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ABSTRACT

Title: On Certain New Subclass of Bi-Univalent Functions using Quasi Subordination and
q-Derivative

This research work aims to establish and determine the new subclasses of bi-univalent functions.
The ideas of quantum calculus will be applied to examine the g-extensions of previously defined
classes of bi-univalent functions. We investigate the bounds of initial coefficients of subclasses of
g-bi univalent functions by employing quasi-subordination. Also, we analyze the upper bounds
of the initial coefficients, Fekete-Szego inequality, and upper bound of second order Hankel
determinant of a subclass of bi-starlike functions by employing the g-Salagean operator. It will
be indicated that the newly defined results of this research are refined and advanced compared to
previous results proved by various researchers in this field. Corollaries of new estimated results
will also be shown in this thesis which shows the relation between previously derived and newly

estimated results.
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CHAPTER 1

INTRODUCTION AND LITERATURE REVIEW

1.1 Overview

This chapter offers a thorough introduction and literature review of the framework of Geometric
Function Theory. It covers the classes and their respective subclasses of analytic, univalent,
and bi-univalent functions. It provides the basic details about Quasi-subordination and Hankel

determinants. This chapter also provides a brief discussion of quantum calculus.

1.2 Riemann Mapping Theorem

Riemann provides essential support within the discipline of complex analysis. He built a
geometric framework by using Cauchy-Riemann equations and conformal mappings. His
quality of work opened the doors for a new field of study of the mathematics of complex-
valued functions known as Geometric Function Theory. This field of mathematics relates the
mathematical concepts of complex analysis with geometry and analyzes structural behavior in
analytic functions. Various researchers have provided many important results about geometric
functions. Still, this is one of the most active fields in the current research. One of the most
important and basic results is the Riemann mapping theorem. Riemann gave this result in 1981

[1]. This theorem describes that on the complex plane, most simply connected domains (other



than the complete complex plane) can be conformally mapped (analytic and one-to-one) upon

the open unit disk.

1.3 Analytic Function and Univalent Function

In 1907, Koebe [2] brings the advancements in the work of Riemann. He discovered that analytic
and univalent functions completely utilized Riemann’s theorem in simply connected domains.
A function is analytic in a domain if its derivative takes place at every point of the domain,
and a function is analytic at a point if its derivative takes place at that point and also in the

neighborhood of that point. These functions have a series representation form as given:
f(s)=s+) as, (1.1)
1=2

and if a function (1.1) takes a value zero at the origin, that is f(0) = 0 and if the derivative of
the function has value 1 at the origin, that is f/(0) = 1. Then function ‘f” is considered to be
normalized. So, it can be stated that if a function having form (1.1) is analytic and normalized
then function ‘f” is considered to be in class A. And, if an analytic, and normalized function is
also injective(one-to-one) in an open unit disk(V') then the function is considered to be in class
S. Functions in class S are known as univalent or schlicht functions ([3, 4, 5]). A Function is
univalent in a domain if different values in the domain provide different values of the range, and
a function is univalent at a point if it is univalent at that point and at the neighborhood of that
point. The condition f’(s() # 0 shows that analytic function f is univalent at a point s¢g. Also,
many researchers provide different conditions through which we can examine whether a function
is univalent or not in a domain. The most important theorem given by Noshiro and Warchawski
is that if the derivative of an analytic function is positive in V' then the function is univalent. Class
S has many subclasses. Most popular are starlike, convex, quasi-convex, and close-to-convex
functions. In 1916, Bieberbach [6] provided an estimate for coefficients of functions of class S.
Thatis, |oy| <t, Vi >2.

This conjecture became a challenge for many mathematicians for many years, and finally, in
1985, de-branges solved it (see [7]). The Koebe function K(s) has a very essential role in the
class S because of its extremal nature. These subclasses of § whose have the factor that real parts

are positive provide the presence of the series form



p(s):1+nls+nzsz+ngs3—|—... (1.2)

satisfies p(0) = 1 and Re(p(s)) > O (positive real parts). A function is considered in the class P if
it has the property of positivity of real parts. Such functions are named as Caratheodory functions.
Specifically, f € P if and only if f € A, f(0) = 1 and Ref(s)>0 for |s| < 1. The function ‘p’
may be expressed as a function subordinate to Mobius function L,(s) = if—: Mobius function
assumes the best possible property for such functions. The coefficient estimate for this class is

|n/| <2.Fort=1,2,3...,

1.4 Bi-Univalent Function

As stated by Koebe one- quarter theorem, f~! is defined in some disk consisting of the disk
|w|<1/4. In some cases, this inverse function is expanded to the entire unit disk. That shows
f~!is also univalent. If  and f~! both are univalent in an open unit disk(V’) then such functions
are considered to be bi-univalent. Many recent investigations give a brief study of bi-univalent
functions ( see, [8, 9, 10]).

The study of bi-univalent functions is considered important in Geometric function theory
because of its relation with the univalent functions. These functions are a subclass of univalent
functions that consider both function and its inverse. As these functions are the extension of
univalent functions, therefore they are very significant in the study of Geometric Function Theory.
Applications of bi-univalent functions in geometric function theory are in modeling geometric
transformations, coefficient estimation, generalization of classical results, and approximation the-
ory, etc. Recently, the analysis of bi-univalent functions has captured the attention of researchers.
Specifically, through the work of Srivastava ( for example, [11, 12, 13]). Since then, many
other researchers have given their ideas which have contributed to many other developments in
this field of mathematics. Specifically, researchers have determined many findings about the
estimates of the coefficients, especially the initial coefficients, for different categories and types
of bi-univalent functions (for example, [14, 15, 16]).

In 1967, Lewin [17] gave the idea of bi-univalent functions and proved the second coefficient
estimate for these functions, that is |0p|<1.51. In the same year, Brannan and Clunie [18]
obtained estimate for bi-univalent functions is || </2 . Later, Netanyahu [19] showed that

max rcy ]Ot2|=%.Kedzierawski [20] verified the Brannan and Clunie postulate for bi-starlike



functions in 1985. In the same year, Tan [21] find coefficient bound |0 | <1.485, which is
known as best result for functions in class V. In 1986, Brannan and Taha [22] presented the
subclasses of bi-univalent functions known as “bi-starlike function of order f” and “bi-convex
function of order B and attained evaluation on the primary coefficients. Recently, Deniz [23] and
Kumar [24] enhanced and expanded the work of Brannan and Taha by applying the technique of
subordination among analytic functions. In 2010, Srivastava et al. [25] presented new subclasses
of “bi-univalent functions” and find the results of initial coefficient estimates. The challenge of

evaluating the coefficients of bi-univalent functions is still open.

1.5 Quasi-Subordination

In 1909, Lindelof [26] provide the concept of subordination. Afterward, advancements were
made by Littlewood and Rogosinski [27]. The subordination technique is provided by employing
the Schwarz function. This is known as unit bound function. In 1970, Robertson [28] unveiled
the concept of quasi-subordination and majorization. The idea of quasi-subordination can be
described as a function f(s) is quasi-subordinate to another function g(s), if there are two
analytic functions ((s) and F(s) such that for |s| < 1, exists [u(s)| < 1 and |[F(s)| < 1./ f(s)’
is quasi-subordinate to 'g(s)’ can be documented as f (s) <qg (s), which is equivalent to f (s) =
i (s)g(F (s)). And a function’f(s)’ is majorized by 'g(s)’ if there exist a function u(s) <1,
and F(s) = 1. For u(s) = 1, the quasi-subordination becomes ordinary subordination. Quasi-
subordination is the advancement of subordination and majorization. Quasi-subordination gives
more flexibility by introducing inequalities and can be more useful when ordinary subordination
gives too strict results or does not satisfy. This concept is used for growth and distortion
properties, and for generalizations of results obtained by ordinary subordination.

In 1994, Ma and Minda [29] introduced the classes of starlike functions (S* (h)) and convex
functions(C(h)) by using the concept of ordinary subordination. Later in 2012, Haji Mohd et
al. [30] defined many classes using quasi-subordination, and obtained their initial coefficient
estimates and Fekete-Szego inequality. Out of those classes they defined S (h) and C, (h) known
as Ma-Minda starlike class and Ma-Minda convex class respectively defined in the form of
quasi-subordination. In the past few years, many scholars have been working on the classes of

bi-univalent functions applying quasi-subordination. Most of them find the initial coefficients



estimates of class A (e.g. [31, 32, 33]).

1.6 Hankel Determinant

The Hankel determinant is a unique determinant of a matrix in which the components are
placed in a Hankel pattern, which suggests that the components of the matrix are arranged in a
structure that the values of each diagonal are constant. To examine the Fibonacci sequence or
the Locas sequence Hankel determinants are usually used. It can be implemented to investigate
the generating function of the sequence and its characteristics as the sequence grows. Hankel
determinants are effective for expressing that a function with bounded qualities in V, particularly,
a function that can be shown as the ratio of two bounded analytic functions, with having Laurent
series about the origin possessing integral coefficients is rational [34]. In 1966, the nth Hankel

determinant for n > 1 and ¢ > 0 is pointed out by Pommerenke [35] (see also, [36]) as

o Oyl Ogq2 e O 4n—1
1 Oyy2 043 e O +tn
Hy, (t) =
O n+1
Otn—1 Opyn Ogipt1 - O42n—2

For distinct values of ‘n’ and ‘t” in the general form of Hankel determinant there are many
different orders of Hankel determinants and their values depend upon coefficients of required
univalent function. Pommerenke [37] analyzed the growth rate of Hankel determinant H, (¢)
as t — oo of p-valent functions, univalent functions, and starlike functions (see also, [35]).
Hankel determinant is helpful and observed by several authors [38]. Many characteristics of
these determinants can be seen in [39]. The first order Hankel determinant H; (1) = oz —
(x22 is the famous Fekete-Szego functional for values of n =2 and r = 1. The second order
Hankel determinant is H, (2) = ap 04 — 0632. For the different subclasses of univalent functions,
the first two orders of determinants are broadly examined by many authors (For example,

[40, 41, 42, 43, 44]). For more study and work on this determinant, see ([45, 46, 47, 48]).



1.7 Quantum Calculus

Leonhard Euler(1707-1783) and Carl Gustav Jacobi(1804-1851) set the roots of quantum calculus
or named g-calculus. But later in 1905, g-calculus gained attention by the paper of Albert
Einstein which shows its applicability in quantum mechanics. In the years 1908 to 1910, Jackson
(see, [49, 50]) gives a deep understanding of g-calculus. Later, the exploration of quantum
groups shows the geometrical analysis of g-calculus. Quantum calculus is widely used in many
branches of physics and mathematics including combinatorics, fractional calculus, orthogonal
polynomials, calculus of variations, relativity, basic hypergeometric functions g-difference and
g-integral equations, optimal control problems, and g-transform analysis. In traditional calculus
concept of limits is applied to obtain the results of the functions, while in g- calculus there
is no need for limits. In simpler words, g-calculus is the calculus without the impression of
limits. q —operators are like modified versions of traditional calculus tools(like derivatives
and integrals). g-calculus is the concept of calculus where smoothness is not needed. They
include a parameter “q” and are used to handle discrete situations. The parameter “q” is a
mathematical variable that introduces a level of deformation or magnification to traditional
calculus operations. The g-derivative act is just like the difference quotient and g-integral as a
sum in g-calculus. Some basic g-functions are g-exponential functions, g-trigonometric functions,
g-logarithmic functions etc. In [51], Gasper and Rahman provide detailed explanations and
applications of g-calculus in different fields like physics, combinatorics, and number theory.
In 1990, Ismail et al. [52] gave the g-extension of starlike functions. This exploration allows
access to further study of g-calculus in Geometric Function Theory. Srivastava [53] provides the
basic concepts and practical applications of g-derivative operators in association with geometric
function theory. Aldweby et al. [54] created g-analogs for numerous operations linked with
the convolution of analytic functions. In [55], they provide the more advanced subfamilies of
g-starlike functions using Janowski functions. The g-calculus gained a lot of attention from
scholars as can be seen in numerous articles (see, [56, 57, 58, 59, 60, 61, 62, 63]). The idea of
g-bi univalent functions is useful for many properties of analytic functions. The g-bi univalent
functions are important and useful in real-world mathematics like in robotics, computational
geometry, computer-aided design(CAD), Quantum physics, Quantum mechanics, signal and
image processing, cryptography, control theory, discrete dynamical systems, relativity, and many

other fields of sciences. In our study, we focus on subclasses of bi-univalent functions linked



with g-analog applying Quasi subordination and we also explore the subclass of g-bi starlike

function applying g-Salagean operator.

1.8 Preface

The purpose of this thesis is to characterize some sub-classes of bi-univalent functions
through the implementation of the concepts of quasi-subordination and the Salagean operator. A
summary of each chapter of this thesis is presented as follows:

In Chapter 2, basic ideas and concepts of Geometric Function Theory are briefly explained.
It explains the structures of different domains and their mappings. It provides a clear explanation
of analytic and univalent functions and their related important subclasses. It also includes
concepts of bi-univalent function and quasi-subordination and their fundamental subclasses.
This chapter has all the different operators that we used in our research work. A summary of
g-calculus is also discussed. At the end, important preliminary lemmas are provided. This
chapter does not contain new discoveries, it has only well-established basic concepts of this area
of study.

In Chapter 3 the subclasses of bi-univalent functions are provided. These subclasses involve
the quasi-subordination. The initial coefficients estimate of these classes are investigated. A key
element to note is that review work is properly referenced.

In Chapter 4 new subclasses in the field of g-calculus are designated as g-bi univalent
functions using quasi-subordination. The initial bounds of coefficients are analyzed. This chapter
shows corollaries which tells that our new advanced results are aligned with previous findings.

In Chapter 5 the subclass of bi-starlike functions is defined and analyzed which involves the
Salagean operator. For this class of bi-univalent functions, the upper bounds of initial coefficients,
Fekete-Szego inequality, and upper bound for second-order Hankel determinant are examined. A
key element to note is that review work is properly referenced.

In Chapter 6 new subclass in the area of g-calculus are presented as g-bi starlike functions
using the g-Salagean operator. For this class of g-bi starlike function, upper bounds of initial
coefficients, Fekete-Szego inequality, and upper bound for second order Hankel determinant
are analyzed. This chapter contains corollaries which show that our new advanced results are

aligned with previous findings.



In Chapter 7 conclusion of the thesis is presented.



CHAPTER 2

DEFINITIONS AND PRELIMINARY CONCEPTS

2.1 Overview

This chapter is dedicated to providing the thorough study of normalized analytic univalent
functions and bi-univalent functions along with certain remarkable functions, linear operators,
and related lemmas. The chapter also introduces the basics of g-calculus, creating a detailed

setup for the later analysis.

2.2 Topology of Domains and Mapping Theorem

The analysis of shapes or domains of analytic functions and their related properties in a complex
plane is considered as the geometry of geometric functions. Here we discuss the structures of

different types of domains and theorem about their conformal mapping.

Definition 2.2.1. [/] Let
E(so,r)={|s—so|<rseC}
is the neighbourhood of point sq, having r > 0 and sq € C.
In geometric function theory, a domain of any function can be described as a set that is
non-empty, open, and connected set. This shows that any open connected set in geometric

function theory is known as the domain of the geometric function. This implies that the domain
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is a set that cannot be divided into two disjoint sets and every point in a set has a neighborhood

that should lie entirely within the set.

Definition 2.2.2. [1, 3] The open unit disk is an open connected set that has an origin of 0 and a

radius less than 1. Mathematically, the open unit disk can be stated as
V={s|<1l,seC}

Here 'V’ represents the open unit disk, s is the complex number and C is the set of complex

numbers.

Any connected domain that is conformally equivalent to an open unit disk is referred to as a
simply connected domain. Geometrically, it can be interpreted as a simply connected domain is

a region that has no holes.

Definition 2.2.3. [64, 65] A simply connected region(U ) which is not a complex plane having a
point'w' such that for a unique analytic function f(s) on U exists f (w) =0, f'(w) > 0, and func-
tion f(s) conformally mapped the simply connected region(U ) to open unit disk({|s| < 1, s € C })
which have center 0 and radius 1. Like through Mobius transformation upper half plane
({Im(h) >0, h € C}) to open unit disk ({|s| <1,s€C}).

_i(1+s) h—i

h = .
’Sh+i

1—s
This theorem is the basic concept for understanding the field of Geometric Function Theory

known as Riemann’s mapping theorem.

2.3 Analytic Functions

Analytic functions are the base of this area of study. These functions have interesting properties

because analytic functions show a strong relation between analysis and geometry.

Definition 2.3.1. [66, 67] A function is described as differentiable in its domain if its derivative

at each point of a domain exists. A complex derivative at so # s € U (open set) is shown as

(6) — tim 8) =0

s—so S — SO
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Definition 2.3.2. [65] In geometric function theory, a convergent power series representation is

as follows
f(s)=) a(s—s0),
t=0

where s is the center, 0y is the complex coefficients and s is the complex variable.

Definition 2.3.3. [68, 69] An analytic function or holomorphic function is a function differen-
tiable at every point in its domain and has a power series of the following form
fs)=s+) as', seV.
1=2
Locally, analytic functions maintain angles and shapes except at singular points where the

derivative of the function does not exist.

Definition 2.3.4. /3, 69] If f(0) = 0 and f' (0) = 1, then function is referred as normalized.

Functions that are analytic and normalized are considered to be in the class A.

2.4 Univalent Functions

The class univalent functions is the subclass of analytic functions. Univalent functions bring
new turns in the field of Geometric Function Theory. In the complex plane, univalent functions
enable the researchers to study the mappings of domains. These functions are useful for different
distortion, covering, and growth theorems. These functions are also helpful in fields like complex
dynamics, fluid mechanics, and potential theory. Univalent functions are useful not only in

theoretical concepts but also in practical areas like engineering, physics, and computer graphics.

Definition 2.4.1. [69] If one value of the domain of a function maps to one value from the
range then the function is considered to be injective or one-to-one. That can be expressed
mathematically as

For

Implies that
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So, it can also be expressed as the function that does not occupy the same value twice is

one-to-one.

Definition 2.4.2. [70, 71] Univalent functions are normalized analytic functions which are also
injective. The class that contains these types of functions is called class S. The sharp coefficient
bound for the functions of class S is |oy| <t, (t=2,3,4,...). where equality holds for the

Koebe function.

Koebe function is one of the most popular example of the univalent functions. This function and
its rotations are the only extremal functions in the class S, whose geometry shows the mapping of
an open unit disk to a complex plane except for a portion from —JT to —oo on the negative x-axis.

Mathematically, the Koebe function can be shown as

K(s)= ° =) s, seV.
(1—s) =1

2.5 Functions with Positive Real Parts

The functions that have positive real parts are from the class P. Many subclasses from class S

are introduced based on the concept of class P. Here we discuss the basic concepts of this class.

Definition 2.5.1. /3, 69] The functions p with positive real parts are the subclass of normalized
analytic functions, having normalization conditions of Re(p (s)) > 0 and p (0) = 1. Mathemati-

cally, this function can be represented as
p(s)=1+) ns', seV.
=1

These functions are also named as Caratheodory functions. The class in which these functions

belong is considered to be class P.

