3.9: Variation in temperature profile for  1. 

 

Figure 3.10: Variation in velocity profile for     
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Figure 3.11: Variation in temperature profile for    

 

Figure 3.12: Skin friction coefficient under the impact of  Cu and 𝑆  
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Figure 3.13: Nusselt number under the impact of  Cu and  𝑆  

 

Figure 3.14: Skin friction coefficient under the impact of 𝑀 and 𝑆  
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Figure 3.15: Nusselt number under the impact of  𝑄 and 𝑆  
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CHAPTER 4 

4 MHD Darcy Forchheimer Flow of Hybrid Nanofluid due to a 

Stretching Sheet in the presence of Thermal Radiation and 

Joule Heating 

4.1 Introduction 

This chapter examines Darcy Forchheimer hybrid nanofluid flow along a stretching 

sheet. The various effects including thermal radiation, Joule heating, viscous dissipation and 

magnetohydrodynamics are accounted. The set of nonlinear partial differential equations 

describes the considered model which are then transformed to the set of ordinary differential 

equations adopting the similarity transformation. A well-known numerical approach bvp4c in 

MATLAB software is used to obtain the study's main findings. These findings are shown 

graphically as velocity and temperature profiles. Additionally, the outcomes of numerous 

parameters on skin friction coefficient and Nusselt Number are also obtained. A comparative 

analysis with the existing published literature has been done to validate the current results. 
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Figure 4.1: Fluid flow system. 

4.2 Mathematical Formulation 

This work involves the two dimensional mixed convection Darcy Forchheimer flow 

of hybrid nanofluid across an exponentially stretching sheet. The hybrid nanofluid is made by 

suspending two nanoparticles alumina     𝑂   and copper   𝑢  in the base fluid water. 

 𝑇𝑤 𝑥  𝑇∞ 𝑥 + 𝑇0 
 𝑥

𝑙  represents the surface temperature, where 𝑇∞ and 𝑇0 are free stream 

temperature and characteristic temperature respectively. The surface velocity is expressed by 

𝑢  𝑢𝑤  𝑈𝑤 
𝑥

𝑙   here 𝑢𝑤 indicates the surface velocity and 𝑈𝑤 is a constant. The magnetic 

field   𝑥   0 
𝑥

 𝑙 is applied orthogonally and   0 shows the magnetic field intensity. The 

importance of Joule heating, viscous dissipation and thermal radiation are also being taken in 

view and is the part of the research. The considered velocity field for the fluid flow is given 

by 𝐕  [𝑢 𝑥 𝑦  𝑣 𝑥 𝑦   ]  The fundamental equations for the assessed flow are the 

continuity equation, momentum equation and heat equation given below. 
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   𝐕     (4.1) 

 𝑕 𝑓[ 𝐕   𝐕]     +  𝑕 𝑓   (4.2) 

(   )𝑕 𝑓
[ 𝐕   𝑇]       +𝑇𝑟   𝐋 + 𝑞   (4.3) 

    𝑔𝑟𝑎𝑑𝑇,     𝑝 +      (4.4) 

In the above Eqs., the symbols  𝑕 𝑓            𝑇   𝑞   (   )𝑕 𝑓
        𝑝         and    

represents the density of hybrid nanofluid, Cauchy stress tensor, body force, temperature of 

the fluid, heat flux, radiation heat flux, heat capacity of the hybrid nanofluid, thermal 

conductivity, hydrostatic pressure, unit tensor, dynamic viscosity and first Rivilin-Erickson 

tensor respectively.  

Using Roseland approximation, the following is obtained  

𝑞  
−4  

   
 
 𝑇4

 𝑦
   (4.5) 

where    and    denotes the absorption coefficient and Stefan-Boltzmann constant 

respectively. 