The most popular example of class P is the Mobius function. This shows the extremal behavior,
but in class P Mobius function is not the only function that shows extremal nature. Geometrically,
the Mobius function maps the open unit disk to the positive half-plane. Mathematically, the

Mobius function can be shown as

1 o0
M(s)::::HzZsﬁ
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Sharp coefficient bound for functions of class P is |n,| <2, (t =1,2,3,...), where equality
holds for Mobius function. The functions of class P show the behavior of the functions of

subclasses of class S.

2.6 Subclasses of Class S

Functions with bounded turning, starlike functions, convex functions, quasi-convex functions,
close-to-convex functions, and bazilevic functions are some of the important subclasses of class

S. Here the class of starlike functions is discussed as follows:

Definition 2.6.1. [69] If we draw a line from any fixed point to any other point of the domain
and that line lies entirely within that domain then such domains are known as starlike. Those
functions that have starlike domains are called starlike functions. Mathematically, we can say

that a function f € S is in S*(starlike function) if and only if Re <%> >0, (seV).

2.7 Bi-Univalent Functions

The idea of bi-univalent functions originates from univalent functions. These functions are also
an important subclass of analytic functions, which shows the function is not only univalent in
the domain of the function but also in the range of that function. These functions have many

important characteristics in Geometric Function Theory.

Definition 2.7.1. [72] Let V represent the class of bi-univalent functions in V (open unit disk). A
function is considered to be bi-univalent in V if V C f(V) and if both function and its inverse

that is f and f~' are univalent in V.

This means that function f(s) is analytic and injective and its inverse f~!(s) is also analytic and
injective in f (V).

For analysis of growth, distortion, and other geometrical properties it’s very important to find the
coefficient bounds of the bi-univalent functions.

Inverse of Koebe function does not satisfy the property of univalency which indicates that Koebe

function is not bi-univalent.
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Some examples of bi-univalent functions are

etc.

2.8 Subclasses of Bi-Univalent Functions

Bi-starlike functions, biconvex functions, bi close-to-convex functions, bi quasi-convex functions,
etc are some subclasses of bi-univalent functions. In which functions are univalent in open unit
disk (V), and their inverses are also univalent in the image f (V). Here a subclass of bi-univalent

functions named as bi-starlike function of order 8 is discussed as given below:

Definition 2.8.1. [22] A function is considered to be in the class S5, (B)(bi-starlike function of
order ), where 0 < B < 1. If the conditions listed below hold:

For feV,
Re{sﬁis)}>[3, s| <1,
Re{wgg(l(i:;))}>ﬁ, lo] < 1.

Here g is the inverse of f.

2.9 Quasi-Subordination

Definition 2.9.1. [31] For two analytic functions f (s) and g (s), this can be stated as f(s) is
quasi-subordinate to g(s) in'V and express as f (s) <qg (s), this can be possible if there exists

analytic functions |L(s) and F (s), with |u(s)| < 1, F (0) =0 and |F(s)| < 1 such that

f(s)=nu(s)g(F(s)),seV
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Definition 2.9.2. [31] For p(s) = 1, the function f(s) is subordinate to function g(s) in V and
express as f (s) < g(s), if there exists schwarz function F (s), with conditions F (0) = 0 and
|F(s)| < 1 such that

and represented as f (s) < g(s) inV.

Definition 2.9.3. [31] For F (s) = s, then for analytic function U (s), the following expression
f(s)=u(s)g(s),

shows that f(s) is majorized by g(s) and represented as f(s) < g(s) inV.

In 2012, Haji Mohd et al. [30] defined many classes using quasi-subordination, and obtained
their initial coefficient estimates and Fekete-Szego inequality. Out of those classes they defined
S, (h) and C, (h) known as Ma-Minda starlike class and Ma-Minda convex class respectively.

Ma-Minda starlike class is defined in the form of quasi-subordination as

Definition 2.9.4. A function f € A is considered to be in the class Sy (h) if the condition listed

below hold.:
sf'(s)
f(s)

where h(s) is analytic function from class P.

—1 <qh(s)—1,

2.10 Convolution of Two Functions

Definition 2.10.1. [31] The convolution of the two analytic functions f and h is denoted by

f(8)xh(s) and is express as

f(s)xh(s)=s+) abs',seV.
=2

Another name for this expression is Hadamard product.
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2.11 Quantum Calculus

Definition 2.11.1. The given expression

S
Dyf (s) = qdqs =4 10, if s =0,
f'(s), ifg—17, s#0.

is said to be the g-derivative or g-difference operator of the function f (s) for 0 < g < 1.

where

. _ df(s)
qligl*qu(S) - ds

g-derivative was derived by Jackson [49] in 1908. That’s why it is named as Jackson derivative.
g-derivative is the g- analogue of the ordinary derivative. The g-derivative of the function having

form (1.1) is

D,f(s) =D, <s+ oc,st) :1+Z[t]qoc,st’1, seV.
=2 =2

and g-derivative of its inverse function is

Dy(f~"'(s)) =1—-[2], 005 +[3], (205 —03) s> +..., s€V.

For example, the g-derivative of a function is

This becomes the ordinary derivative of s’ wheng — 17 ,[t], = t.

while, the g-analogue |f] ;(q-integer or g-bracket) can be express as

' e if 1€ C/{0}

, - l+q+-+q2+¢ ' =04, ifteN |
1 if g—07,reC/{0}
t ifg— 17 ,teC/{0}

\

With the helpful formula [t + 1], —[t], = ¢'.
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2.12 Some Linear Operators

Some fundamental operators are listed below:
Srivastava-Attiya Operator

Srivastava-Attiya [73] gives the operator & ,: A — A, as
Doyt (8)=(14+7) [¢(5,0.1) =7

which can be expressed as

oo a
I+y t
9, =s+ — ] os'.

yeC\{0,—1,-2,...},d €C, s€V, feA.

where ( (s, d,7) is called as Hurwitz-Lerch Zeta function and expressed as

e t

Carlson and Shaffer Operator
Carlson and Shaffer [74] gives the integral operator .7, f(s) as

Tf(s) =s+ i Eg:: os’.

(seV,e¢Zy ={0,—1,-2..})

and (c); is the Pochhammer symbol that can be defined by concerning the gamma function as
given:
C(c+1) 1 (t=0;c#0),
['(c) cle+1)e(ctr—1) (tEN).
Convolution of Operators 7, ,f(s) and 7, f(s)

In [31], Convolution of the operators 7, ,f (s) and 7 f (s) is given as

oo 1 0J .~ [
NOTF(s) = Do of () T3f () =s+§(%) Egtia;s,

which can be written in simplified form as

NOTf(s)=s+ ) @ s,
=2
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where

(i) B

In [75], Salagean provided the differential operator for analytic functions as:

Salagean Differential Operator

0°f(s)=f(s),
0'f(s)=0f(s) =sf'(s),

0“f(s)=0(0""'f(s)), (MeN=1.23,...).

Consider that

0"f(s) =s + it”octst, (u€No=NU{0}).
t=2

Many classes are defined by applying the Salagean operator, for example, see [76, 77, 78]
q-Salagean Differential Operator

For f € A, Govindaraj et al.[79] provided the Salagean g-differential operator as shown below:

0y f(s)=f(s)
Oy f(s) =sDyf (s),

O f(s) =s04 (04" (s)),

[e)

Oy f(s) :s—i-z;[t]Za,st, (ue No=NU{0},s V).
=
Considered that lim,_, - Oy f (s)

0”f(s):s—|—2t”ats’, (e No=NU{0},seV).
=2

Many classes are defined by applying the Salagean operator, for example, see [80, 81]
2.13 Some Important Lemmas

Let class P containing analytic functions such that P : V — C, obeying the conditions p(0) = 1

and Re(p(s)) > 0.



Lemma 2.13.1. [82] Let the function p € P is shown by the following series:
p(s)=1 +nis+mst+. ..,
then the sharp estimate provided by
Ine| <2, (r=1,2,3,...),
holds.
Lemma 2.13.2. [82] Let the function p € P is shown by the series (1.2), then

2ny :n% +x (4 — n%) ,

4ny =n3 +2 (4—n%) nix —ny (4—n%) X242 (4—n%) (1 — |x|2> S,

for values x and s with conditions |x| < land |s| < 1.

19
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CHAPTER 3

ON A CLASS OF BI-UNIVALENT FUNCTIONS USING
QUASI-SUBORDINATION

3.1 Overview

This chapter will determine the coefficient estimates of subclasses of bi-univalent functions
involving quasi-subordination. The outcomes of these classes are the refinement of previous

findings by Atshan et al. [31].

Definition 3.1.1. The function having form (1.1) is considered to be in the class ‘ﬁav’y% . (&,0,1,9),

0<&é<1,0<0<1,andt e C\{0}, if the conditions listed below are hold:

2, ! 2, ’ "
s (Ny,cyf(s)> +s2 (;\Tymyf(s)/) g (Nﬁ’cy (S)> —1| <q[¥(s)—1], 3.1
(1-¢) s+§s(Ny:!f(s>)

Q=

and

l ( w([ﬂi’!g(w))/jt w? (Nﬁ’!g((x))) L+ Ga)(Na,yg(w))” 1| <q¥(w)—-1], (3.2)
T (1 _g)m+§a)(N§,§g(m))/ "

where s, €V and g is the inverse of f.

Definition 3.1.2. The function having form (1.1) is considered to be in the class ﬁaviy;/ (&,0,x¥),

0<&,x>1,and o € C\{0}, if the conditions listed below are hold true
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a,y !
1 S<Ny7c f(S)) P / "
—[{(1—x) ~—5——L k(N NOY —1| =q[¥(s)—1], (3.3
|10 ) k(N2 1(s)) +&s(N21 () <a[¥(s)-1], 33)
and
_ 0y ,
1 w<NY7C g(a))) 5 / "
— (1= NOY NOY —1 ¥ (o) -1
s |10 0 +x(N (@) +Eo (Mg (0)) <q[¥ (@)~ 1],
) 3.4)
where s, €V and g is the inverse of f.
3.2 Main Result
Theorem 3.2.1. If f presented by (1.1) is part of the subclass %av’yyc (&,0,1,9), then
T |h Vi
o] < ol Prv/ P ——. (5
\/37hoB? (3—& +20) 93, — 4{E (2— &) thoB} + (B — B)(2— & +0)’} 3,
h h 2h2 2
|(X3|§ T(l 1|+| O|)|Bl T Oﬁl2 7ﬁ1>1’ (36)
33-6+20)sy  42—&+0)°93,
where 5
B <1+7) ()21
QDZ,y - )
2+y) ()
and 5
B <1+7’) ()31
03y = :
3+y) ()34
Proof. Let f € %av’yw (&,0,7,P), then there lie two analytic functions u, F in V and
w,F :V — V., hold the given conditions:
. / 3. "
| s(82 7))+ (W () Y
- - : +cs(Ny;g (s)) | =
(1-&)s+&s(Nf(s))
[u(s) (P(F(s))—1], 3.7)

and
w(Nﬁ’!g(m))l—ka)z (N;),’Cyg(a))) "

T (1_§)w+a§a)<N3,’cyg(w)>/
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[u(o) (¥(F(0)) -1, (3.8)

where s, ® € V and g is the inverse of f.

There exist functions n and m as

n(S)Iiig = l+ms+ms*+ms’+..., 3.9)
and
m(w):% = 14+mo+mo*+mo’+.... (3.10)
This can also be shown as,
_1+F(s)
&) =T F )
(I=F(s))n(s)=1+F(s),
n(s)—n(s)F(s) =1+F (s),

Using series of n(s) from (3.9), this leads to

_1+nls+nzsz+n3s3+---—l
Cl4ns+ms2+msd - +1
B nls+nzsz+n3s3+...
24 ns+ms?+nsd+. ..

F(s)

F(s)

So,

n(s)—1 1 _n% )
F(s)—n(s)_l_l—i{nls—k(nz ?)s +..., (3.11)

similarly from (3.10), gives us

m(w)-1 1 mi\

Using (3.11) and (3.12) in (3.7) and (3.8), this provide

"

| (W) -5 (W 1) N
T ; s(N%Tf(s)) »—1]| =
T (1_é)s+§S(N§’cyf(S)> +0 (Ny, > 1

{“(S) (‘P (ZE:;:J)) _1]’ (3.13)
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and

"

o(N5(@) +0* (N g(@)) :

: (1-&o+to(Ns(o) +oo(N25(@)) 01| =
{u(w) (‘P (%)) — 1} : (3.14)
This can be shown as:
He) <lP (Zgz;;i)) ! :“(S)‘PG {”IH (nz—n—D s2+...) 1

Since,

P(s) =1+ Bis+Bos’ + P38’ +...,
u(s) (\p(”<s)_l>)_1:u(s) [1+%ﬁlnls+%ﬁl( z—ﬁ)s + anls 1l

n(s)+1 2
Here
/.L(S):ho—{-hls—{—hzsz—}—...,
—1
o (20 -
2 1 1 ”% 2 1o 55
(h0+hls—|—hzs —|—) —Blnls+—[31 m= s +Zﬁ2nls +...,
we (¥ (3eer)) -1
1 1 n?
Ehoﬁlnls+{ hiBing + hOBl <n2—7>+ hoﬁznl} +..., (3.15)
Similarly,
—1
e (¥ (Sarr)) - 1-
1 1 1 m\ 1 1 o
§h0ﬁ1m1w+ §h1ﬁ1m1+§h0ﬁl m2—7 —|—Z/’l0ﬁ2m1 0 +.... (3.16)
Since,

N;Z’cyf(S) =s+ Z ¢,7yatst,
t=2

NOTf (s) =s+ @2y008” + @3 058> +...,
!/

<N‘97 =142, s +3¢; 038" +...,

)
(N‘” > =202 ,0 + 63,035+ ...,
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"

2, ! 9,
- os —1| =
p) /
Tl 0-os+es(NIre)
1| ] s+ 202,008 +303 y038° + 202 y0ns? + 693 ya38° + ...
T 2 3 t
T s—Es+8s+28pyyons? +38p; 055% + ...

Gs(z(PZ,yOCZ +6¢3 038+ .. )} — 1} )

. / 2, "
G K GG B B
- os — —
9 !/
LU 0-9s+es(Nre)
1 -{ s+ 4(P2,ya232+9(P37yOC3S3—|—...
i i 3 N
T ls+ 28p 082 +380; y038% + ...

260,005 +600; 035"+ ... }— 1} ,

"

3(W£(s)) +22 (N3 7(s) ) :

S 9, s . _
o) O URO)

% (14202500 (2-8)s+ (3¢3,05(3-¢ ) -

Q=

497 03E(2—E)) s> +200, 005+ 6005 035" — 1] ;

"

3(W0£(s)) +22 (N3 1(s) ) :

s(N?Yf(s 1l
(l_é)S—l—és(vacyf(s))/ To (Ny,cyf( )) 1

% 2(2-&+0)pyo0s+ (3(3—&+20) @3,05—

—

Al

4E(2—E)p3 05 ) s> +...], (3.17)
and

Na Vg (@) =0 — ¢r,000° + ¢3,(205 — 3) 0 — ...,
/

(152

)—1—2(P2y062a)—{—3(2oc2 a3)(P37yw2_--->
( 8 (o ) 2(p2,ya2+6(2“22_O‘3)§03,yw—-~,
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/ n
o(Ng() + 0 (Ng(0)) ) ,
Py” ; +Ga)<Ny;CVg(a))> —1| =
| (1-8o+én(N()
1[[0—20,00°+3 (205 — 03) 93,0° — 20, ,00%+6 (205 — 03) @, ya)3
T 0—Eo+Ew—2Ep 0007 +3E (203 — 03) @303

Q=

+(— 209,000+ 60 (205 — 03) (p37yco2 — ... )} — 1] :
w(Ni’!g(w)’Jr g <§§g7g(w)/> tom (Nj!g(w))” 1l =
| 1-&o+io(Ngw)

[ o-— 4(P2.,y052w2+9(P3,y(20622—063)0)3—...
T lo— 280,00%+3E0s,(205 —03) @3 — ...

Qal—

—200,,0,0+60 (205 — a3) (p37ya)2 —... } — 1} :

"

w<N5’kyg(w)/+wz(Ti’cyg(w)) +cw(N§,’!g(w))N —1| =
(1-&)o+Ea(Ng@))

[1-202-&) py000+3(3-&) g3, (205 — 03) @°

—_—

Q|

1
T
—4E(2-&) 93,0507 — 200, 00+ 60 (205 — 03) (p3’ya)2 S 1} _

Therefore,
/ "
||| o(Ws(0) +0?(Ng(0) L
p p ; +Ga)<Ny7’c7’g(a))) —1| =
(1-&)o+Ea(Ng(0))

% [-22—&+0)prym0+(3(3—-E+20) @3, (20522 —o) —

4E2-8)93,0)0° ... (3.18)

Putting (3.15) and (3.17) in (3.13), this leads to

202, (2~ & +0)s+ (303,05 (3~ § +20) ~493,036(2— &) ) 2+ .| =

2
n

1 1 1 1
§h0ﬁ1n1s + {Ehlﬁll’ll + Ehoﬁl (nz — ?) + Zhoﬁzn%} s24....

Comparing coefficients on both sides, this gives us

1 1
;[2<Pz,yocz 2-&+0)]= Ehoﬁlnl; (3.19)
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! (301,03 & +20) - 493,038 (2 £)] =

2
n

1 1 1
Ehlﬁlnl + Eholﬂ (nz — ?> + Zhoﬁzn%. (3.20)

Putting (3.16) and (3.18) in (3.14), this gives us
1

[ 202-£+0) 0,00+ (3(3-E+20) 03, (203 — ) —4£ 2~ £)9}, @)’ — .. | =
1 1 1 2\ 1

EhOBlml o+ {Efuﬁlm] + Ehoﬁl (mz - %) + Zhoﬁzm%} > +... .

Comparing coefficients on both sides, this provides

1 1
E[—2(2 —&+0)pym) = Ehoﬁlmly (3.21)

3(3—E+20) g3y (205 — a3) —4E (2— &) 93 ,05] =

1 mi\ 1 5
hyBym; + Ehoﬁl my—— + Zhoﬁzml‘ (3.22)

e N

2
From (3.19) and (3.21) , this gives

_ ThoBiny
42-64+0)py

(0]

_ —T/’L()ﬁ1m]
42-E4+0)

(0)

therefore,
o = ThoBim _ —ThoBim , (3.23)
4(2_§+G)(P2,y 4(2_§+6)¢2,y

it gives
ny = —mj. (3.24)
By taking square of (3.23), this yields

o2 = T2 h3 Bin?
2 9
162—&+0)"03,

2 ThiBimi
o = PR
162—¢&+o0) ?;,
By adding both of them, this provides
> Bt +md)

162 E+0)203,




2 2
3205 (2 & +0) 93, = ThgBi (n] +mi).
Adding (3.20) and (3.22), this gives

L[3g3,05 (3£ +20) — 493,036 (2 &)| +

1B3-&+20) 03, (205 — ) —4E (2—&) 93 03] =

I’l2

1 1 1
ihlﬁlnl + Ehoﬁl (nz - 31> + Zhoﬁzn%—k

mZ

1 1 1
§h1/31m1 + EhOBl (Mz — 71) + Zhoﬁzm%-

By using (3.24), this leads to

[-88(2-¢) §022,y0522 +6(3—E&+20)¢3,05] =

—_—a | =

1 1
Ehoﬁl (2 +m2) — Zhoﬁl (”% +m%) + Zhoﬁz (n% +m%) ,

(86 (2—&) 92,03 +6(3—&+20) 93,08 =

OB (2 +-ma) + ho((By — B1) ().

e N

2
By using (3.25), gives us

882 8) 0,08 4+6(3-& +20) 95,08] =

2h()ﬁ1 (nz + I’l’lz) +

2/~ 2 9
ho(Bs— 1) (32052 2-&+0) (p27y) |

PHip;

412h B2

[8E(2—&)@2,03+6(3—&+20) 93,08 =

2CREBE (o +ma) +32(B—Br) 2 —E+ 0)2‘/’22&0‘22’

8 [3thoBi (3 — & +20) 3,05 — 45 (2 &) thoBi 93 ,05] =
2T2h3BE (na+ma) +32 (B — B1) 2— & +0)°97 03,

which gives

»  20REB; (no+my)

2
8|21 @3y — 22(P27y

27

(3.25)

(3.26)

(3.27)
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Using Lemma 2.13.1 in (3.27), provides us
202k B} (In2] + |ma))
8 [21 $3y—23 (Pzz’y]

Y

2] <

8T2h3p;
8 [21 03y — 22<P22,y]

o3| <

Taking the square root on both sides results in (3.5).

T |hol Bi/Br
\/ Zl(P37y - 22(p227y

lop| <

where,
z1 =3thoB? (3— & +20),
22 =4{& (2— &) thoPt + (B2~ B1)(2— & +0)*}.
Now, for finding the bound of the coefficient |0 |, by subtracting (3.20) and (3.22), this yields us
L[3g3,05 (3£ +20) ~ 493,036 (2 €)| -
B33 —&+20) g3, (205 — 03) —45 (2 &) 93 ,05] =

LjBiny + 2hop ") 4 L gon?
) 1P11] ) 0P1 | N2 D) 4 0P21
1 1 mi\ 1 5
Ehlﬁlml - EhOﬁl (mz - 7) - Zh0B2ml'

By using (3.24), gives us

166§ +20)] 93,05~ 6 (3§ +20) 93,3] =
S B (2ny) + 3oy (n2 —ma) + tho(B — Bu) (s — ),

therefore,

%[6(3 —£420)] 93,05 —6(3— & +20) 93,03 =

Zl’llﬁlnl —l—]’l()ﬁl (nz - m2) . (3.28)

Further evaluation using (3.25), provides us

12(3—&+20) (03,03 = 2th Biny + thoPi (np —mp) +12(3— & +20) (p37ya22,
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o — 2thBiny ThoP1 (np —my) 12(3—5 +20) (P37y0622
PT123—E+20) g3,  123—E420)¢3,  12(3—E+20)¢3,
o — 2thi Bin ThoPi (n2 —my) T hgBE(ni +m}) (3.29)
123-6+20)¢3y 123-5+20)93, 322-&+0)°93,
Using Lemma 2.13.1 in (3.29), this leads to (3.6).
o] < 4t|h|B, 4t|hy|B, 8T2hE B}
T 123-6+20)¢s, 123-8+20)93,  3202-E+0)°03,
T(|hy+h T2 hi B}
|a3|§ (|_l g’)’ﬁ] Oﬁl2 — B1>1'
33-8+20)¢sy 4(2—E+o0) o3,
Theorem 3.2.1 is complete. U
Theorem 3.2.2 If f provided by (1.1) is the part of the subclass ﬁav’yyc (&,0,x,P), then
- o|h olh + -
20\ [(24 Kk +6) 93, — (1- %) 93,
and
] < min o(hpithopy) olhol(B1 +1B2—B1l) |
CHK+68) @ 24 K+68) @3y~ (1- 1) 93, | 4

B >1.

o (h1f1+hopr) oIy Bt
+ 2 9 !
Q+K+68) Py (14 Kk+28)%¢3,

Proof. If f € 82" ,0,K,¥) then exist two analytic functions ¢, F inV and u,F :V — V,
V,y,c y u U

hold the given conditions:

s(Ni’! (s))l . "

LR a-xn (227(0)) +es(n25)) b1 -

o NYTf(s)
1(s) (¥(F(s))— 1], (3.32)

and

a, !

I o (Vg () ~
— < (1=x) 57

o Nyg ()
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[u(w) (Y(F(w))—1]. (3.33)
The function n(s) and m(®) express by (3.9) and (3.10) respectively.

By taking process similarly as in Theorem 3.2.1, provides us

S 87‘?/ S / / "

é (lx)giy—mjtx(l\lﬁﬁf(s)) +§s(N§;7 (s)) —1] =

e JS

{u(s) (‘P (Zgﬂ)) —1}, (3.34)
and

8’:}/ / / "
(1, (lx)wfay’,;gg(:’)w +K<N§C?’g(w)> +§W(N;9;yg(a))> 1l =

y,c

[u(w) (‘P (%)) - 1} : (3.35)

The following are (3.15) and (3.16) respectively.

u(s) (w(ZEz;;))_lz

lhoﬁlnls + {lhlﬁlnl + 1ho 1 (nz — nj) + lhoﬁzn%} s+,
2 2 2 2 4
and
o (v (i) -1 -
lhoﬁlmlw + {lhlﬁlml + 1hoﬁl (mz — m—%> + —h032m1} o~ +
2 2 2 2 4
Since,

NOTf (s) =s+ @ay008” + Q3,068 + ..,
!/
(Nieyf(s)) =1+20, 05 +30; 038+ ...,
(5))

(Nf’:cyf :2(P2,ya2 + 6(P37y(X3S +...,

(3.34) implies that,

_ . 8767’ . / / N
%Y—J{((S;)H(Nz’cyf () +&s(W27(e)) o 1| =
y,c

[ (1 )s+ 2<P27ya2s2+3(p3,ya3s3+...
—K
s+ Q2,082+ @3 ,0383 + ...

(1-x)

1
o

1
o + K+ 2K, ,0ps+

3k3, 0582+ .. +28¢2,008 +6E¢3 087 + .. f 1],
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s(Wr(e)) :

(1—x) N7 (s) K(N;’;Zf(s))/%s(Njg (s)) —1| =

1
o
1

5 [((1 —K) (1 + (pz,yoczs+2(p37ya3s2 — (p227y002282+ ) + K+

2K, 008 +3KQ; 065> + 26 02,005 + 6E s 03> + ... ) . 1} ,

s(Nr(6)) :

T e (W27(0)) + 8o (0716) 41| =

al~—

1

E [((1 + 0 y008 +2(P37y06382 — (p227y002282 —K— K(P27ya23—

260, ,038% + K<P227y0622s2> + K+ 2KQ, 0ps +3KQ; 0357+
26 005 +6EQ; 0387+ ... ) - 1} :

s(M1(s)) :

~ =% e +K(N§gf(s)>'+gs(N§g (s)) | =

Q|-

1 2 2 2.2 2
P [(p;yoczs +2(p37ya3s — (5 ,058" + K@, 0+ KP3,038

k@3 ,0252 +2E @y y0ns +6E @y 055+ .. ] ,

Therefore,
a,y !
1 S<Ny,c (S)) 3 / 5 "
—|q (I=K) ————=+&(N{7f(s)) +&s(N7f(s)) p—1| =
o Ni’cyf(s) ( Y ) ( Y )
1
= (14 K+28) @ay005+ (24 K +6&) @3 ,038> — (1 — k) @3, 058, (3.36)
and

NYY g () =0 — <P2,y052602 + (ps,y(Zocz2 —)o}—...,
/
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Hence, (3.35) become

[ 9y '
(0 e(rs) ~
_ _ 4 _ —
A e +r(Ng (@) +Eo(Ng(@) §-1
1] O —2¢,00°+3 (205 — 03) P3,0° — ...
_ _ J. 2. _2
° {(1 e P2y 0007+ 03,,(205 — a3) 03 — TP me
_|_3 (2@22_ a3) K(p37yw2 — . —2&@2’);@260"‘6 (20622—063) éq)s’ya)z— } - 1:| ;
9.y '
| o(Ne(@) ~
2 _ ¥ 1l =
a1 ) +x(N7e(0)) +E0(NZg(@) ¢ -1
1
(=) (1= 23000 +2 (203 — 05) 03,0” — 23 93,0%) + K = 262,050

+3 (205 — 03) k@3 0" — -+ =28y 0+ 6 (205 — 03) Epy 0" — .. ) — 1} ,

a, ! .
(1_K)w<Ny,c”g((0)> +K(N§7C7( )) +§a)<Nng( )) 1l =

o Nicyg ( )

1
c [((1 — P20 +2 (205 — 03) P3,0° — 0393 O — K+ KP, ;000
-2 (2oc —03) KO3 ya) + K05 (p2y ) +K—2K@ 000
+3 (205 — 03) k@3, 0° =2 0+ 6 (205 — 03) E@y 0 —. ) — 1} ,

”g(( ))> (N (@) + Eo(Wg(0) § 1] =
y,cg

Q-

[ (pzyazaH—Z 20(2 a3)(p3ya) a22(p227yw2—1<(p27ya2a)+

1
c
—28¢y 000 +6 (20522 — ) 5(03&(02} ,

(203 — o3) k3,0 + KO3 Q3

(1-x) gy;gg(( ))> +K(Nggg(w))'+éw(Njgg(w))” —1] =

1
- [ (1+ K +28) grymo+ 2+ k+6£) (205 — a3) 3,0° — (1 — k) 0395 ,©%] . (3.37)

Using (3.36) with (3.15) in (3.34), this leads to

1

— [+ x+28) g2 005+ (2+ K +68) @3 y058° — (1 - %) 93,03 7]
opunis +{ mapini+ 2oy (= "0) + Snopont b 57+

2 0pP1118 ) 1P11] 2 0P1 | N2 > 0P21]
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Comparing coefficients on both sides, this yields us

1 1
p [(I+x+28) @ 0] = Ehoﬁl”ll, (3.38)
1
P [(2+Kk+6&) @3 05— (1— &) 93 03] =
1 1 na\ 1 5
Ehlﬁlnl + Ehoﬁl (nz — ?) + Zhoﬁznl- (3.39)

Using (3.37) and (3.16) in (3.35), this gives

1

— [0+ x+28) 000+ 2+ K +68) (205 — 3) 93,07 — (1 - %) 0393, 0] =
—hoBimio+ lhﬁ +lhﬁ _m +1hﬁ Tt +

5 0P1M] ) 1P1M ) oP1 | my > 1 oPomj

Comparing coefficients on both sides, this yields

1 1
p [—(1+x+28) 0] = Ehoﬁlmh (3.40)
1
~[@+x+68) (205 —a3) g3, — (1= K) 0393, ] =
1 1 mi\ 1 5
Ehlﬁlml + Ehoﬁl (mz - 7) + ZhOﬁzml- (3.41)
From (3.38) and (3.40), this results in

Taking square of (3.38) and (3.40) and add them, this provides

o2 = o’h3Bin? o2h3Bim?
41+ Kk+28)°03,  4(1+K+28)°0F,

o’h3p? (n% + m%)

41+ Kk+28)°93,

20522 =

8(1+ Kk +28)°¢7 03 = 6B} (n] +m}). (3.43)

Adding (3.39) and (3.41), this gives
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by using (3.42), gives

é (24 K +68) p3,(203) —2(1 - k) 93 03] =

3B (=g -+ 1)+ ShoBy (n2+m2) + 3o (B =By (o + ),

24 k68 93, (1K) 93,] 08 =

2hoB1 (2 +ma) +ho(By—B, ) (n] +m), (3.44)

which gives,

2 _ 26hoPi (n2+ma) + cho(By—PBy) (n] +mi)
3|2+ K +68) 3, — (1) 93,

(3.45)

Applying Lemma 2.13.1 for the coefficients ny,ny, myand my, it follows from (3.43) and (3.45),
this yields
) O°hBi (ni+m)

062 = 5
8(1+x+28)°93,

(3.46)

802h3 B} .
8(1+ K—l—25)2(p227y
By taking square root on both sides, this provides

ohoPi
(1+x+28) @,

joa| <

lop| <

and

o = 26hoPi (n2+ma) + Gho(By—B 1) (n +m)
8|2+ K +68) g3y~ (1- %) 03,

: (3.47)

8choBi +8cho(By—B1) .
8 [(2—|— K+6¢) 3y —(1—K) (022,y}

o3| <

By taking square root on both sides, this provides

ol (B + 1B, — B )
(2+x+68) @3, — (1-%) 63

lon| <

Hence,

o |ho| B
(1+ K+25)(P2,y’

lop| <
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and

o |hol (B1+ (B2 —B1))
(2+K+68) @3, — (1-%) 93

lon| <

which provide the required estimate on |0 | as shown in (3.30).

Next, to obtain the estimate of the coefficient | o3|, by subtracting (3.39) and (3.41), this leads to

1

P (24K +6&) @3,(03 =205 + 03) — (1 — &) 93 05 + (1 — k) 97 03] =
1 1 n% m% 1 2 2

Ehlﬁl (ny —m) +§h0ﬁ1 (nz —m— ot 7) + Zhoﬁz(nl —my).

Using (3.42), gives

é (24 Kk+6&) 03,203 —205)] = %h1l31 (2ny) + %hoﬁl (np —my),

4
- [(2+K+6E) @3, (05— 3)] = hi i (2ny) + hoPi (n2 —my) . (3.48)
By substituting the value of a22 from (3.43) in (3.48), it gives
412+ Kk+6E) 93,05 — (2+K+6E) @3,03] =20 Biny + choPi (ny —my),
4 (2+ K+6§) P30 = ZGhlﬁll’ll + G/’loﬁl (n2 —m2>

N 462h3B7 (2+ K+ 6E) @3, (nF +m3)
8(1+Kk+28)° 92,

Y

20h1Bin; choPi (o —my)
42+x+68) @3y 4(2+K+68) 03,
46213B2 (2+ K+ 6E) 3.y (n2 +m?)
32(2+ K+68) P3y(1+K+28)°03

o3 =

261 Bini 4 GhoPy (na —my)  G2h3BE (nF+m3)

: 3.49
42+ K+68) 03, 8(1+Kk+28)°92, G4

log| <

Now, by substituting the value of oc22 from (3.45) in (3.48), it provides

4 (24K +68) @3 y03 = 2071 11 + Oho Py (n2 —my)
| 42+ K+68) 03,(20h0B1 (n2+m2) + 0ho(By—B1) (i + 7))
8 [(2+ K+68) @3y —(1-%) 03,

Y
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o — 20hiBini + ohoPi (ny —my)
’ 42+ K +6E) g3,

(26hoBi (no +m2) + cho(B,—B 1) (n] +m?))
812+K+68)psy—(1-x) 03,

_|_

|OC | < 20hBiny + ohyPi (np —my)
3= 42+ K+6E) @3,

(20501 (na +m2) + Sho(By—PBy) (n] +m13)) (3.50)
8|2+ K+68)psy—(1-x) 93,

Applying Lemma 2.13.1 in eq (3.49), (3.50) for the coefficients ny,n,,m; and my, this results in

o (h1f1 +hoP) o*hy?
< ' 3.51
%] < Gk 68) 05, (1+K+28)°03, o
o] < o (h1 1 +hopr) Oho(By +1P2=P1)) ’ (:2)

2+ Kk +68) @3, [(2+K+65)¢3,y— (1-x) 93,

which provide the required estimate on |a3|, as shown in (3.31).

Theorem 3.2.2 is complete. U



37

CHAPTER 4

ON A NEW CLASS OF BI-UNIVALENT FUNCTIONS USING
QUASI-SUBORDINATION

4.1 Overview

This chapter determines new subclasses of bi-univalent functions which involve quasi-
subordination and g-derivatives. This chapter central objective is to find the initial coefficients

estimate for these subclasses.

Definition 4.1.1. A function having form (1.1) is considered to be in the class %g’yy .(&,0,1,¥,q),

0<E<1,0<0<1,andt e C\{0}, for the conditions given below are satisfy:

L[ [ o0 (NEA(E)) 205 (N5 (9) ,
EH (1-&)s+&sD, (NI7f(s)) +osD} (N7 f(s)) p ~ 1

=<q[¥(s)—1], 4.1
and 5 5
oD, (Ny/g(0)) +0?D2 (Ny/g(w
! q< 8l )) qa( 8! ))Jroa)Dfl(Ni’cyg(a))) —1
Tl 0-ge+ion, (NWig)

=<q[¥ () —1], (4.2)
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where s, €V and g is the inverse of f.

Definition 4.1.2. A function having form (1.1) is considered to be in the class ﬁg’yy . (&,0,x,9,q),

0<&,x>1,and o € C\{0}, if the conditions listed below are hold true:

1 5D (Nﬁ’!f (S)) 2 2 (N9
— [ =x) Wi T (W7 (s)) +&8D2 (N3 () 3 —1
=q[¥(s) 1], 4.3)
and
1 ©Dq (Ni’!g“")) 9 2 (O
—[{-x) e (Wg(@)) + D2 (N)7g(@)) ¢ —1

=q[¥ (@) 1], (4.4)

where s, €V and g is the inverse of f.

4.2 Main Result

Theorem 4.2.1 If f provided by (1.1) is part of the subclass %é’?c (&,0,7,P,q) , then

Tlho| B1+/ B1 45)
T(|h1|+|ho|)|31+72h3[512

2 )
riQ3y r3(P27y

o] <

|OC3| < ﬁl > 1. (4.6)

where
q=1+q,
r1 = (1444) thoPi (1+3—& + o),
r) = {E(2— &) thoPif + (B — B)(2— & +0)°},
r3=¢*(2—&+0)°,

_(1+y 7 )y
(pz’y_(2+7> ()t
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and

([ 1+y a(}’)3_1
(p37y_(3+7> ()1

Proof. If f¢ %@’yyc (&,0,1,¥,q), for the analytic functions y,F in V such that u,F : V. —V,

hold the given conditions:

L[ [ 200 (5 11)) #5205 (525 ) , _
_H (1-&)s-+EsD, (N0 £(5)) +osD? (NJ71(s)) p =1 =

T
[1(s) (P(F(s)) —1], (4.7)
and
2, 2,
1 oD, (Nyvcyg(a))) +w2D§ (Ny’g’g(a))> +Ga)DfI (Nf?cyg(a))) e
Il 1-9e+ien, (W) |
(1(w) (¥ (F (o)) —1], (4.8)

where s, ® € V and g is the inverse of f.