𝑇4   𝑇∞
 𝑇  3𝑇∞

4  (4.6) 

 Differentiating equation (4.6) we have,  

𝜕𝑇4

𝜕𝑦
  𝑇∞

 𝜕𝑇

𝜕𝑦
   (4.7) 

 Using equation (4.7) in equation (4.5), the following expression is acquired, 

𝑞  
 1   𝑇∞

 

3  
 
𝜕𝑇 

𝜕𝑦
   (4.8) 

After applying boundary layer assumptions and using equation (4.8) in equations (4.1) to 

(4.3), the system of equations takes the form: 

𝑢𝑥+𝑣𝑦     (4.9) 

 

𝑢𝑢𝑥 + 𝑣𝑢𝑦   
 𝑕 𝑓

 𝑕 𝑓
𝑢𝑦𝑦  

 𝑕 𝑓

 𝑕 𝑓
  𝑢+ 𝑕 𝑓 𝑇  𝑇∞ 𝑔   0𝑢

  
𝑣𝑕 𝑓

  
𝑢  (4.10) 

  

𝑢𝑇𝑥 + 𝑣𝑇𝑦  
 𝑕 𝑓

     𝑕 𝑓
𝑇𝑦𝑦 + 

𝑞

(   )𝑕 𝑓

 𝑇  𝑇∞ +
 𝑕 𝑓

     𝑕 𝑓
  𝑢 

 
1

(   )𝑕 𝑓

(
 𝜕𝑞 

𝜕𝑦
* + 

 𝑕 𝑓

(   )𝑕 𝑓

 (
𝜕𝑢

𝜕𝑦
*
 

}  
(4.11) 



48 

 

 The boundary conditions are as follows (Yan et al., 2020) 

𝑣  𝑣𝑤 𝑥     𝑢  𝑢𝑤 𝑥 +  𝑣𝑓(𝑢𝑦)    𝑇  𝑇𝑤 𝑥  𝑇∞ 𝑥 + 𝑇0 
 𝑥

𝑙  at  𝑦   , (4.12) 

𝑢       𝑇  𝑇∞   at   𝑦  ∞. (4.13) 

 In the above Eqs., the symbol  𝑔 shows acceleration due to gravity,  0  
  

√    inertia 

coefficient of the porous media with  𝑏 drag coefficient,     is the porous medium 

permeability,      
−𝑥

 𝑙   is a velocity slip component,    is the first quantity of the velocity 

component, 𝑣𝑓 is the kinematic viscosity and 𝑣𝑤   √
𝑣𝑓𝑈𝑤

  
 

𝑥

 𝑙
 𝑆   where 𝑆 is 

suction/injection parameter. 

The appropriate similarity transformation for the fluid flow is (Yan et al., 2020; Yashkun et 

al., 2021). 

  √ 𝑣𝑓 𝑈𝑤  
𝑥

 𝑙  𝜂        𝜂  
𝑇−𝑇∞

𝑇𝑤−𝑇∞
       𝜂  𝑦√

𝑈𝑤

 𝑣𝑓 
  

𝑥

 𝑙  (4.14) 

 where   is the stream function, the velocities are 𝑢  
  

 𝑦
  𝑣   

  

 𝑥
 after using it, the 

obtained Eqs. are 

𝑢  𝑈𝑤 
𝑥

𝑙   ′ 𝜂      𝑣    𝑦√
𝑈𝑤𝑣𝑓

  
  

𝑥

 𝑙 (  𝜂 + 𝜂 ′ 𝜂    (4.15) 

 Eq. (4.9) is satisfied identically and subsequently using Eqs. (4.12) and (4.13) in Eqs. (4.10) 

and (4.11) the following Eqs. are obtained, 

(

𝜇  𝑓

𝜇𝑓
   𝑓

 𝑓

+ ′′′ +  ′′     1 +  𝑟    ′   (

𝜎  𝑓

𝜎𝑓
   𝑓

 𝑓

+𝑀 ′  (

𝜇  𝑓

𝜇𝑓
   𝑓

 𝑓

+   ′ +

𝛽  𝑓

𝛽𝑓
      , 

(4.16) 

  

 

  
       𝑓

(   )
𝑓

 [ 
   𝑓

 𝑓
+

4

 
𝑅]   ′′ +  ′     ′ +

 
       𝑓

(   )
𝑓

𝑄 +
𝐸𝑐

       𝑓

(   )
𝑓

 [
   𝑓

 𝑓
  ′′  +

   𝑓

 𝑓
𝑀  ′  ]   }. 