Express the caratheodory functions n and m by

14+ F(s
n(s)zl_—FES; = l4+ms+ms’+ms>+..., 4.9)
and
1+ F(w
m(w):TEwi = 14+mo+mo*+mo’+.... (4.10)
Also, it can be written as
n(is)—1 1] 7\ ,
F(s)= = - - — 4.11
(s) n(s)E1 2 _nls+<nz 5 ) s e (4.11)
and
m(w)—1 1] mi\
F - - 7 = — —_—— e 4-12
(@)= e = 3 m1w+(m2 ) o2 (4.12)

Substituting (4.11), (4.12) in (4.7), (4.8), this gives us

() rempie) 1]
: [{ (1_€)S+€SD(] (N;’:’Cf(s)> +GSD§ (Ng,!f(s)> —1] =

[H(S) (‘P (ZE:;;)) - 1] ) (4.13)




40

and
1 {a)Dq (N;)Q’g(a))) 2D2 (N Je(o) > 4 oD (Na’cyg(a))) } _ 1] _
T (1-&)o+EaD, < ycga)> LA,
[u(w) (l}' (Zgg;;)) _ 1} . (4.14)
This can be written as
o (o350 -
1 1 1 n?\ 1
Ehoﬁmls + {Ehlﬁlnl + Ehoﬁl no — %) + Zhoﬁzn%} s+, (4.15)
and
o (v (i) 1
1 1 1 m\ 1
zhoﬁlmlw + {Ehlﬁlml + Ehoﬁl (mz — 71> + Zhoﬁzm%} 0’ +.... (4.16)
Since,

Nf,’!f(S) =s+ Z(Pt,yatst,
=2
NOTf (s) =s+ @2 y008” + @3 y058° +...,
D, (N;ivg f(s)) —1+[2), 92,008 + [3], 03,0687 + ...,
D2 (N7£(5) ) =[2),92500 + (2], [3], 9355+ -
(4.13) implies that
[ d.y 212 (N9Y
sD, (Ny/ f(s))+s°D; (Ny f(s)
q< d ) qa< - >+csD§ (Ni»gf(s)) 1| =
(1-&)s+&sD, (N7f(s))

1 [ [ s+12],025008% + [3], 03,055 + [2], @2y 0087 + 2], [3], 93 y0357 + ...
T| s—?js—l—fjs—l—[Z]qé(pz,yazsz—i—[3]q§(p37y063s3+...

n ([Z]qc(plyoczs +12],[3],005,0587 + ... ) } - 1] ,

1
T

+ 22 8’3/
l S < Y f(S)> +GSD$ <N§77C7f(s)> —1] =
T s+§sD ( ’cf(S)>
s+2[2], 02,008 +(1+[2] )[3]q(p37y(x3s3+__.
T s+ [2] &(pzyazs +[3 ]q‘g’(p37ya3s3+.__ +[2]q6(p2,ya23+

23,005 055+ ~p-1]s
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| qu(Ni’cyf(s))+32D§1<N§,’Cyf(s)> | )
EH (1~ Eyat £a, (22702 +osD} (N7 f(s)) o~ 1| =
i e-onlemas+ (1412, -£) Bl,0s,008°
3

20 20 5
(2_§)<[2]q> ¢3,055" +[2],00, 005 +[2] 3] 005 jozs™+ - — 1|,

[ f 22 (5 rte) + 5 (122 (S)>+osnz(Na”f<s>) 1=
( q »c

T 1-&)s+E&sD, (Ni’cyf(s)>

% [@—&+0)2)pycs+ (1+[2),~ & +(2),0) 3,930
TR CARERES @.17)
Now,
NI g () =0 — 02,000" + 93,(203 — 05) 0" — ..
D, (Njgg(w)) —1—[2), 2,00+ [3], (203 — ) 93, 0% — ...,
D? (Nggg(w)) = — 2], @200+ [2,[3], (203 — a5) @300 — ....
Therefore,
iy i)}
1 {a) 2[2] (pzyazw2+(1+[z] ) 31, (203 - &) g3, 00° -
T 2],y , 0007+ 3] € (202 — 3) ¢3,0° — ...
~[2],602,00+[2],[3],0 (208 — &3) gz, 07— ...) } 1],
1 {qu (W g(@)) + 02D (N g(w) ) ) } B 1] _
Tl 0-go+éen, (M) e
-e-apemo+ (14720, -£) B3], (203 - o) 93,02
E2-8)[2L; 93,0807 - [2],00,,00+ 2], 3,0 (203 - ) 93,07 ~ 1],



| { oDy (N} Zg(®)) +0*D2 (N} g(w))
T

(1-&)o+EoD, (N g(w))

+ Ga)Df[ (Nﬁ;”g(a))) } —1

1
T

~t2-0)(2,) o037

- {_ (2-&+0) 2,00+ (1+[2],~E+0[2],) 3], (203 — ) 93,07
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(4.18)

Substituting (4.17) and (4.15) in (4.13) and comparing coefficients on both sides, it leads to

1

- [(2 —&+0) [Z]qtpz,yaz] = %hoﬁlnla

% [ <1 + [Z]q _é + [2]q6) [3]q(P37yOC3 —é (2 . é) <[2]q)2¢227ya22} _
1 1 n% 1 ,

Now, by substituting (4.18) and (4.16) in (4.14) and comparing coefficients, it gives

[— (2-&+o0) [z]q(Pz,yaz} = %hoﬁlml,

Qal—

1

1 1 m? 1
Ehlﬁlml + zhoﬁl (mz — 71) + Zhoﬁzm%-

From (4.19) and (4.21), it results in

_ ThoBin
2[2,2-&+0) gy’
o —’L'h()ﬁ1ml
2[2,2-E+0) oy’
ThoPin B —ThoBim
2,2-¢+0)gy 22],2-5+0)p,

(04)

07)

Oh =
2 7]
It provides
ny = —mj.

By taking square of (4.25) and adding them, this results in
2 Tzh%ﬁf(ﬂ% +m7)

2a2 = 2 ) s
4(121,) @-&+0) 03,

T {(1 +[2,-¢+ 6[2]q> [3]q (205 — ) 3, —E(2— &) (p}q)z <p22,yoo§} _

(4.19)

(4.20)

4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)
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2
3(12],) (2~ & +0)03,03 = H3BY (n} +nrh) (4.27)
Adding (4.20) and (4.22), this leads to

[—2([2]q>2§(2—§)<P22y0622+2[3] (1+[21 e+ o)%ya%] -

nZ 2

hBi(ny +my) + 5 hOﬁl (no4+my)+ = hOBl (T — ’%) + - hoﬁz (nf+m7).

D] = -

By using (4.26),gives us
a(p)) e ek, 20, (142, & +[2],0) 9s,03) =
lhoﬂl (n2+m2) + 1hO (B2—B1) (ni+mi).

By using (4.27),gives us

Ya(,) e o030 23, (1412, - £ +[2),0) @s,03] =

T

2

8([2,) 2—&+0) @2 a2

2hoPB1 (ny +my) + ho (ﬁzﬁl)( ( q) T 2,y 2)
0PI

2 2
4t iOBl'[_2<[2]Q>2§ (2-&)p3 03 +203], (1+[2], ~ £ +[2],0) p3,08] =

229387 () + (B2 1) (8(121,) @& + 0P80 )

8 |Blyh? (142, - & +20,0) on, ~ (12,) ohoBE (2~ £) 03, | 0 =
2
2021383 (my +ma) + (Bo— ﬁl)s([z]q) 2-&+0)’9,03. (4.28)

which implies
2 21’2}1%[313 (ny +my) . (4.29)
8 [rl%,y - r2(P227y]

Using Lemma 2.13.1 in (4.29), this yields (4.5)

2By (n2 +m)
8 [rl ¢3y — r2(P22,y]

2
log | =

Y

872h3 B}
8 [rl (p3,y — rz(pzz’y]

0] <
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By taking square root on both sides, it gives

Now, to determine the estimate of the coefficient | 3|, by subtracting (4.20) and (4.22), it provides

2
|- (1421, — g +2),0) B + (142, ~ &+ [2,0) | 31,03, =
1 1 1 —n? mi\ 1
Ehlﬁl (nl — ml) + Ehoﬁl (n2 — m2) + Ehoﬁl (% + n%) + Zhoﬁz (n% - m%) .
By using (4.26), it yields

e[ (4l g plye) o+ (148, -+ Bye) ] on, =

T
2h1 Biny +hoPi (np —ma) (4.30)

—4 (142, E+12],0) 131, 03,08 +4 (1+ 2], — £ +[2],0) [3], 3,05 =

2’ch1[31n1 + Thoﬁl (I’l2 - mZ) )

Zfl’llﬁlm ’Ch()ﬁ] (nz—mz)
4(1+0l,-&+[2),0) B e 4(1+020, - £ +121,0) 3,95,
4<1+ —§+[2qo’>  P3505
4(1+0],-&+12,0)Bl,055

o3 = +

By using (4.27), this results in

e — ThiBin ThoBi(ny —my)
3= + +
2(14+2), &+ 21,0) Blypsy  4(1+02],~&+12),0) 3], 05,
Ch (i tmi) 4.31)
8(12),) @& +0) 3,
o = thi i N ThoBi (n2 —my) N

2(1+02), & +12),0) Blypsy 4 (1412, - &+12,0) 8,05

2h2ﬁ1 (nf +mi) ‘
8(12),) 2 & +0)03,
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Using Lemma 2.13.1, this gives

ZThlﬁl 4"L'hOﬁl
|| < + +
2 (1 +[2, - &+ [Z]qo) 3,050 4 (1 +[2), - &+ [2]qo) 3], 95,
872h3 B2
8(12),) 2 & +0)03,
ol < (1| + o)) 1B, H

(1+4q) thoB} (1+3-E+340) 93y @2 —E+0) 93,
|+ o) B, Th3p?

o] < o, 3, B> 1.
where,
qg=1+gq.
ri =(1+44) thoBf (1+3-&+30),
12 =7 {§ (2 &) thoBi + (B2~ B1)(2 - & +0)°},
r3=q(2—E+ 0')2.
The Theorem 4.2.1 is complete. ([l

For ¢ — 17, using this value in the above result gives an advanced result that perfectly aligns
with the previous findings by Atshan et al. [31], as shown in the given corollary.

Corollary 4.2.1.1. If f provided by (1.1) be a part of the subclass %av’y (&,0,1,9), then

s
] < ©|ho| Biv/Br
\/3Thoﬁ12 (3—E+20) @3, —4{EQ2—E)ThoBl + (B — 1) (2—E+0) o3,

([l + o ))1By ehopt
(3-8+20)¢3, 42-E+0)°93,

|(X3|§3 7ﬁ1>1-

Theorem 4.2.2. If f provided by (1.1) be a part of the subclass ﬁg’“;c (&,0,k,%¥,q), then

o <mind ol & ol (B1 + 1B, — B 432)
(g+Kk+G8) Pay [(x+qq+cio€)¢3,y—fJ(1—K)fpzz,y]
and
ol By Holf) o*Iight
. K+q+08) 03y (g+x+38) 93,
05| < min o (1,15, +1holB)) olhol (B1+1B>—B1 ) ’ P>t (433

(K+493+340&) 3., [(K+qq+qoé)¢s,y—q(1—K)<Pz2,y]
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where

qg=1+gq,

Go=1+2q+24"+q".

Proof. For fe ﬁav’yyc (&,0,x,¥,q), for analytic functions u, F in V exists such that y,F : V —

V, hold the given conditions:

9, S
1 |:{(1 9 sD, <Ny,cyf( )) + KD, <N§,cy (s)) —}—ésDé <N‘y97767’f(s)> } _ 1] -

° NOf (s)
[u(s) (P(F(s))—1], (4.34)
and
oD Na’g’ (o)
[ L) ) i gz | -1 -

(@) (W(F(w)) —1]. (4.35)

Express the function 7 (s) and m(s) by (4.9) and (4.10) respectively, this yields

9
1 H(l o (67 e) + 1D, (NJf (s)) +EsD2 (N} £ () } - 1] -

Q

NOYf (s)

[“(S) (IP (ZEE;;)) - 1] ’ (4.36)

9,
|:{ (1) oD, ((jjy,cyg(w» +&kD, (Nﬁﬁg(m)) +§wD§ (ny%vc?’g(w» } — 1] =

and

1
o Ny g (@)

{“(w) (T (222; T i)) a 1} ' (4.37)
o (v (i) -

1 1 1 1
Ehoﬁlnls + {Ehlﬁm] + EhOBl ny — 7) + Zhoﬁzn%} s+,

o (o(5550) -

Since (4.15) and (4.16) are

and
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1 1 1 mi\ 1 o2
Ehoﬁlmlw—f— §h1ﬁ1m1+§hoﬁ1 m2—— + hoﬁzml 0 +....

2
Since,
NOTf (s) =s+ @2 y008” + @3 058> +...,
D, <N§;?’f(s)> — 1+ [2], 02,008 + [3], 93,0687 + ...
D} (N3ZF(8)) =[2], 02502 + [2],[3], 93,085 + .
(4.36) implies that

2], 02,008 +[3], (p3y(X3S3—|— .

v f(s)
|1 { f() >+'<Dq (N7 () + EsD2 (Ni;Yf(s)>}1] _

1
c s+ @r,008%+ @3 ,0383 + ..
(K+ 2]k, yo0s +[3], K(p3yoc3s +.. )

+ (121,892,008 +[2),[3],E 03 005>+ ) p=1]

- S OV f(s
: { . Dl\g‘if{; ), (w21 () + 8505 (W21 (2)) } : 1] :
N

= _{(1 —x) (1 + ([2]q - 1) 0, o5+ ([3]q - 1) 030352 — ([2]q . 1) 03,0387 + . )

K+ [2], K2, 008 + (3], k03,008 + 2], £ 05,008 + 2], 3],E 03 0087 + . b 1],

al~

S ;?’Cy S
H(lx) Dql\gi}(i; )) + KD, (Njgf(s))+§sz)g (Njgf(s))}1] -

é [1 + ([2]q - 1)(p27y0628—|— ([3]q - 1) (03,0352 — ([2]q - 1) 03,035> — Kk
—([z]q — 1) K2 00 — ([3] — 1) K3 058> + <[2] — 1) KQ3 058 + K+

2], 02,005+ [3], K93, 055 + [2],E @3 a5 + [2] 3], 63 05> — 1]



48

+xD, (NJ7£(s)) +&sD (N7f (s) } - 1] =

1
c
ol
<<[3]q - 1) N ([3]q N 1) K+ [3]qK+ [Z]qB]qé) (P3,yOC3SZ+
(— (e, - 1)+ (12, 1) x) 93,087

9, S
H(l —x) D <Ny’cyf( )> + KD, (Nj;?f@)) +EsD? (Ni;?’f(s)) } - 1] -

N f ()
[ K+[2],&+[2, - 1>(p27y062$—|— (K+ 3], +[21,3,& - 1>(p37ya382
+<_ (mq_ 1) (1= "*)>‘P22,y0‘2232] : (4.38)

Since,

NOY g (0) = 0 — 20007 + 93,(203 — 03) 0> — ...,

%ZQ_,
2
oQ S
—~
e
N—
VRS

1
o)

Nf,’!g(w)) +&oD;] (Nj;@(@) } _ 1] _

O— Q2,007+ @3,(208 — 03) @3 — ...

é _{ (1—x) <(9 - [Z]q(PZ,yOlz(oQ + [3]q (20622 — (x3) %7yw3 _ )
o <1 — 2], P20+ [3], (205 — a3) P30 — .. ) +

Eo (~[2,92,00+ 2], 3], (203 — a3) p3,0) } 1]

a9,y
é (1-x wD;gZC(Z()w)) + KD, (Njgg(w)> +EwD? (Ni’cyg(w» } N 1] _
o {00 (1= (1) oo+ (B, 1) 0, 03 - )2

<[2]q — 1) ¢227ya22w2> +K—[2],K0,,000+[3], K (205 — a3) 93,0

~[2),£ 92,000+ [2],[3],& (203 — ) 95,0 | — 1]
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é {IK' y:;g )+1<Dq<N 97e ( ) .ﬁa)Dz(Nﬁvg’g(a)D}l]
%Hl )(pzyoczw+< 1>(p3y 203 — 03) ®*

- (121, - )‘szazw —x+ k(2= 1) g2y00-
K‘< —1) @3y (205 — )a)2+1<<[2]q—1> (pzzyyoc%wz—i—

k2] k¢, 000+ [3] K (20522 — ) <P3,ya)2

~[2),£ 02,020+ [2],[3],€ (204 — a3) 5,07 | — 1]

d.y
é H (1-x) wDNng;c(g ()w)) + kD, (Njﬁ’g(m)) +(§ng (Njﬁ’g(w)) } — 1] =
é [— ([2]q —l4+x+ [2]q§> 2,00+ (—1 +[3], + K+ [2]q[3]q§> (203 — 03) 93 00
— ([2]q — 1) (1—x) azz(piya)z} . (4.39)

Equating the coefficients of (4.38) with (4.15), this leads to

é [<K+ 21,6 + 121, - 1) ‘Plyo‘z] - %hoﬁml, (4.40)

(et Bl 2,8 1) gnas+ (— (21, 1) (- %)) 03,08] =
%hlﬁlnl +%hol31 < ny — %2) + hoﬁznl (4.41)

Now, equating the coefficients of (4.39) with (4.16), this provides

é [_ <K+ 21,6 +12], - 1) ¢2,y062} - %hoﬁlmh (4.42)

é [(-1 +[3],+ K+ [Z]q[3]q€> (205 — 03) 3, — <[2]q - 1) (1-x) “22"’22#] -

2
my

1 1 1 2
— — - — — . 4.4
2h1ﬁ1m1 + zhOﬁl <m2 > ) + 4h0ﬁ2m1 (4.43)

From (4.40) and (4.42) this results in
ny = —mj. (4.44)

Taking square of (4.40) and (4.42) and add them, this gives

202 = o’ hgBini n o> hoBimy 7
a1 e ),) 03, 412l 1+t 2,8) 0l
208 = 3B (nf +m) ,

a(l, 14kt 21,8) 9,



2
8([2]q —14+x+ [2]q§> (p227yoc22 = o2h3p? (n% +m%) )

Adding (4.41) and (4.43), this gives

; 2kt B, + 20,30, 1) ossed + (<2 (21, ~ 1) (1- ) ¢3,03] =

n? m%

1
3B )+ 5o ("2+mz——1 - —) + JhoBa (i + ).

2 2
By using (4.44), this yields

G

2 [(e+ 1, + 2,81, 1) gsoed + (~ (21, -1) (1 - 1)

2
(pZ,y %%}

§h1ﬁ1(—m1 +m)+ ihoﬁl (n2 +ma) + %hO(ﬁz_BQ(H% +m?),

S (3], +20,01,6 ~ 1) @3y + (— (120, ~1) (1 - x)) 02, 0] =
G

2hoBi (no +m2) +ho(By—PB,) (n] +mi).

which gives

of = 26hoi (n2+ma) + Gho(By—B 1) (n} +m?) _
$[(x+ 31, +20,B1,6 1) @3y — (12, 1) (1 - %) 63,
o = 3Bt (ni +m)

8([2), 1+ x+2,8) 03,
Using Lemma 2.13.1 for the coefficients, this provides
2h2[31
8([2), 1+ x+[2,8) 03,

Taking square root on both sides, this gives

o3| <

Y

Gh()ﬁ]

o2 < ([Z]q— 1+Kk+ [2]q<§> ?2,y

Y

and

|OC2} < SGhoﬁl—i—SGho(ﬁz—ﬁ])

2

By taking square root on both sides, this provides

}:

8| (3], +[21,13,6 = 1) @3, — (2, 1) (1= ) 03,
o < o |ho| (B1+1B, —Bil) ,
A (e B, + 2,816 - 1) - (2,~1) (1= 01 63,

50

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)
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which provide the required estimate on |05 |.

Now, to determine the coefficient estimate of 3, by subtracting (4.41) and (4.43), this yields
1
5 [(F1+ B+ L3 ) (~203+200) 03,] =
1 1 2 m?
By =) 3y (a4 ) S ).

By using (4.44), this leads us to

2 1

214 Bl 4 120,30,8) (~03 +05) 93] = 3B (2my) + 3o (m2 = ma),

% [(—1 +[3],+k+ [zlq[3]q§) (—d + a3) <p37y} = By (2n,) + hoPi (n2 —ma).  (4.50)

By substituting the value of 0522 from (4.48) in (4.50), this yields us
4 (=143l + K+ 120,031,8) @ — (14 (3], + K+ 2], 31,6 ) @308 | =

20h1Biny + choPy (”2 _m2)7

[4 (—1 +[3],+ K+ [Z]q[3]q5) %,yaﬂ =
20hBiny + ohoBi (np —my) +
4023 BE (n +m})

8(12), 1+ K+ [z]qg)z%{y

(=103, + <+ 12),31,8 ) 03,

Y

- 20h Bim
O3 = +
4 (_1 + (3], + K+ [2]q[3]q5> 3.y
ohopi (n2 —my)
4 (_1 +[3],+ Kk + [Z]q[3]q5> @3y
4625 B s y <_1 + B3], Hx+ [2]4[3]q§> (i +mi)

2
32 (14 3], 0+ 2,80,8) o (2, 1+ 21,8) 03,

Y

26h1 Bini + GhoBy (n2 — m») o’ hgBy (ni +mi)
4(<1 Bl i+ 2,818 00y 8(2,— 14+ 2,E) 2,

los| < (4.51)

By substituting the value of (x22 from (4.47) in (4.50), this gives us
20h1fin1 + choPi (n2 —my)

4 (=14 3], + K+ [2],31,€ ) @3,
(26hoP1 (n2 +m2) + Gho(By—PB 1) (n] +mi3)

B[ (—1+ 03+ + 21,31,8) o5y — (121, - 1) 1= R) 92, |

o3 = +
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26/’11[311’11 + Gh()ﬁ] (l’lz — mz)
4 (=14 B,k + [20,3,8) o5,
(20hoB1 (n2+m) + Gho (B =) (1 +m3))
8 [(—1 +3], + K+ [2]q[3]q5) Py — ([2]q— 1) (1-x) gog’y}
By Using Lemma 2.13.1 in (4.51) and (4.52), this leads to

o(ml,+Imlpy) o*h3p7
(1Bl et 2L BLE) 05 (12,14t 2),€) 03,

los| < +

(4.52)

log| <

(4.53)

o (| |B, +1holB)
(=14 B+ k+21,B1,E) 95,

cho(By+|B2—Bl) .
(=13, + x+21,81,8) 03— (21, 1) (1= %) 03,

log| <

(4.54)

which gives the required estimate on |aa|, as given in (4.33).

The Theorem 4.2.2 is complete. U

For ¢ — 17, using this value in the above result gives an advanced result that perfectly aligns
with the previous findings by Atshan et al. [31], as given in the corollary below:

Corollary 4.2.2.1. If f provided by (1.1) be a part of the subclass ﬁ@’ie (&,0,K,¥), then

n| < min{ —OIlP1 o |ho| (B + (|B2 — 1))
< (1+x+28) ¢y, [(2+K+65)¢37y_(1_K)(P227y] :
and
s < mind CUPLthoB) | olhol(By + 1B

(2+ K +68) @3, [(2+ K+66) @3y — (1-K) ‘P22,y] |

o (h1P1+hoP) o’ hgBi B> 1
Q+K+68) 3y (1+k+28)%92, [ 7
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CHAPTER 5

ON A CERTAIN SUBCLASS OF BI-STARLIKE FUNCTION
DEFINE BY DIFFERENTIAL OPERATOR

5.1 Overview

This chapter is about to examine the subclass of bi-starlike functions that involve the Salagean
operator. The aim is to find the upper bound of initial coefficients, the Fekete-Szego Inequality,
and the second Hankel determinant. The results of this class are the refinement of previous

findings of Orhan et al. [82].

Definition 5.1.1. A function f(s) having form (1.1) is considered to be in the class f €

Sy (7,0, u,v), if the conditions given below hold:

Forfev
w372}

(seViu>v, 0<y<1, |O|<rm and cos® >7),

e a7

(weViu>v, 0<y<l1, |®| <7 and cos® >7),

where the function g has a series form of

g(0)=0—mo*+ (203 — o) 0® — (505 —Somaz + o) 0* + ...
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5.2 Main Result

Theorem 5.2.1. If f(s) having form (1.1) be a part of the class f € S§,(y,0,u,v) for u >
v+1,0<7y<1, |0 < rmand cos® > 7. Then

2(cos® —)
<——F :
| < v (5.1
4(cos®—7)*  2(cos®—y)
ol < + , 5.2
S T T ©2)
8(cos® — ) [(24 —27) (3" —22) +2¥ (3" — 3
g <502 (B2 120
(24 4-2v) (24 —2V) (5.3)
10(cos® — y)* 2(cos®—1y)
(214 _ 2v) (3u _ 3v) qu _4v
cos®_y 0<|T(A <L
For A€ C, |z—Aag|<{ 777 < T (u.) —2<3u1—3v>v
2|T(A7M7V)HCOS®_Y]7 |T()L7uav) Zm;

where
1—-4
2 [(3u _ 3v) _ (zu—i—v _ 22v)] :

T (A,u,v)=

Proof. If f € S}, (7,0,u,v), Then

va(S) =1
and
OMg(w) - f
=14+)Y ho
0"g() ,Zi '
Hence
o [0"f(s)] ~ -
0 0 t
e —Y=e 1+ ) s | —v,
[OVf(s)_ ’ ( §> !
and
0 [0"8(0)] ~ -
0 0 t
e —Y=ce 1+)Y ho' | —7.
el 7 ( L ) ¥

Now, by simplifying the equation, gives

o [0"f(s) @, e
e {—OVf(s)}_y_e +e (t;h,s>—}/,

and

o [0"g(®) @, 0N
« [OVg(w)l Tyt (thw> -7
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( ¢'© = cos® + isin@)

0 [0"f(5)] e
i® i® t
e — v =cos® + isin®+e hs' | —7,
[OVf(S)_ v (,Z_l f ) 7
and
0'¢(0)]
iG] i®
— Y =cos® ) E ho' | —7.
e [OVg(a))_ Y = cos® +isin®+-e ( o) )
o [0"f(s)]
i® _ — i®
e [va(s)_ Y — isin® = cos® — y+e (E hs)
and
O'"g()]
i® i®
— = E h
{O"g(w)_ Y — isin® = cos® — y+e ( o) )

which gives

) u i@ (yeo t
¢© {0 f(s)] —}/—isin@zcosG)—}/{l—i- S VVSLLY } ,
cos® —y

and

u 0 oo t
e'© {0 g(a))} —}/—isin@zcos@—}/{l + ¢ (thlhlw ) ] .
cos® —y

i© [ 0f(s)| _ 0 o © oo
e [va(s)] Y — isin® _1+€l®(2t:1htst)

Y

. Ougc(z)s)G) -y cos® —y (5.4)
é' [OVg(w)} — Y —isin® . oi© (X2, ho')
cos® —y cos®@—y
From (5.4) and Lemma 2.13.2, this leads to

¢® [gvﬁzﬂ —Y—isin®
c0s® 7 p(s), .

i® [O“g(w) <in® '

e | Giglw) | — ¥ isin _ 4(0)
cos® —y A

0f () =s+ Y. "',

t=2

0"f (s) =s +2"0ps® + 3 38> + 4" oys* + . ..,

O0"f(s)=s+ Z t'oys',
=2

0"f(s) =s+2"ps’ +3 038> + 4" ays* + . ..,
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0“f(s)  s+2%0ms?+3"o3s® +4%ayst + ...
0f(s) s+2'aps?+3vos’ +4ayst+..."

OMf(S) u v u v u+v 2 271 .2
o) =1+ (2"=2") s+ [(3"=3") o3 — (2" —27") 03] "+
(4" —4") oy + (272 —2W) o3 — 37 (24 —2") = 2" (3" —3") o3| 8 + ... .
Thus,

1+ (2" =2") ops+ [(3“ —3") o3 — (2“7 —2%) oF | s+

e (4" —4%) ay + (2u+2v _ 23V) 0623— s — Y —isin®
S P
V(24 =2")=2"(3* =3 o
. =p(s),
and

0'g () = 0 —2"mw* +3" (205 — 03) ©° — 4" (505 — Sz +ou) 0* +...,

4

0'g(0) =0 —-2"00*+3" (205 — 03) ©° —4" (503 — S+ o) O +...,

0'"g(w)
0'g(w)

=1+(2" -2 o+ [(3“-3") (263 — o3) + (22 —2"") | &

+ [(4"—4") (503 — S+ o) —3" (2" —2") o (205 — a3) +

2" (3" =3 (205 —o3) + (2% -2 3] @’ + ...,

and

( 3

1—(2“=2) o+ [(3*—3") (203 — a3) — (2" —2%) o3| @?
. 44 —4) (503 — Sonoz+ oy) +
JC) ( ) (505 206+ ) ; — Y —isin®
- 3" (24 —2") o (03 —203) + o +...
\ 2" (3" —3") o (03 —203) +2% (2“ —2") o3 ) .
cos® —vy —1

Here, p(s) and g(w) provided in the following series form
p(s)=1+nis+nms’+...,

and

g(@)=1+mo+mon*+....
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By comparing coefficients in (5.5), gives

e (2" -2 o

—ny,

cos® —y
ny [cos® — ]
ei@ [(314 o 3v) oz — (ZV-I-M _ 22v) a22}
=ny,

cos® —y

[(314 _ 3\/) o3 — (2v+u _ 22v) Oé] _ ns (Coig — '}’) . (5.7)
e
ez@) (4u _ 4v) oy + ei@ <2u+2v _ 23\1) OCS _ ei®3v (zu _ zv) 0 03 et@zv (314 31/) 0 03 B
cos® —y -
(4" —4") oy + (2”+2V — 23V) 065’— _ n3(cos®—7) 5.8)
37 (24— 2") apats — 27 (3" — 3) ey 013 er®
_ei® (214 o 2\/) A
=m,
cos® —y
_ my(cos® —7)
o = o® (20— 2 5.9)
u v u m2 (COS@ — Y)
(3“=3") (205 —a3) — (2" —2") o3 ==
®—
[2 (31,4 . 31)) (122 _ (2u+v _ 22v) 0122 _ (31,4 _ 3\/) 0‘3} :mZ (COfQ Y) ) (5.10)
e
— (4% —4Y) (50{5’ —Sop0s+ 064) —37(24—2") oy (063 — 20622) _m3 (cos® — 1) 5.11)
—2V (34— 3") o (o3 — 203) — 22 (24 —2") e'®
From (5.6) and (5.9), this yields
ny = —my, (5.12)
and

_ ny[cos® — ] (5.13)

2= PIC) (2u _2v) :
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Now, from (5.7), (5.10) and (5.13), Subtract (5.7) and (5.10), this results in

(3 =3 az— (2" =2%) a3 —2(3"=3") 03+ ny(cos®—7) my(cos®—7y)

(2u+v _ 22v) OC22 + (3u _ 3v) o e 2@ )

2(3" =) o —2 (31— 3) f =122 2) f;os@ -7
e

2(3"~3") o3 —2(3" - 3") <”%(C"S® - 7)2> _(m—my) (cos®—7y)

eZi@(zu _ 211)2 PUC) ’

o n%(cos@ — y)2 _ (n2—my) (cos® —7)
3 €2i®<2” _ 21/)2 o 2 (3” — 3V) ei® ’

_ n}(cos®—7)*  (na—my) (cos®—7)

= . 5.14
3 €210 (2u — 2v)2 2 (34 —37)el® 619
Also, by subtracting (5.8) and (5.11), and using (5.13) and (5.14),this gives
204 =4 oy +2x 27 (2" =2") 03 +5(4 =43~ (n3—m3) (cos® —7)

5 (41— 4Y) 00 — 2 x 3" (2 —2%) 03 — 2 x 2" (34— 3") er® ’

2(4 —4") o+ [2x 27 (24 —2Y) + 5 (4 —4") —
2% 3" (24 —2") —2x 2" (3" —3")] (—”?“03@”3) _ (13 —m3)(cos®—7)

€3i®(2” _2»’)3 el.@ 5

-5 (4u . 41;) <n1 [cos@—ﬂ) ((nz—mz)(cos®—}/) + n%(cos@y)z)

€®(2u—2v) 2(34—3")¢® 621'@(214,2\})2

2(44 —4) o+ [2x 2% (24 —2") =2 x 3V (24 —2") —
2% 2" (34 —3")] (&) 5 (4 —gvy (mleoso ) ) (13— m3) (cos® — )

63i®(2u,2v)3 e3i®(2u,2v)3 - £i® ?
5(44—4")n, (ny—my)(cos®—y)* . 5(4“—4")n} (cos®—y)°
262i®(2u72v)(3u73v) e3i®(2u_2v)3

2(4 —4) o+ [2x 227 (24 —27) —2 x 37 (24 —2") (n3 —m3) (cos® — )

n3(COS®*’)/)3 5(44 4V _ @_,VZ - e) 9
~2x2"(3"~3")] (e;,.@(zu_zv)a — A e (o) ¢

54" —4")n; (ny —my) (cos® — y)z n (n3 —m3) (cos® —7y)
2621'@ (zu _ 2") (314 _ 3\)) ei@ ’

_|_
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2(4" -4 oy =2[ (3" —2%) (2" -2") +2" (3" - 3")] ("?(Cos@ - Y)3>

e3i®(2u _ 2v>3
5(4“ —4")ny (ny — my) (cos® — 7)? ;. (13 —ms3) (cos® —7)

+ 262i® (214 _ 2\/) (314 _ 3\/) ei@) )

I’l% [ (3v . 22v) (zu o 2v) 4oy (3u o 311)} (COS@ . ,},)3
e3i®(4u _ 4\/) (2u _ 2v)3
5ny (ny —my) (cos® — }/)2 (n3 —m3) (cos® —y)
4€2i® (2u _ 2v) (3u _ 3v> 2 (4u _ 4v) ei@)

oy =

(5.15)

For using Lemma 2.13.1 to (5.13), this yields (5.1)

| = ni (cos® —7)
el® (2u _ 2\/) ’
@] — ¢
2(cos® —)
|062| = Qu_9v

Using Lemma 2.13.1 to (5.14), yields (5.2)

n(cos®—v)*  (ny —my) (cos® —7)

o3| = -
|5 €210 (Qu _2v)2 2 (34 —3v)el® ’
] < 4(cos® —7)*  2(cos®—7)

3= (2u _2\/)2 3u _3V '

Apply Lemma 2.13.1 to (5.15), yields (5.3)
[ (3" —2%) (2" —2%) +2" (3~ 3")] (cos® — 7)°

Ol =
| 4| 63i®(4u_4v) (2u_2v)3
5n1 (na —m) (cos® —7)*  (n3—m3) (cos® —7)
4621'@ (2u _ 2v) (3u _ 3v> 2 (4u _ 4v) ei@ )
8(cos® — ) (3V—2%V) 42V (34 -3V
o] <& Y’ [(2=2)( ) +2"( )]

(20 42) (24 —2%)*
10(cos® — y)* 2(cos® —1y)
(24 —2v) (34 —3) qu gy
By adding (5.7) and (5.10), this leads to

(3“—3") a5 — (2"~ 22) a3+
ny +my) (cos® —
2(314 3v> (2u+v 22v) OC22— — ( 2 Z)ei<® ’}/),
(3” — 3V) o3
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[2 (3M _ 3V) ) (2u+v _ 22\/)] 0622 _ (”2 ‘|—I’I12) (COS@) — ’}/)

PiC ’

2[(34—3) - (2 — 22| g = 2 +m2)efgos® 7 (5.16)

Also by subtracting (5.10) from (5.7), gives

o (2= m2) (cos®@—y)  ni(cos®—y)’
3= 2 (3u _ 3v) ei® €2i®(2u _ 2v)2 ’
(ny —my) (cos® — ) ’
. 1
TG —3)ee T (5.17)

o3 =

From equations (5.16) and (5.17), gives

»  (np—my) (cos®—7) 2 2

03— Aoy = 2 (30— 37 +a;, — Aoy,
a2 (n2 —my) (cos® —y) - 2
o3 —Aoy = 2 (3 — 37 +(I1-24)ay

(np —my) (cos® —7y)

—_ 2 —
03 )L% 2(3u_3v) ei@

B (np+my) (cos® —7)
+(1 1)2[(314_3\/) _ (2u+v_22v)] eiG’

063—10622 :(cos®—}/) { (np —my) N (1 —=A)(ny+myp) },

) 2 (3u _ 3v) 2 [(314 _ 31/) _ (2u+v — 22v)]
_ (cos®—7) ny my
oc3—7LOt22 = ) {2(3u_3v)_2(3“—3v>
(1-A)nma . (1—2) m }
2[(3r =37 = (2T =22 T 2[3-3) — (@ 2] f
_ (cos®—y) (1-2) 1
(X3—2,OQ2 = e { (2[(3u_3v)_(2u+v_22v)] + 2(31,4_3\;)) ny

" (2 (37— 35; - @m —)] 2<3u1— 3v>> ’"2} |

2o (cos®—7) 1
o —Aa; = e {(T(?L,u,v)+—2<3u_3v))n2

+ <T(l,u,v)—ﬁ) m2}7

-4
T (A,u,v)= 2[(34—3") — (2u+v_22v)] .

where,

The Theorem 5.2.1 is complete. 0
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Theorem 5.2.2. Let f(s) provided by (1.1) be a part of the class f € S{, (7,0,u,v) and if

X =cos® —yforu>v+1,[(3"—2%) (2 —2")+2"(3* —3") — (4" —4")] #0, |®| < 7 and
cos® > vy. Then

4X2 4X2[ (3v_22v)(2u_2v)+2v(3u_3v)_(4u_4v)] 1
i @ ) 22 + iy (r XE [0, 0] -
OhOly — O < U_ v 2
lopou—05| <0 a2 . 1
16(44—47) (3u_3v)2 - Q+Y) ) S [¢(u,v)a ] )
where
o (24— 2)* (4" —4) §
() = 8(34—3v)[(3V— 22v) (21 —2v) 42V (34 —3¥) — (44 — 47)]
1 16[ (3V—227)(24—2%) 42" (3" —3") — (4" —4¥) | x [ (4" —4") (24 ~2")—2(3"~3")?]
1+ (34 (2"=2) ,
6(34—3)7 —4(44 —4) (24 - 2")
@-2)@ =3P
B X (44 —4) n (4% —47) (2" =2Y) —2(3“—3V)2
(22 (3~ 3) @-2)@-3)
o _4 [ (3v o 22v) (zu o 2\/) 4oy (3u o 31/) . (4u . 4v)} XZ
B (20 -2 |
Proof. From (5.13), (5.14) and (5.15) and letting X = cos® — 7, this results in
o — an
2 _ei® (2u _ 2v) )
O — (I’Lz—mz)X I’Z%X2
3 _2(3u_3v)ei® 62i®(2’4 _2\1)2’
and
o :;ﬁ [(3"—2%) (24 —2")+2"(3* —3")| X3 N 5ny (ny —my) X? (n3 —m3) X
4 e3i®(4” - 4v) (2” - 2v)3 4¢2i0 (2u _ 2v) (3u _ 3v) 2 (4u _ 4v) o’

Therefore, the functional ap 0y — 0632 will become

00y — 0632 — (ei (an 2,,)) {n? [ (3V _2ZV)( )(+2 ( 3\})}

O (Ju _ eSl®(4u ) u )
+ 51’l1 (nz—mz)Xz (I’l3 —m3)X B
4e2i® (2u _ 2") (3u _ 3v) ( ) ez@

2
(l’lz - mz)X 4 n%XZ
2 (3u _ 3\/) el 62’@(2” . 2‘,)2 ’
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ot — G — n[ (3" —2%) (2" —2")+2" (3" —3")] x* 5nf (ny — my) X°
3 e4i®(4u —4v) (2u — 2v)4 4e3i®(2u _ 2v>2 (31 —3V)
ni (l’l3—m3)X2 _ I’Z?X4 \nz—m2|2X2
2(21 —2v) (44 —4v) 20 4O (2u ) 4210 (3u —3v)?