(4.17) 

 The boundary conditions are specified as 

     𝑆         ′    1 +   ′′                 1  (4.18) 

      ′ 𝜂           𝜂          as      𝜂  ∞. (4.19) 
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Here  𝑀  
    

  𝑓

𝑈𝑤  𝑓
  shows magnetic parameter,    

𝛽𝑓 𝑇  

𝑈𝑤
 𝑔  is the mixed convection 

parameter, 𝑄  
   

𝑈𝑤  𝑐  𝑓
 is the heat generation/absorption parameter,     √

𝑣𝑓𝑈𝑤

  
 denotes 

velocity slip parameter, Prandtl number is given by 𝑃𝑟  
  𝑐  𝑓

 𝑓
,  𝑟  

   

√    is the Forchheimer 

number, 𝑅  
4  𝑇∞

 

 𝑓  
 is the thermal radiation parameter,    

𝑈𝑤
 

𝑇  𝑐  𝑓
 the Eckert number and 

  
  𝑣𝑓

  𝑈𝑤
 is the porosity parameter. 

The skin friction coefficient  𝑓 and local Nusselt number 𝑁𝑢𝑥 are described as 

 𝑓  
   𝑓

 𝑓𝑢𝑤
  𝑢𝑦 𝑦=0        𝑁𝑢𝑥  

  

 𝑓 𝑇𝑤−𝑇∞ 
[  𝑕 𝑓(𝑇𝑦)𝑦=0

+  𝑞  𝑦=0]  (4.20) 

 The form of skin friction and reduced Nusselt number are, 

(𝑅  
 

  𝑓  
   𝑓

 𝑓
 ′′           𝑅  −

 

 𝑁𝑢𝑥    [
   𝑓

 𝑓
+

4𝑅

 
]  ′     (4.21) 

 where 𝑅  
 𝑢𝑤 

 𝑓
 is known as local Reynolds number.  

 

Table 4.1: Thermophysical features of the relevant hybrid nanofluid. 

(Yashkun et al., 2021). 

Names Characteristics  

Heat capacity      𝑕 𝑓  (1   𝑢 [(1       
       𝑓+      

(          
] +

  𝑢      𝑢 

Thermal expansion 

coefficient 
 𝑕 𝑓  (1   𝑢  [(1       

    𝑓 +      
(       

] +   𝑢    𝑢 

Density  𝑕 𝑓  (1   𝑢  [(1       
    𝑓 +      

(       
] +   𝑢    𝑢 

Electrical Conductivity 
 𝑕 𝑓  

  𝑢 +    𝑓     𝑢   𝑓    𝑢 

  𝑢 +    𝑓 +   𝑢   𝑓    𝑢 
  𝑓 

  𝑓  
      

+   𝑓         
  𝑓        

 

      
+   𝑓 +       

  𝑓        
 

 𝑓 

Thermal 

conductivity  𝑕 𝑓  
  𝑢 +    𝑓     𝑢   𝑓    𝑢 

  𝑢 +    𝑓 +   𝑢   𝑓    𝑢 
  𝑓 

  𝑓  
      

+   𝑓         
  𝑓        

 

      
+   𝑓 +       

  𝑓        
 

 𝑓 

Dynamic Viscosity  𝑕 𝑓  
 𝑓

 1    𝑢 
    1        

    
 

 

 

 



50 

 

Table 4.2: Thermophysical features of nanoparticles and water. 