2n%X3 |l’l2 — m2|
2e3i®(2u _ 2v)2 (31 —3) ’

o (ni[ (3" —2%) (2" —2") +2¥ (3" -3")] X* nix
OOy — 03 = - 7 — — 7
e4l® (4u _ 4v) (2u _ 2v) e4z®(2u _ 2\/)
Sn% (ny —my) X3 Zrl%X3 |ny — my|
4e3i®(2u _ 2v)2 (31 —3) 263’@(2“ _ 2v)2 (34 —3v)
ny (n3 —msz) X? \nz—m2|2X2
2 (214 _ 2v) (4u _ 4v) 20 462’@(3” _ 3\/)2
4 v 2v u v V(U v u v 4
ny|(3"—2 242V 42V (34 —-3")— (4" —4")| X
st M E =) @) 2 () @ xt
e4l® (4u _ 4\1) (2u _ 2\1)
é—l n%X3|n2—m2| nl(ng—m3)X2 _
4 €30 (2u — 2\/)2 (34—3v) 2 (21 —2v) (44 — 4v) ¢21®
’I’lz —mzyzxz
46210 (3u — 3v)2’
n4 3v_22v U _v +2v U _3VY (41— 4V X4
do— g LB P (F2) 42 (33 @)Xt

peic) (4u _ 4v) (2u — 2v)4
n%X3\n2—m2| n (n3—m3)X2 _
4e3i®(2u _ 2v)2 (3,,, _ 3v) 2 (2u _ 2") (4u _ 4v) eZi@
Il’l2 — m2|2X2
4e2i®(3u _ 3v)2'
According to Lemma 2.13.2 , yields us

(5.18)

2ny :n%+x(4—n%),
2my :m% +y (4 —m%) .

By solving, it gives us
2ny —2my :n%—m%+x(4—n%) —y(4—m2) .
Using (5.12), this results in

Z(ng—mz):n%—n%+x(4—n%) —y(4—n%),
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Lx—y), (5.19)
and

4n3:n?+2(4—n%)n1x—n1(4—n1) +2(4 nl)(1—|x|>

(5.20)
dmz = m1—|—2(4 ml)mly my (4 — ml)y +2(4— ml) (1—]y| )
By solving (5.20), gives
4ny — 4ms _”1 m1—|—2(4 nl)nlx 2(4 m%) mpy —ny (4—n%)x2+
m (4—m%)y2—|—2(4—n%) <1 — \x\z) s—2(4—m%) (1 — \y\z) 0.
4(n3 —m3) :n%—i—n?+2(4—n%)n1x+2(4—n%) nyy —nj (4—n%)x2—
n (4— nl)y +2(4— ”1) (1 — |x| ) 2(4- ”1) (1 — |yl )
1
ny—m3 =7 [2n1+2(4 nd)ny (x+y) —ny (4—n?) (F+%)
w2(4=m) ((1-1xP) s = (1-1P) @),
n? (4—n?)n ni(4—n
ny —ms = +( ) 1(ery)—M(szryz)wL
2 2 4
(5.21)
4 n] )
— ) s (1-P) ).
From (5.19), gives
2ny +2my = n%+m%+x(4—n%) +y(4—m%) .
Using (5.12), this leads to
2(ny+mp) = n%+n%+x(4—n%) +y(4—n%) ,
2(np+mp) = 2n%+ (x+y) (4—n%) ,
2 4-n
ny+my =ni+ Lx+y). (5.22)
The terms x,y and s, @ are provided with conditions x| < 1,[y| < 1,]s| < 1,|@|<1 and |¢®®| = 1.

Using triangle inequality on (5.18), this leads us

o M ) v 3t -3 - @ 4] X

oy — o5 | = ; 1 T
e4t®(4u _ 4V) (2“ — 2V)

n%X3 |n2—m2| ni (n3—m3)X2 . |”2_m2|2X2

4¢30 (20 —2v)P (34 —3v)  2(21=2V) (4" —4) X0 4020 (3u 3v)?
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Using (5.19) and (5.21), this yields

n[ (3Y—2%) (24 —2")+2v(3*—3") — (4“—4")| x*

(@4 22! "

oo — o3| =

2 2yy? 2 3
4—n7)X X
8(2u _ 2v> (3u _ 3v) 2 (2u — 2v) (4u _ 4v) 2
4—n?)ny ny (4 —n?
( 21) (x+y)_ ( Z 1)(x2+y2)+

(4—n?) (4—n?)*x?
21((L+ﬂ§s—(1—wf)wﬂ-—Ezgfgﬁﬂx—wz

Y

) néll [ (3v o 22v) (2u o 2v) _|_2v (314 _ 3v) _ (4u o 4V)] X4
i @) -2

3 n an2 n?_*_
2(24—2v) (44 —4v) \ 2

_|_

ni(4 —n})X
(24 —2v)% (34 — 3v)
(4 — n%) ni

2

“;ﬁNO—mﬂs—o—mﬂwa+

drou— | <MLET 2 @12+ 2 (3 -3 - (4 - 4n] X°
(4 —4) (24 —27)
n3(4— n%)XS nix?
8@u—2w2@u—3w(HHﬁﬂy+4@M—rj@u_4w
02 (4 — n2) X2 W2 (4 — n2) X2
T D b+ o O (af ) +
ni X2 (4—n2)
4(2u —2") (4u1_4v) <’ <1 - |x|2> - (1 - |y|2> |> +
(4%
16(34 — 3v)?

(x—y)

u+y»—ﬂiégﬁju?+ﬁ>+
(4—n)’x?

2
16@u—3wﬁx_”

Y

_|_

+

(Jxl + 1),
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ny [ (3Y—2%) (24 —2")+2v(3*—3") — (4 —4")] x*

(4u _ 4v) (214 _ 21;)4 +
X w2 (4—nd)
d ) @A) 2 )@ A
i n%(4—n%)X3 n (4—n}) X?
_8(2u_2v)2 (34 —37) 4(24 —27) (44 —4v) (Ix[+Iy)) +
G (4—ni) X? mX?(4—n?)
8 (2u1— 2") (iw ) 420 —2v) (4 1_4\/)] (|x|2 + |y|2> +
(LLL%)ZXZ 2
PG REOR

Since, the function p (e’@s) for ® € R is from class P, therefore this can suppose without loss of

generality that n; = n € [0,2]. Thus, for 7= |x| < 1 and 6= |y| < 1, given by
00l — 0632| <W +W2(T+5)+W3 <T2+52) +W4(‘L’+5)2 :F(T,S),

where

nil(3"=2%) (24 —2") 42" (34 —3") — (4“ —4")] x*
(40— ) (20— 2
n‘sz an2 (4—n%)
4(2u—2v) (44 —4v)  2(24—2v) (44 —4v)’

W, =

_|_

n4 [ (3v _ 22v> (2u _ 2v) 4V (3u _ 3v) _ (4u _ 4v)] X4
(44 —4v) (2v—2v)*
n*x? nXx? (4—n2)
32— (@ —4r) 2(2n ) (A=)’

Wi (n) =

_|_

Wi (n) = X2 |4n*[ (3" —2%) (24 —2") 42" (3" —3") — (4" —4Y)]| X?
1\ _4(4u_4v) (4u_4v) (2u_2v)4

n* 2n (4 — n2)
Ty Ty |

Wi (n) = X2 ant[ (37 —2%) (24 —2") 42" (3" —3Y) — (4" —4")] X?
1(n —4(414_4\;) (414_4\1)(214_211)4
n* 8n—2n3
(%—2w*ww—zwy

+
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B n%(4—n%)X3 nj (4—’1%) X2
" 824 —27)*(34—3Y) Ta ey
) )X w2 (4—n?) X2
Wo =Wy (n) = 8(2u — 2v)2 (34 —3v) 4(2u—2v) (44 —4v)’
B X2 3X 6(3*—3")
Wr =W, (n) = 24 (3 3) { (2 —2")2 + (21 —27) (44 — 4) }n2 (4—n2> )
X2 3(4“—4")X+6(3“—-3") (2" -2"
Wa =W (1) = g lnz (4_n2){ ( (2)“ _zv)g (4u_4)v§ )}] >0,
_ RE-)X mX-n)
W3 —8 (2u _2‘,) (4u _4v) - 4(2u _ 2v) (414 _4\;)7
B B n* (4 —n*) X? nX*(4—n?)
W3 =W3 (n) 8 (2u _ 21;) (4u _ 41;) o 4 (2u _ 2v) (4u _4v) !
2
W3 :W3 (n) - 8(214_23)() (4u_4v)n(4_n2) (I’l—2) SO’
e
RS TTETETIEy
X 4wz

Wy=— 2
630 —3)?

Now, to maximize F(7,0) in the closed square
S={(1,6):0<7 <1,0 <6 <1},for n€][0,2].

By differentiate partially the function F (7, 8) , this approach leads to

(?9_}; =Wr+2W3Tt+2Wy (14 0) =0, (5.23)
and

JF

%:W2+2W35+2W4(‘L’+5):0. (5.24)

By comparing (5.23) and (5.24), this results in
T=20.

Using in (5.23), provides
Wr +2W3T+2Wy (14 0) =0,

Wo +2WaT+2Wy (14 1T) =0,
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Whr 4+ 2W3T 4+ 4WyTt =0,

(2W3 +4W,) T = —Wh,
—W2

2(Ws +2Wy)’
—W,

2(Ws +2Ws)”

W, W,
(1,6) = (2(W3 +2Wy) 2(Ws+ 2W4)) '

So

This is the critical point.
As the function F(1,0) doesn’t show a relative maximum, we examine the maximum of F(7,0)

on the boundary. For t=0and 0 <t <1 (Similarto § =0and 0 <6 < 1), results in

F(1,8) =W +Wa (t+8) +W; (> + 8%) + Wa(t + )7,
F(0,8) =W) +W(8) + (Wz+Wa) (8%) =G (8),

Gl(ﬁ) :W2+2(W3 +W4)5,

we need to check the boundaries,

At 6 =0,
G(0) =W,
Atd =1,
G(1) =W +Wy+Ws+ Wy,
Since

Gl(5) = W2—|—2(W3 +W4)5.

The sign of W3 + W; affects the behavior. If W3 +W, >0, G'(8) > 0, G(9) is increasing. The
interior point of 0 < n < 2 for 0 < § < 1 is achieved, when W3 +W, > 0. The function G’ (8)>
0 for 6>0 shows the positive slope of function ‘F’. Hence, the upper bound ‘062 oy — 0632| leads
to 6 = 1 and n = 0, which can be simplified into G’ (8) = 2 (W5 +Wy) 6 + W, > 0. Therefore,

the maximum of G(&8) happens at § = 1 and
max{G(0)} =G (1) =W, +Wr + W5+ W,.

For the case when W3 + W, < 0, we note that 2(Ws +W;) 8 + W, > 0 for 0 < § < 1 and any
fixed n with 0 < n <2 . It shows that 2 (W3 +Wy) + Wa< 2(W3+ W) 6 + Wa< W,, and so
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G (8)>0.
Therefore, for n = 2, results in
B néll [ (3v . 22\/) (214 o zv) 4V (3u o 3v) o (414 - 4\/)] X4 n411X2
Fno= (41 —4v) (20 —2v)* i) @)
mX® (4 —nj) n(4—n})x’ nt (4 —n) X2
2(21 - 27) (41— 4) [8(2’4 ) Ay @) | O
n? (4—n) X2 mX2 (4—n?) (4—n2)’x2
[8 (2141 _ 2\1) (l‘_u _4\1) o 4 (214 _ 2v) (414 1_4\/)] (Tz + 2) Wl_:;v)z(f—i_ 6)2a
16 (3V-2%) (24 —2") 2V (3" —3") — (4" —4")| x* 16X?
rme= @—an) @2y T @ ey
CAx? [AxP[ (3T —27) (242" 427 (34 —3Y) — (4" —4Y)] 4
F(T76) _(414_4\)) { (2u_2v)4 +4(2u_2v) ’
_Ax? [AxP[(3V—27) (24 —2") 427 (34 —3Y) — (4" —4Y)] 1
‘(XQOC4—(X_%‘ _(414_4\)) { <2u_2v)4 + (2"—2V)

Next for t=1and 0 < 7 < 1 (similar to § = 1 and 0 < § < 1), this gives

F(1,8) =H(8) =W +Wa+ Wa +Wa+ (Wa +2Was) & + (W3 + Wa) 52,

H' (5) =Wo +2Wy +2 (W3 —|—W4) 0.
Similarly, to the above cases of W3 + W4 where d = 1, this provides

max {H(8)} =H (1) = Wy + 2Ws + 2Ws + 4W.

Since G (1) < H (1), the interior point of n € [0,2] is obtain, where maximum of F happens at
T=1and 6 = 1. Therefore,

F(1,0)=F(1,1) =W +2W, +2W3+4Ws = L(n).
By putting the value of W; 4+ W, + W3 4 Wy in the function L, we get

F(1,1)=L(n) =W +2W, +2W3 +4Wy,



4 v 2v u v V(U v u \ 4
L(n):n [(3v—2%)(2*—2")+2"(3 —34)—(4 —4"] X N
(44 —4v) (24 =27)
n*Xx? nX*(4—n?)
F(2 ) (4 —4) T 2(2n—2v) (4n — )
[ r12(4—nz)X3 112(4—112)X2
g(2u —2v) (3u—3v)  4(2¢—2") (4" —4)
5 n?(4 —n?)X? B nX?(4 —n?) }
8(24—2) (44 —4v) 4 (24 —2v) (44 —47)
[ (4—n?)°x2
[ 16(34—37)°

_|_

2 +

Y

I’l4 [ (3v - 22v) (2u - 2v) 4 v (3u _ 3\1) o (4u - 4\1)] X4

L= @ @2 :

n*x? 4nx?

4(24—2v) (44 —4v) T3 (21 —2v) (44 —4v)
X2 8n2x3

22—y @ —an 8(24 —2v)2 (34 —3)
2ntx3 8n2x?

S22y (33 A2 )
2n*x? 8n2x?2

424 —2v) (44 —4v) T3 (24 —2v) (4 —4v)
2ntx? 8nX?

8 (2 —2) (4 — &) 42— (4 —d)
23X 64X2

a2 (@ —a) T lezu_3E

4n*x? 32n*x?

16(30 —3)2  16(34 —3")%



L(n) :n4 [ (3v o 22v) (2u . 2v) 4LV (3u . 3v) o (4u _4v)] X4+
(4 —4v) (21 —27)*

n*Xx? 2nX?

F ) (a4 2 =) (@ —a)
X2 nx3

20 =) @ &) e (e 3)
n*x3 2n*X?

4(21—2v)> (34 —3) Ty @)
n*Xx? n*x?

(20— 27 (@ — &) (2 =2y (4 — )
ntx? 2nX?

F2 ) @) ()@ )
n3x’ 4x2

220 2y (a4 T (34— 3v)2+

n*Xx? 2ntX?

430 —3v)% (34 —37)%

L(n) :n4 [ (3v o 22v) (2u o zv) 4oV (314 . 3v) o (414 o 4v)} X4 B
(@ —a) (202
X3 x? x?

4(20 — 2v)2 (31— 3") ) (21 —2v) (44 — 4v) + 43— 3v)2] +
2 X3 N X? e N

(214 N 2\/)2 (3u N 3v) (2u _ 2v) (4u _ 4v) (3u _ 3v)2

4X2

(3«=3)"

B X2 4 16[ (3v_22v) (zu_zv) 4y (3u_3v) o (4u_4v)} X2
L ={g@—ay "

@2
ax@4—-4y 8 44 =) L 164 —4a)X
2Py @=2) o] e Ree- )

48 _ 32 (4% —4") 64 (44 —4")
(24 —2v) (3u — 31/)2 (34 — 3v)2 ’

70
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Lin) = X2 {n4 [16[ (3" —2%) (2" —2")+2" (3" = 3") — (4 —4")] X2

16 (44— 4v) (20— 2
4X (4% — 4v) +4(4M-4V)(2M-2V)—8(3“—3V)2]

(24 —2%)* (34— 3Y) (20 —27) (34 —3")?

”2[ 16 (4" —4v) X +48(3“—3V)2—32(4"—4V)(2”—2V)]
(20—27)* (34 =3Y) (20—27) (34 =3

64 (4" — 4v)

(3« -3 }

Suppose a maximum of L(n) exists in an interior point n of [0,2]. By taking derivative of the

function L(n) with respect to n, this results in

, B XZ 16 [ (3v_22v) (2u_2v)+2v (3u_3v) o (4u_4v)} XZ
L) =1g@—am {4n3 [ 2 )
AX (4 —4) 44 (-2 —8(34 —3")?
(24 —2)% (3~ 3) (20 —2) (34 —3)’

. [ 16(4" —4")X | 48(3"— 3%)2 - 32 (4 — 47) (24 — 2V)] } |

(@ -2 (33" (2-2)(3* =37
By taking

[16 [ (3" —22) (2 —2") +2" (3" —3") — (4" — 4")] X?