 (Waini et al., 2020). 

Properties Alumina Copper Water 

k(W/m K) 40 400 0.613 

  (J/kg K) 765 385 4179 

  1 − (1/K) 0.85 1.67 21 

 (S/m) 3.69  1   5.96  1   0.05 

  kg/    3970 8933 997.1 

  

4.3 Numerical Simulations 

In the fluid flow problems involving population dynamics, heat transfer, chemical 

reactor design and many other fields where constraints are placed at the boundary, the 

differential equations generally govern the behavior of a system. These differential equations 

can be solved in MATLAB numerically by bvp4c technique. This approach starts its 

methodology by solving differential equations of the first order. For the considered flow 

model, the first order form of the differential equations required for the execution of the 

method is mentioned as follows: 

  𝑦 1      ′  𝑦        ′′  𝑦 3      ′′′  𝑦     (4.22) 

 𝑦    (

   𝑓

 𝑓
𝜇  𝑓

𝜇𝑓

+ [  1 +  𝑟  𝑦      𝑦 3 𝑦 1 + (

𝜎  𝑓

𝜎𝑓
   𝑓

 𝑓

+𝑀𝑦   +

(

𝜇  𝑓

𝜇𝑓
   𝑓

 𝑓

+  𝑦    
𝛽  𝑓

𝛽𝑓
   𝑦    ] }, 

(4.23) 

  𝑦     ′  𝑦        ′′  𝑦     (4.24) 
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𝑦    𝑃𝑟

     𝑕 𝑓

(   )𝑓

(
 𝑕 𝑓

 𝑓
+

 𝑅
3 *

[
 
 
 
 

 𝑦   𝑦    𝑦   𝑦 1  
1

     𝑕 𝑓

(   )𝑓

𝑄𝑦   

 
  

     𝑕 𝑓

(   )𝑓

{
 𝑕 𝑓

 𝑓
 𝑦 3   +

 𝑕 𝑓

 𝑓
𝑀 𝑦     }

]
 
 
 
 

  

(4.25) 

and the boundary conditions are, 

𝑦𝑎 1  𝑆 𝑦𝑎    1   𝑦𝑎 3  𝑦𝑎    1 𝑦𝑏    𝑦𝑏   . (4.26) 

4.4  Graphical Analysis and Discussion 

The analysis of the Darcy Forchheimer hybrid nanofluid flow is performed in this 

chapter. The flow is subjected to exponentially stretching surface. The crucial effects of 

thermal radiation, MHD, Joule heating and viscous dissipation are a part of this investigation. 

Bvp4c methodology in MATLAB software is used to conclude the results. The velocity 

profile, temperature profile, Nusselt number and skin friction coefficient for various 

parameters are depicted graphically. Figure 4.2 shows the impact of solid volume fraction of 

copper   𝑢 on the velocity profile and decreasing behavior of velocity profile for the 

variation in the values of   𝑢 is observed through this figure. Figure 4.3 portrays the effect of 

  𝑢 on the temperature profile and the tempeature profile rises by the increase of   𝑢. 

Physically the higher volume percentage rises the temperature in the boundary layer due to 

which the additional heat in the form of energy is produced. When the volume fraction of 

copper enlarges, base fluid’s  thermal characteristics and thus its temerature increses. Figure 

4.4 demonstrates the effect of magnetic parameter 𝑀 on the velocity profile and the 

decreasing behavior of velocity profile is noted for the different values of 𝑀. If the magnetic 

field is directed over a flow field, the Lorentz force is generated. This force is strong enough 

to slow down the fluid's flow and drag it along. As a result, with the momentum layer 

thickness, fluid flow velocity decreases. Figure 4.5 indicates the influence of magnetic 

parameter on the temperature profile and temperature profile upsurges under the various 
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values of magnetic parameter. Physically, the continuous enhancement of 𝑀 increases 

frictional drag force by producing the Lorentz Force, a force that opposes the hybrid 

nanofluid flow. Figure 4.6 reveals the change in velocity profile due to mixed convection 

parameter    and it indicates that the velocity profile tends to rise for the several values of   . 

It is due to that fact that the faster rate of mixed convection causes the temperature difference 

between the fluid and the area around the surface through which the fluid flows. Figure 4.7 

represents the temperature profile declines under the impact of mixed convection parameter 

   because of the difference of the temperature among the vicinity surface and the fluid. 

Figure 4.8 displays the velocity slip parameter   effect on velocity profile and it shows the 

decreasing behavior of velocity profile for velocity slip parameter  . Since there is a 

substantial decrease in surface skin friction between the stretching sheet and the sliding fluid. 

Because of the fact that the some of the pulling force of the stretching sheet cannot be 

transferred to the fluid. Consequently, the velocity of the fluid become lower whenever   gets 

higher at the boundary layer. Figure 4.9 demonstrates the decay of the velocity profile caused 

by porosity parameter  . The permeability of the fluid flow rises by the Darcy number and 

consequently the fluid velocity rises. As the Darcian drag force and the porosity parameter are 

inversely proportional to each other. The permeability enhancement causes the fluids inside 

particles resistence to increase which leads to the decay of velocity profile. Figure 4.10 

displys that the temperature distribution upsurges for the variaton in the values of porosity 

parameter  . Larger values of   are employed to evaluate the temperature field's 

intensification. The porous medium increases the resistence of the fluid flow that creates 

more temperature and thermal layer thickens. Figure 4.11 displays the velocity profile 

declines for the higher Forchheimer parameter  𝑟  The augmentation in  𝑟 yields inertia drag 

that is a barrier for velocity profile and thus it decreases. Figure 4.12 clearly represents 

augmentation in the temperature profile because the increment in  𝑟 causes increase in the 

thermal layer thickness. Figure 4.13 illustrates that the temperature profile boost by arising 

the values of thermal radiation parameter 𝑅  Since thermal radiation parameter 𝑅 reduces the 

temperature gradient on the surface of the sheet and the huge amount of the energy generated 

in the system thus it augments temperature profile. Figure 4.14 depicts the Eckert number 

influence on velocity profile and it shows the  velocity profile declines under the impact of  

Eckert number     Figure 4.15 describes temperature profile boosts due to     Physically the 

internal energy enhances due the increase in the Eckert number. Since    is associated with 

enthalpy and kinetic energy as a result temperature profile upsurges. Therefore, by converting 



53 

 

kinetic energy to internal energy, it lowers the stress associated with viscous fluid. Figures 

4.16 shows the increasing behavior of heat generation/absorption parameter 𝑄  Physically 

thickness of the boundary layer reduces and temperature gradient increases when  𝑄 >  .  

Figure 4.17 shows  ′′    decreases under the influence of   𝑢 against the suction 

parameter 𝑆 with 𝜑     
   1 𝑄    1 𝑀      1     1 𝑃𝑟       𝑟    3 

      𝑅    3 and       . Figure 4.18 expresses  ′    declines for the different values 

of   𝑢 if 𝜑     
   1 𝑄    1 𝑀      1     1 𝑃𝑟       𝑟    3       

𝑅    3        but the opposite trend is seen for 𝑆  Figure 4.19 portrays the reducing 

behavior of  ′′    obtained by varying 𝑀 and   𝑢 at the fixed values       
   1  𝑟  

  3 𝑄    1 𝑃𝑟           1     1 𝑆  1         𝑅    3         Figure 

4.20 illustrates that the heat transfer decreases for the fixed values       
   1 𝑅    3 

𝑄    1 𝑃𝑟           1     1 𝑆  1         𝑅    3        by varying 

several values of   𝑢 and 𝑀. Figure 4.21 depicts decreasing trend of skin friction by varying 