(i) -
AX(4-4)  AE-A)(2-2) 83" -3
(2“ — 2\/)2 (314 — 3V) (2u _ 2v) (314 o 3v)2 = 0.

Solving for the value of X leads to

( (2":254)1;(_31‘?30 ) -

4(44—4Y)
@22 | 4 16 (3V—2%")(21—2")+2"(3"—3")— (44 —4")] (4(4u,4V)(2u72V)78(3u73v)z)
(2e—2)* (20—27)(34-3")°
X = ) 16[ (3V—22V) (24 —2)+2Y (34 —3V)— (44 —4Y)] ’
(@u-2v)*
4(4"—4Y)

(21472v)2(3u73v) +

| 16] (3"—22V) (24—2")+2¥(34—3")— (4" —4")]| x [(44—4") (24 ~2") —2(3"~3")?]
4(4"—4") - (4u_4v)2(2u_2v)
(20-2")(34-3")
X = ,
32[ (3v_22v)(2u_2v)+2v(3u_3v)_(4u_4v)]
(2e—2v)*
u_ A2 qu _ »gv
¥ (2% —2")" (4% —4")

8 (3u _ 3v) [ (3v _ 22v) (2u _ 2v) +2v (3u _ 3v) _ (4u _ 4v)] X
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1 16[ (3V—227) (24 ~2%) 42" (3" ~3") — (4 —4")] x [ (4" —4") (2" ~2") —2(3"~3")]
1+ (4u_4v)2(2u_2v) = ‘P(u,v)y

therefore
X e [O, ¢(u,v)} )
Therefore, L' (n) > 0 for n € [0,2]. As L is an increasing function in the interval [0,2] so the

maximum point of L is on the boundary for n = 2. Thus,

maxL(n) = L(2).

Thus,
B X2 16 [ (31/ - 22v) (2u - 2v) 4V (3u o 3\1) o (4u o 4v)] X2
s ] e _
AX(4 -4y 8 4@ 4| |16 —4)X
(20—27)?(30—3) (20=2)  (3—3v)° (20 —2)* (3~ 3)
48 - 32 (4% —4") 64 (4% —4")
(24=2") (31 —3v)? (3u—3v)2 [’
B X2 16 [ (3v_22v) (2u_2v)+2v (3u_3v)_ (414_41/)} X2
ST (20 —2v)* -
AX(4 -4 8 444 —4Y) 444 —aV)X
-2 -3 -2) -3 @27 (-3
12 _ (44 —4Y) 4(4"—4")
(2=2")  (3v—3v)*  (3v—-3v)*|’
_ 4X2 4 [ (3v_22v) (zu_zv)+2v (314_31/)_ (4u_4v)} X2
L(2) ~@n—a @) +
(3" =37 - (@ -4 (2 —2") (44
(24 —2v) (34 — 3v)2 (34 — 3v)2
Also, by letting
16 [ (3" —2%) (2" —2") +2"(3" = 3") — (4" —4")] X*
@2
AX(41—47) 444 (-2 -8(3" - 3v)? ~0
(2027 (3¢~ 3) (20— 27) (34— 3)? -

Thatis, X € , 1| . we note that ny < 2, that is ng is in the interval [0,2]. As L' (ng) <0,
(u,v)

the maximum of L(n) exist at n = ny.
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Therefore,

L'(n)=

X—Z {4113 [16 [ (3V _ 22V) (24— 2V) 427 (34— 3¥) — (4" — 4V)} e
16 (44 —47) e
X414 A4 (2120 83" - 3V)2]
(2”_21;)2 (3u_3v) (2u _2\;) (3u _3v)2
zn[ e +48<3”—3V>2—32<4u—4v>(zu_f)]}
(2” _ 2")2 (3” _ 3V) (2u _ 21;) (3u . 311)2

(20~ 27)*
AX(4—4) 4@ -4 (21 -2) —8(34—3")?
(24 —2v)* (34— 3) (24 —2v) (34 —3")°
B [ 16 (4" —4¥) X +48(3”—3V)2—32(4”—4V) (2"—2V)]
(24 —2v)* (34— 3) (24 —2v) (34 —3")° ’

2 [16 (3 —2%) (2~ 2) 427 (3 = 3") — (4" — 4")] X°

41 (3" —2%) (2" —2") 42" (3* —3") — (4" —4")] X?
(24 —2v)*
X(a—4)  (4-4)(@-2)-2(3" - 3v)?
(24 —2%)* (34— 3Y) (24 —2v) (34— 3)?
2 (4% —4") X +6(3“—3V)2—4(4”—4”)(2”—2”)]
(20—27)* (34 —3Y) (20—27) (34 =3 ’

8n?

B [ 2(44—4")X i 6(3”—3V)2—4(4”—4”)(2“—2”)}
(24—2")*(34=3") (24-27)(34=3")°
4[(37=2%) (242742 (31=3) (4 —4")|X2 X (4u—4) (du—4v) (2u—2v)—2(30—3v)2 |
(20-24)" (20-2%)*(3~3") (24-2%)(34—3")?

n2:

u__Aqv ufvzf u__Av u__"v
_[ 2(44—4v)X +6(3 3V)E—4(44—4v)(2 2)]

(2u_2v)2(3u_3v) (2u_2v)(3u_3v)2
4 (3v—22") (21 —2v)+2v (34 —3")— (44 —4") | x2 L X(4v—4v) (44 —4v)(2u—2v)—2(34—3V)? ’
(2¢—2)* (24—27)%(34=3") (24—2v)(34=3")

s
o
I

max (L (no))

[ 244X +6(3u—3v)2—4(4u—4v)(zu—zv)
(20-2")*(34—3") (20-2)(3"—3")*

4 (3v—2%)(21—2v)42v(34—-3") - (44—4")|X? X(44—4v) (4u4V)(2u2V)2(3u3v)2} ’

(211_21})4 (2u_2v)2(3u_3v) (214_2\/)(314_3\/)2




max (L (no))

| 2@u—av)x 6(31—3Y)2—4(44—4Y) (21 —2)
(2u—2v)2(3u—3v) (2u—2v)(3u—3v)2
4 (3v—22) (21 —2) 42V (34 ~3V)— (44 —4V)] x2 D (L) (44 —4v)(2u—2v)—2(34—3V)2
(2u72v>4 (2u72t7)2(3u73l/) (21,472\/)(31473\1)2
16 (3V—2%")(21—2")+2"(3"—~3")— (4" —4")| x>
X (2M_2V)4
¥2 L AX(4 4 4(44—4v)(24—2v)—8(34—3")?
S @2 (3-3) (@233
16 (44 —4v) | 2wae—ax | 6(34-3Y)2—4@t—av) (24 —2Y)
n (2“_2\1)2(3%_3\)) (214_217)(314_31/)2
4] (3v-22) (U272 (3U-3Y) (A X2 x(au-av) (44—47) (21 —2¥) -2 (34 —3V)
(u—2vy4 (2u—2v)2(3u—3V) (2u—2v)(3u—3v)2
[ 16(4"—4)X | 48(3“73V)2732(4L4V)(zufzq}
(2u_2v)2(3u_3v) (211_217)(3u_3v)2
64(414—4v)
\ Ty
2x(2412)  \2 2X(24+2")
X2 (m+ ) 4Q+T) — (M4 ) 8 (114 ~2X(2'+2)
__ (@12 @x) 22 )(3"-3")
16 (44 —4v) ICE
(33
) 4 (114 222042 2 8 (114 2X(2+2") 2
B X 64 (44 —4") (2"—2")(34—3") (2 —2")(34—3)
16 (44 —4) | (3u—3v)? (Q+X) (Q+X) ’
) 4 (14 2X242) 2
X 64 (44 —4") (27—2")(34—3")
ooy — 03] < > - :
16 (4 —4v) | (34 —37) (Q+X)

where

6(34 —3%)2 — 4 (44 —4¥) (24 —2")

(2-2) (=37
X (4" — 47)

b

(44— 47) (24 —2v) —2(3% — 3¥)?

(20—2)* (34 —3")
41 (3V—2%) (2" —2")+2v (3" —

(24—2) (3 =37’

Y

Q=
@ -2

The Theorem 5.2.2 is complete.

31/) . (4u . 41/)} X2

O
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CHAPTER 6

ON A NEW CLASS OF ¢-BI STARLIKE FUNCTION USING
q-SALAGEAN DIFFERENTIAL OPERATOR

6.1 Overview

This chapter will examine the new class of bi-stalike functions in g-calculus using the g-
Salagean operator. The aim is to find the upper bounds of initial coefficients, the Fekete-Szego

inequality, and the second Hankel determinant of the new class.

Definition 6.1.1. If function f(s) provided by (1.1) is considered to be in the class f €

Sy q (7,0,u,v), if the conditions listed below are hold:

fev and
io | 04/ (s)
Re {e O;f(s) >,

(seViu>v, 0<y<l1, |®|<7m and cos® >7),
o | Ovg(w
Re! ¢© ﬁ > 7,
0y8()
(weViu>v, 0<y<1, |O|<m and cos® >7),

where the function g has a series form of

8(0))Zw—a2w2+(20122—a3)a)3—(5a23—5a2a3+a4)co4+...
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Theorem 6.2.1. If f(s) provided by (1.1) be a part of the class f € S§ g (7,0,u,v) for u >

v+1,0<7y<1, |0 < rmand cos® > 7. Then

2X
\Otz\ST, (6.1)
4x2%  2X
oG] < —+—, (6.2)
i J
8(I+k)X3 10X% 2X
o] < ( .4) + = (6.3)
Vi ij k
So for A € C,
X 1
< 0<|T(A,u,v
los—Aa3| <{ T(hw)) < 25
2|T(A,u,v)|X |T(k,u,v)|22lj,
where
1—2
T(A,u,v ,
T )= 2(j—2)
X =cos® —,
1+¢)"—(1+gq)",
l+g+q*)" —(1+q+4q%)",
l+q+¢+¢) ' —(1+q+4 +q)",
y:

1+q>u+v (1+q>2v

=(
=(
=(
(1+9)“+(1+4q)",
(
(
(

(1+q+¢")" = (1+9)*) (1 +4)" -

(1+9)")(1+9)" (1 +q+¢°)"~

1+9+¢)")— (1+q+F+a) — (1+q+¢*+7°)").
Proof. If f €Sy (¥,0,u,v) and g= L
Then
OM (S) 1)
q t
=14) hs',
0! f(s) ; ’
and
48(@) 1+iht(ot
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Therefore,

® O;ﬂs)_ _ i® ST,
m_—Y—e 1+t§ihzs =7

and ;
Oy8() ‘ o
e} fc) t
_ 1+§ o | —7.
OVg(w) r=e ( & ) 4

Now by simplifying the equation, provides

Ouf(s)| o -
o) 1T (Zhs> 4

and .
i© ggi—gg;- y=e®4e® (Zh,w)
( ¢'© = cos® + isin@))
© %ﬁzi: — 7= cosO + isin®+¢™© (,; hy st> -7,
and -
¢'© %- — ¥ = cos® + isin®—+¢'® (i hy @ t) — 7.

— y—isin® = cos® — y+e'© (Z h;s'

and

— y—isin® = cos® — y+¢© (Z h @'

which gives

lof(s)] e® (Y5 hys')
i® q . . t=1""
—Y—isin® = cos®@—7y |1
e OZf(S)_ Y —isin cos Y[ + cos®— 7 1 ;
and -
o | Otg(w ®(y>  ho
i© —qg( ) —}/—isin@:cos@)—}/{l 46 (B ) ] .
OEg(a))_ cos® —y
i [0gf(s8)] _ .. :
e [ng(s)} Y — isin® L BC) (X, hys')
cos® — vy cos®@—vy '’ 6.4)
e® [ggg(w)} — Y —isin® i®(y b oof
) e (Lo ha')

=1
cos® —vy + cos® —y
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Hence, from (6.4) and lemma 2.13.1, this results in

P 0/ (s) ..
0'® [g;;(s)} — Y —isin® —p(e)
cos® —y
© [04g(o) . ©.5)
e® [%(w)} — Y —isin®
q cos® —y = (@)
)zs—ki[f]ZO{ts[,
Oy f (s) =s+ [2],008” + 3,058 + [4]yous” + ..,
and
):s—l—i[t];a,s’,
O, f(s)=s+ [2];06282 + [3];06333 + [4];05434 -
Therefore,
Oyf(s) s+ [2];06282—{- [3]Zoc3s3—|— [4]Zoc4s4+...
0y f(s) B s+[2];oc2s2+ [3];a3s3+[4];a4s4+... ’
0,/ (s) P
or ey~ (= 120) aas+ [ (115 = 317 o =21 (1205 - 2) o]+
(g~ 0y ) e 205 (120 120 ) 03 — 30, (1205~ [20;) amens -
2] ([ (3], )azog} ...
Thus
1+ (21— 2ly) eas+ | (1314 — 131y ) o — 120, (1214 - [21)) 3] &2
IO X ([4]31 _ [4];) o+ [2)2 <[2]Z _ [2]2) o3 E —y—isin®
— 135 (1214 — 121y ) enos — 21, (B4 — 31, ) 0wt
cos® —y =r(s)
and

04 g(0) = 0 — 240’ + 3]s (205 — az) @ — [4], (505 — Sopaz + au) 0* + ...,

OZg

(
Oy8(0)
0y8(®)

0)=0-— [2]20520)2 +[31; (203 — o) @ — 4], (505 —Sampos+au) 0* + ...

=1 — (12~ [2ly) oo+ | (31— Bl}) (208 — as) - 2]} (12l — [21}) oF |

+ [— ([412 - [4]2) (505 — 50005+ o) — [3]; ([2]; - [2];) o (05 —203) —
2], ([3]3 - [3];) o (05 —203) - 2] ([2]3 - [2];) ag] 0+ ...



and

— ([4]; — [4];) (505 — 50005+ as) —

(1 (Pl - 22) owoo+ [ (1315~ 31;) (202 — @3) ~ 20 (1212~ [21;) 2] ? +
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3, (121~ [21;) o2 (0 —203) 0+ ...
2] ([3]; _ [3];) o (o3 —202) — 22 ([2]; _ [2];) o3
—Y — isin®
ch@ —~ =q(),
where the functions p(s) and ¢(w) provided in the series form by
p(s)=14ns+ms’+...,
and
g(®)=1+mo+mo*+....
Comparing coefficients in (6.5), this gives
e (2l —[2l)) o
5 cos® —y -
o - M [cos® — 7] 7 6.6)
e (- 2)
L o[ ( - 01) o — 1 (12— 21) 03] )
cos® —y ’
(131313 o - 21 (120 - 2 o] =220 =Y ©7)
o | (114 ea (1205 - 12) 3
o LB (1 - 121y) aros— 20y (Bl - Bly) oo |
> cos® —y -
[ , (1t — 141y o+ 212" (20— 20y) 3 - ] _mleo®n
3l

s (12— 20;) anons — 2 (130 - 31 e
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= my (cos® — ) 6.9)

e® (s —12);)

o®: (Ba—131;) (208 - as) — 2l (21— 21;) 03 = W

2 (131~ 31;) o2 — (314~ 31y o~ 21 (120 - 121 o] = "222=0 109

- ([4]; - [4];) (505 — 500053+ o) —
w3 3! ([2]; - [2];) o (o3 —202) — w. 6.11)
2 ([3]; . [3];) o (03 —203) — 2] ([2]; - [2];) o3

From (6.6) and (6.9), this results in
ny = —my, (6.12)

and
i [c0s® ~ ]
e® (2lu—12;)
By subtracting (6.7) and (6.10), this provides
(131 =131y ) o = [20; (1215 — [21;) 03
2 (- 3l 3+ il y el

(131 - B3ly) e + 121 (21— 1207 ) 3

2 ([3J2 313 05 2 ([3J2 — 3] ) o = 22N e0O )

Oh =

(6.13)

By using equation (6.13), this gives

2 ({315~ [31;) s —2 (131~ 131 ( 23([2]@ —[ 2?2)2) _ (mmm)(co®-p)
e q “lgq

n(cos®—7)>  (n,—my)(cos®—7)

o3 — = )
T ([ 2p) 2(Bl-Bl) e
o — n%(cos@ — }/)2 (ny —my) (cos® — ) 6.14)

ao(pp-my)  2(B-Bl)ee
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(17— 4;) e+ 213" ([ li-2) = | _n(cos0—y)
3] <[2 q> oo —[2]; ( 3]~ ]f,) was | €°
—5 (14— 41;) 03 +5 ({4l — [4];) cnos—

(14 [41) -1, (121 H)(azas 20)— ="
22 (120~ [2;) o3 — 2 (131~ 131;) (om0 —25)

Subtracting (6.8) and (6.11), this provides
(11— 14 ) e+ 212" (120 — 21y ) 0 — 31y (21— 1203 ) o — 21 (32— 3]y o

+5 (4lu—143;) 03 -5 (141~ 41;) cnos+ ({4l — (41 ) e+ 3], (21— 120} ) (0n05 —203) +

207 (121 - [21y) o + 20 (1312~ 31;) (0205 —205)

_ (n3 —m3) (cos® — ’y)
€®

([4]3 - [4];) o+ (2] ([2]; - [2];) o — 3 ([2]; . [z];) wos —[2]! ([3]; . [3];) 03
+5 (14— 141y) od 5 (14l — [41;) oo+ (14]% — [4];) o + 3] (1203~ 21y oo

~203); (120~ [21;) o3+ 212" (12— [21;) 03+ [21; (131~ 31;) owois—202]; (13— [31;) 3

_ (n3 —m3) (cos® — }/)
€®

2 (14— [4ly) o 1202 (20— 1207) +5 (1405 41y
23], (12— 120y) + 217" (1205 - [21y) — 202 (131 - 31;) | o8

_5([4]3—[4];> 00 = (n3— m3)€(gos® '}/)

2 (10— [4ly) o+ 1202 (12— 1205) +5 (1435 — [4ly) —2030 (12l — 120;) +

22 (121~ 21 202l (31— 313 ( 1i(c0s0 =) 3) -

e (2] - [21;)

u ny [cos® — Y] n2(cos® — 7)? (ny —my) (cos® —y)
> <[4]‘1 [4]q> (ez@ <[2]Z - [2];) ) (621‘@([2]2 _ [2]:1)2 i 2 ([3]; - [3];) 0i® )

_ (n3 —m3) (cos® — }/)
€®
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2 (141~ [4ly) o+ [2x 212" (1204 - 21y

n3(cos® — 7)?
oo (s~ 213’

B v ni(ny —my) (cos® —y)? _ (n3—m3) (cos® — )
(14 14) <z([3]lzz [3];)2621'@([2];[2];)) e

~2x [3]; (2l —[21y) — 2 x [21; (1305 - 3]} (

o= -2 217" (2l —120y) +2 % [3]; (2ls — (21 +

5 [2]; ({3}3 B [3];)] ( n%(CDs@— '}’)3 3) .
2

( 4], — [4];) (310 ( 2]~ m;)
Sni(ny —my) (cos® — y)? N (n3 —m3) (cos® —7y)
a(pr-pl)ee (e -ry) 2 u)ee

(30— 22 (120 - 21) + 20 (31— 1) | (cose — )

Oy = . +
([4]Z — [4]2> e3® ([213 - mZ) (6.15)
Sny(ny —my) (cos® — ’}/)2 n (n3 —m3) (cos® —y) '
4 (Bl -3ly) e (12~ 12ly) 2 (4l —uly) e®

For using Lemma 2.13.1 to (6.13), this gives (6.1)

ny [cos® — ] ’
e® (L2l - [21;)

lon| =

2(cos® — )
on| < ([2]2_ [2]Z> ;
( = Vo520 + 5in*® = 1) )

Using Lemma 2.13.1 to (6.14), this gives (6.2)

ez@

n2(cos® — }/)2 n (n2 —my) (cos® —y)

. 2 u v\ e |’
em([z]g - [2];) 2 ([3]q - [3]q) e
4(cos® —y)*  2(cos®—)

([2]; _ [2];)2 ([3]Z - [312) |

LAES

log| <
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Using Lemma 2.13.1 to (6.15), this gives (6.3)

(31— 22 (20— 121) + 2 (11— 31) | o)

|ou| = N
(14~ taly) o (- 21;)
5n1(ny —my) (cos® —y)* (n3 m3) (cos® — )
2 ([3]2 - [3];) £2i0 ([ o — [2]q> 2 ({4]3 B [4];> o |
s (Bl - 212 (Rl - 2ly) + 2 (Bl = B31y) | (cos@— 7’ .