  𝑢  and   for the values       
   1  𝑟    3 𝑄    1 𝑃𝑟      𝑀    1     1 

𝑆  1       1        𝑅    3. Figure 4.22 describes the decreasing behavior of heat 

transfer for the values of   𝑢 and   if       
   1  𝑟    3 𝑄    1 𝑃𝑟      𝑀  

  1     1 𝑆  1     1        𝑅    3. Figure 4.23 portrays that  ′′    drops 

by varying   𝑢 and  𝑟 at       
   1 𝑃𝑟      𝑄    1       𝑀    1     1 

𝑆    8     1       𝑅    3       . Figure 4.24 indicates that  ′    decreases 

with the increasing values of    𝑢 and  𝑟 if       
   1 𝑃𝑟      𝑄    1       

𝑀    1     1 𝑆    8     1       𝑅    3       . It is noted from figure 

4.25 that  ′′    declines for the values       
   1     1 𝑄    1 𝑆  1 𝑀    1 

𝑃𝑟          1     1  𝑟    3      3  by varying   𝑢 and  𝑅  Figure 4.26 

spectacles  ′    decreases for the different values of   𝑢 against  𝑅  if       
   1    

 1 𝑄    1 𝑆  1 𝑀    1 𝑃𝑟          1     1  𝑟    3      3. Figure 

4.27 demonstrates that the skin friction lowers at       
   1 𝑃𝑟      𝑄    1 𝑀  

  1      1 𝑆  1     1           𝑟    3 𝑅    3 for the increasing values of    

and   𝑢. Figure 4.28 depicts the decreasing conduct of heat transmission at       
   1 

𝑃𝑟      𝑄    1 𝑀    1      1 𝑆  1     1           𝑟    3 𝑅    3  for 

the increasing values of   𝑢 against   . 
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Table 4.1 and Table 4.2 lists the thermophysical traits of hybrid nanofluid and the 

nanoparticles with the base fluid respectively. The Table 4.3 illustrates notable accuracy 

between the values calculated in this research and the research conducted earlier. 

Table 4.3: Estimated values of  ′′    and   ′    in case of variant values of 𝑆 if       
= 

 Cu= 1=𝑅   𝑟      𝑄  𝑀       and 𝑃𝑟       

 

𝑆 

Magyari 

and Keller 

(1999)  

Elbashbeshy 

(2001) 

Waini et al. (2020) Manigandan and 

Satya (2024) 

Current study 

 ′′     ′′     ′′      ′     ′′      ′     ′′      ′    

   1  818 8  1  8181  1  8181      11  1  818      11  1  8181        1 3  

      1 3 88   1 3 88        3  1 3 8           1 3 88          31  

      1   8    1   8        8   1   8       8   1   8   3      8    

1    1 8  83    3 1   1 8  8    3 1   1 8  83      3 1    

1 3              8 1   1  83  

1            3831  11         

1          3    1  1     3    

            81   1   3  3   

  3        83  1   1     33   

         3    8    1      83  

2.8      3    38   18    338  
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Figure 4.2: Variation in velocity profile for  Cu. 

 

Figure 4.3: Variation in temperature profile for   Cu. 



56 

 

 

Figure 4.4: Variation in velocity profile for 𝑀  

 

Figure 4.5: Variation in temperature profile for 𝑀  
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Figure 4.6: Variation in velocity profile for   1. 

 

Figure 4.7: Variation in temperature profile for  1. 
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Figure 4.8: Variation in velocity for    

 

Figure 4.9: Variation in velocity profile for    
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Figure 4.10: Variation in temperature profile for    

 

Figure 4.11: Variation in velocity for  𝑟  
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Figure 4.12: Variation in temperature profile for   𝑟  

 

Figure 4.13: Variation in temperature profile for 𝑅  
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Figure 4.14: Variation in velocity profile for     

 

Figure 4.15: Variation in temperature profile for     
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Figure 4.16: Variation in temperature profile for 𝑄  

 

Figure 4.17: Skin friction coefficient under the impact of  Cu and  𝑆. 
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Figure 4.18: Nusselt number under the impact of  Cu and  𝑆  

 

Figure 4.19: Skin friction coefficient under the impact of  Cu and  𝑀  
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Figure 4.20: Nusselt number under the impact of  Cu and 𝑀  

 

Figure 4.21: Skin friction coefficient under the impact of  Cu and     
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Figure 4.22: Nusselt number under the impact of  Cu and     

 

Figure 4.23: Skin friction coefficient under the impact of  Cu and  𝑟  
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Figure 4.24: Nusselt number under the impact of  Cu and   𝑟  

 

Figure 4.25: Skin friction coefficient under the impact of  Cu and  𝑅  
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Figure 4.26: Nusselt number under the impact of  Cu and  𝑅  

 

Figure 4.27: Skin friction coefficient under the impact of  Cu and      
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Figure 4.28: Nusselt number under the impact of  Cu and      
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CHAPTER 5 

5 Conclusion and Future work 

5.1 Conclusion Remarks 

In this research, thermally radiative Darcy Forchheimer flow of hybrid nanofluid was 

examined in relation to magnetohydrodynamics. Moreover influential effects like mixed 

convection, Joule heating and viscous dissipation are studied. The system of equations for the 

behavior of the fluid flow is presented in the terms of a system of nonlinear partial 

differential equations that are further transformed into a system of ordinary differential 

equations. The numerical results for the considered flow are computed by implementing 

bvp4c solver in MATLAB software. The results obtained are also verified by comparing the 

current outcomes with already existing data available in the literature. The graphical fallouts 

are used to illustrate the influence of several parameters on temperature profile, Nusselt 

number, velocity profile and skin friction coefficient. The velocity profile improves by 

increasing the values of mixed convection parameter     The velocity profile falls off by 

increasing values of porosity parameter  , magnetic parameter 𝑀, velocity slip parameter   

and Forchheimer number  𝑟  reduces. The temperature profile rises by the augmentation in 

the values of porosity parameter  , Forchheimer number  𝑟, radiation parameter 𝑅, Eckert 

number    and heat generation absorption parameter 𝑄, while the temperature profile drops 

as mixed convection parameter    escalates. The skin friction coefficient and Nusselt number 

are thoroughly investigated in order to acquire a better understanding of the rate of heat 

transfer and the friction drag. The skin friction coefficient declines by increasing solid 

volume fraction   𝑢, magnetic parameter 𝑀, Eckert number   , porosity parameter   and 

Forchheimer number  𝑟. The Nusselt number reduces as solid volume fraction   𝑢, Eckert 
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number   , porosity parameter  , Forchheimer number  𝑟 and radiation parameter 𝑅 

increase. The numerical study yields the interesting results helpful for the use of hybrid 

nanofluids in various fields.  

5.2 Future Work 

In this investigation, MHD Darcy Forchheimer flow of the considered hybrid 

nanofluid has been analyzed in the existence of thermal radiation, Joule heating and viscous 

dissipation. However, there exists a space for further modifications in current work to address 

other concerns. The following are the some interesting possibilities that can be unfolded in 

future. 

 The study of Cattaneo-Christov heat flux model for MHD stagnation point 

Darcy Forchheimer flow of ternary hybrid nanofluids with variable viscosity. 

 The analysis of mixed convective Darcy Forchheimer flow of viscoelastic 

fluids with viscous dissipation and melting heat transfer. 

 The assessment of mixed convective radiative Darcy Forchheimer flow of 

ternary hybrid nanofluid past a curved stretched surface. 

 Numerical investigation of hybrid nanofluid with activation energy, variable 

viscosity and non-uniform heat generation/absorption over a porous shrinking 

surface. 
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