_ (2t+2;) (25 - 12

10(cos® — 7)* 2(cos®—1y) .
(13l -30y) (Rla—128y) (143 —1aly)
By adding (6.7) and (6.10), this leads to

(1315 - 131;) o }

_|_

_ (n2+my) (cos® — }/)

2, (121~ [21y) o3 +2 (135 - 3];) 03—

2i®
(1314 — 1313 ) @ — 120 (121 - 21y ) o3
[_2 x 2], ([2]Z - [2];> 0 +2 X <[3]Z . [3];> azz] _ (m +m2)ei((;0s®_ "

2 (- )~ 2y (1 - )| o = 2R les®) g4

By subtracting (6.7) and (6.10), this leads to

(eos® (2 m)(cos0 )
ol -m;)  2(B-) e

gy (1) (00 7)o 617

23— 131 ) e®

From equations (6.16) and (6.17), gives us

o3 =

ny —my) (cos® —y)
2(13) - 3]y ) e

(ny —my) (cos® —

o — Ao = (

+(X2 7LO£2,
7) 2
—+(1-2)0g3,
2 (13l - 31;) e :

a2 (ny —my) (cos® — ) B (ny +my) (cos® — ) ,
e (131 - 3]y ) e®© He (130 - 131y) — 21y (21— 1207) | er®

063—10622:
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2 (1305 - 3],
1
(T (A,u,v)— —2 ([3]; - [3];> ) mz} )
where,
) = (1-2)
H 2| (131 - 13ly) - 12l (2l — 121
The Theorem 6.2.1 is complete. U

For ¢ — 17, using this value in the above result gives an advanced result that perfectly aligns
with the previous findings by Orhan et al. [82], as shown in the given corollary.
Corollary 6.2.1.1. If f(s) provided by (1.1) be a part of the class f € Sg (7,0,u,v) for u >
v+1,0<y<1, |O| <mand cos® > y. Then

2(cos® — )
<z b
oo <=5 ———
4(cos®—7)*  2(cos® —
o 007 200
(2u —2v) 3u—-3
|a|<8(cos®—y)3 [(2“—2V)(3V—22V)+2V(3M—3V)}Jr 10(cos® —y)*>  2(cos® —7)
4= (2u+2v) (2u_2v)4 (2u_2v) (3u_3v) qu_gv
%” OSIT()WM?‘)) Sﬁ?
For A € C, ‘O@—lo@ﬁ - (3"=3%)
AT osO—7,  [T(Ruv)] 2 g,
where
T (Au,v)= -4

2 [(314 _ 3v) _ (2u+v _ 221/)] :
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Theorem 6.2.2. If f(s) provided by (1.1) be a part of the class f € Sy p (7,0,u,v) and if
X =cos®—yforu>v+1,01#0, |® < mand cos® > y. Then

2 2
4%{4?&( +5 } X € [an)(u,v)}v
2 2
%( ]_2 - % ) X e [(p(u,v)?l] ’
where
ki2 \/ 161(ki — 82)
S | 1 %)
Pur) 8jl< * ik2 ’
.2_4.
H:6J2 lka
ij
Xk ki—2j?
=42
i2j+ iz
41x2
Q:i—4,
i=(1+¢q)"—(1+q)"
j=(14+q+¢)"—(1+q+¢*)",
k=(1+q+¢*+q) —(1+q+q*+q°)",
y=(1+¢g)"+(1+4q)",
I=((1+q+¢*)" —(1+9)™)((1+9)"—(1+¢)")(1+q)" (1 +q+¢*)"~
(14+q+*)) = (1+ g+ @ +¢) — (1 +q+F +4°)).

Proof. From (6.13), (6.14) and (6.15) and taking X = cos® — 7, this leads to

ny [cos® — ]
o0 = — " N\
e® ([24—[21y)
mX
O =

e® (Plu—121;)
n%(cos@ — )/)2 n (ny —my) (cos® — )
e (2]~ 21} T2l e
n%X2 (np —mo)X

%= eZi@([z]Z _ m;)z i 2 ([3]Z - [3];) ei®

o3 =

Y
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|l - g (12 - 121y) + 121, (18 qmmhw@ )

oy +

(1t ) (25~ 2;)

[4];
S5n1(ny —my) (cos® — j/)2 (n3 —m3) (cos® —7y)

4([312—[3];) e2i® ([ 12, ) <[4] 4 ]q) 0i®

(14— fal2) 0 (12 - 212)°

Sny(ny —my) X* n (n3—m3)X |
4 ([S]Z - [3];) £2i0 (p]; - m;) 2 <[4]Z _ [4];) 40

Therefore, the functional o, 0y — 0632 will become
aaw( X ) (6l 2 (2l - 21y) + 21y (Bl - Bl )X
T e (121 - 1215) (a1 — 1412 ¥ (21~ 121)

5n1 n2 mz) X2 4 (n3—m3)X }
(C)
q>e

4 (- 1) e (2a-11) 2 (-1,

%X 2 N (np —mp)X
o (e -py)” 2 (Bl - Bl;) e

2

(1411 (4l %0 (2 - 213
5n3(ny —my) X3 N ni (n3 —m3) X? B
a(lr ) () eve (1) (21 -)) e

nix? n (np —mp)X 2
eZi@([ “— [2];>2 2([3]2— [3];) 0® |’
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oy — 03 =

(14l — 141y ) ee (121t — 1207
5n3(ng —my) X3 N ny (n3 —msz) X? B
a(lr ) () eve (1 -1) (20 -2)) e
n‘l‘X4 B Xz(nz—mz)2 B n%(nz—mz)X3

40 ([Z]Z - [2];>4 4([3]2 - [3]2) 2 210 <[2]Z — [2]2)2 ([3]Z _ [3];> 30

_|_

(030 — (227 (12— [20) + 20 (30— 031) — (14— o) |
(14— 1) e (22— 1)’
2
1

7 (s — ) X3 . m (n3 —

a(e-2) (Br-np)eve 2l - ;) (12— o)) e
X2(ny —my)* .
4(1ls - ) e

According to Lemma 2.13.2, provides

2ny :n%+x(4—n%),
2my =mi+y (4—mi).

By solving, it leads to
2ny —2my :n%—m%+x(4—n%) —y(4—m%) )

using (6.12), provides

(x—y), (6.19)



88

and

4n3=n%+2(4—n%)n1x—n1(4—n1) —1—2(4 n1)<1—|x|>

(6.20)
dmz = m1+2(4 ml)mly my (4 — ml)y +2(4— ml) (1—]y| >
By solving (6.20), gives us
4n3—4m3—n1 m1+2(4 )nlx 2(4 ml)mly ni (4 nl) 4
my (4=m) 42 (4=nd) (1= 1) s =2 (4=m}) (1= ) o,
4(n3—m3):n%+n?+2(4—n2)n1x+2(4—n%)n1y—n1 (4—n%)x2—
m(@=md)y?+2@4=nd) (1= ) s =2 (4=n}) (1- 1) o
ny —ms :% [2n%+2 (4—n%) ny (x+y)—n (4—n%) ( +y2)+
2(4=m) ((1=1P)s— (1-bP) @),
3 4—n2 4 —n?
N3 —ms = n +( ni) i (x+y>_”1( ”1)<x2+yz)+
(24 2 2 4 (6.21)
—n
2 ((1=1) s = (1-bP) 0.
By solving (6.19), also gives us
2n2+2m2:n%+m%+x(4—n%)+y(4—m%),
using (6.12), leads to
2(n2—|—m2):n%+n%+x(4—n%)+y(4—n%),
2(ny +my) =2n7 + (x+) (4—n%) )
4 — 2
ny+my =nt+ il (x+y). (6.22)

For terms x,y and s, @ having conditions of [x| < 1,|y| < 1,|s| < 1,|@|<1 and |¢”®| = 1.
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Using triangle inequality on (6.18), gives

aa_ﬂq:%Mm—m%Qm—mQ+mKM$ﬁm—ﬁﬁ—wgkﬂ_
o (11— 1a1;) e (21— 21)'
n%(nz—mz) X3 N ny (n3 —m3) X? -
a(l2e-) (Br-)eve 2 (- ) (Rl -en)e
X?%(ny —my) 7
43l - 31;) e
aa_ﬂﬂ:ﬁM%—mbG%—mQ+mxmqBm—am—thﬂ_
o (1412 a1) 0 (122~ 21
n%X3 4—n%
(=) +
4 (12 -120y) (13l -131) ew( 2 y>
n X2 ﬁ (4—n%)n . B
2 (4 wg(mq[ﬂ9&®(2+ 2 o)
ni (44_”1)( 2 2)+ (4_2”%)(<1_|x|2> . <1_|y|2> ) ) _
X’ (4_”%)2 )2
4<[3]q_[3];> oo 4 (x—y)
aa_aM_ﬁMm—mpam—mJ+mxmfﬁm—Qm—wak4
o (1t~ ) e (12— 21’

2 ([aly— 14y) (120~ [21y) e
fﬂ%fﬁu%wﬂ+ﬂgﬂ%0—mﬁs—@—Mﬁwo—
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(31— 1207 (12l — 120y) + 120 (1315 - 31y ) — (14l — 140 ) | x*

T +
(14l — 141y ) ee (21l — 1203

oo — oc32\ <

;4%fgﬂ_mg *%G%—wgcm—m9+

(
4Q%—M9Q%—M9K 8 (141 aly) (121 - 21y)
n1(4—n%))iz < (1 B |x|2> . (1 B Mz) ol+
( )
(




91

2 (4 —n2) X3 A2
8@gﬁbfgqmgw+”+dwqw5@bpm
B A Y
s oy (el (1)
mﬁigﬂzszu:+yf

3 2

n%(4—n%)X n1(4 nl)X

(ot () () (o >]<'X+y>+

n%(4—n%)X2 ni (4—n 2

(- gay) (- rny) o () (12 )](x2+y2)+

(4=r)x?
16([315— 1317

The function p (e’@s) , for ® € R is in the class P therefore we can suppose for convenience and

2 (13l + [y)*.

generality that n; = n € [0,2].Thus, for 7 = |x| < 1 and 0 = |y| < 1, this leads to
‘062064—063%{ <W+Wa(14+6)+Ws (T2+62) +W4(T+6)2 =F(1,0),

where

| (31— 1207") (120~ 21) + (21, (1315 — 31y ) — (14l — faly ) | x*

W = £ +
(1412~ 1437 (120 - 2ly)
n‘sz n1(4—n%)X2

4Qw—wgﬁm—mg+z@%—w9Qm—mg’
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o n* (3l - 212 (121 - 21y + 128 (131 - 3] —(HM"“M)]X4+
1\n)=
(14— 14y (12)5 L2,
I’l4X2 n l’l(4 —l’lz) X2

4|3l - 212 (11— 2ly) + 2y (31— 13ly) - (40— 1415) | X2, 2n(a—n2)
4 n 4+ >0
(121 21y) (125 - 21;)
_ n%(4—n%)X3 n%(4—n%)X2
" (- 22)” (314 - 131 i (g — ;) (21— 120y)
Wa =W (n) = n? (4 —nz) X’ n n? (4 —n2) x* ,
8 (12— 2y) (- ) 4 (- ) (125 - 12)
Wy =W (1) = n? (4 —n2) x° X2 N 1
Y2 () (- ) (22




n%(4—n%)X2

" (s —tayy) (2s—121y)  a(pals—1ay) (2121
Ws =W (n) — n? (4—112)X2 B n(4—r12)X2
U s () () e (- ) (R
XZ
W3 =Ws (n) = " ([4]2 _ [4];) ([2]2 B [2];> {n (4—n2) (”_2)} <0,
(@)
" 16([3): - 31;)°
Wi =Wy (n) = X 4-m)z0

16331y

Next, there is need to maximize function F(7,d) in the closed square
S={(1,0):0<7 <1,0 <8 <1},for n€]0,2].

By taking partial derivative of the function F (7,6) , results in

g_’; =Wy +2WaT+2W, (T+8) =0,
and

oF

55 = Wa+2Ws8 +2Wy(1+8) = 0.

By comparing (6.23) and (6.24), this gives
T=90.

By using this result in (6.23), this leads to
Wo +2W3T+2Wy (14 0) =0,

W +2Wat+2Wy (14 17) =0,
Wr +2Wat+4W4t =0,

(2W3 +4W4) T=—W,,
_W2

2(Ws +2Ws)’
—W,

2(Ws+2W,)
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(6.23)

(6.24)
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So

W, —Ws
(1,8) = , :
2(W3+2Wy) ' 2(W5 4 2Wy)
This is the critical point.

By first derivative test

I2F 92F 0%F
—— =2W3+2W; >0, o5 =2W3+2W4 >0, 3795

7 267 ~ =AW= 0

J0%*F y 0%F B d%F
012 " 062 0108

2
) = (2W3 +2W,) (2W3 + 2Wy) — 4W2,
= AW§ + AW} + 8Ws Wy — 4W7,
— 4W3 4 8W3W < 0.
Since the function F (7, 6) does not show a local maximum, we examine the maximum of F (7, J)

on the boundary.

Fort=0and0<7 <1 (Similartod =0and 0 <& < 1). this gives

F(1,8) =Wi +Wa (1+8) +Ws (12 +8%) + Wa(1+ )7,
F(0,8) =W + W3 (8)+ (W3 +Wa) (8%) = G(8),
G (8) =W+ 2 (W3 +Wy) 6.

To check at the boundaries

At 6 =0,
G(0) =W,
Atd =1,
G(1)=W+Wo+W3+Wy,
Since

Gl(8) :W2—|—2(W3 +W4)5,

The sign of W3 4+ W, affects the behavior. If
Wi+Ws >0, G'(6)>0,
G(9) is increasing.
The interior point of 0 < n < 2 for 0 < § < 1 can be obtained, when W53 + W, > 0.
The function G’ (8) > 0 for § > 0 shows that function ‘F’ having a positive slope.
Hence, the upper bound for functional ]ocz oy — oc32 corresponds to 8 = 1 and n = 0, which can

be evaluated into G’ (8) =2 (Ws+Ws) 6 + W, > 0.
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Hence the maximum of G(§) exist at § = 1 and
max{G(0)} =G (1) =W, +Wo + Wz + W,.

For the case when W3 + W, < 0, it can be noted that 2 (W3 +W4) 0 + W, > 0for 0 < 6 < 1 and
any fixedn with0<n <2.

It is obvious that

2 (W3 +Wy) +Wo< 2(W3+Wy) 8 +Wo< Wy and thus, G'(8) > 0.

Therefore, for n = 2, this results in

F(1,8) = 4x2 4X2 [([3]; - [2]‘2;) ([Z]Z - [2];) +[2] (B]Z _ [3];> B <[4]Z B [4];>]

Next, checking for t=1and 0 < 7 <1 (similarto § =1 and 0 < § < 1), gives us

F(1,8) = H(8) =W, +Ws + W3 + Wy + (W +2Wy4) 8 + (W3 + W) 62,

H' (8) =Ws +2W, +2 (W5 + W) 8.
Similarly, for the above cases of W3 + W, where 8§ = 1, provides
max{H(3)} =H (1) =W +2W, +2W3 +4W; .

Since G (1) < H (1), we obtained the interior point of n € [0, 2] where maximum of F exists at

T=1and 8 = 1. Therefore,
F(1,0)=F(1,1) =W, +2Wr +2W3 +4W,; = L(n).
Substituting the value of Wi + W, + W3 + Wy in the function L, provides

F(l,l) :L(n) =W +2W, +2W3 +4W, ,
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L(n)= i +

(14l - 14 (2l —120;)
ntx? 4nX?

4 (g - 14ly) (le—120y) i (14— 14 (2l —120;)
X2 4n*X3

+ —

2 ([l - 1) (- 120) () (Br-31)
n*x3 4n*x?

+ —

4 ([z]g _ [2];)2 ([3]; - [3];) 2 ([4]” - [4]2) ([Z]Z - [2]2)

n*x? n 4n*x? _

2 (1l —14y) (2l —12ly) (il — 1) (120 - 2ly)

n*x? 4nXx? "

a (- ) (le—r20y) 2 (le— 1) (20— 120y)
n3X? N 16x2 N
2(145 - 1) (- 128) (1)’

n*x? 8n2X?

a(pr-pr) e(Br-py)
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L(n) = -
(14— 14 (2l —120;)
n*x3 n*x3
— +
(a—r20y) (Bl -ply) 4 (- 12) " (Bl - 61y
2n2x? n*x?
— +
(laly = taly) (12l = 120y) 2 (1495 = aly) (1205~ 121y
n’Xx? 4x? n*x?
(14— 14 (2l —120y) (Bla-131y)" 4(13 [314)2

A {n4 {[([31; -2 (120~ 2y) + 120, (131~ 31y) — (14— [y ) | 1ex*
41;) (1)’
a (- 20) (ta - a2 — (- 1313)°
(2 21)” (0 31 2l 213 (13- 31) } '
. { 16X ( (413 — 41y . as (13- 3)7) 32 (120t - 217 (1l — 14l
2
(

+
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Suppose that L(n) has a maximum in an interior point n of [0,2]. By taking derivative of L(n)

with respect to n, leads to

D » mMm—m%Q%—mg+mxm?ﬁm—Oﬁ—wﬁh
16 ([4ly — 415 (12l - 121y)
ax (14l — [41y) Nm;m@ﬁ%mgqmgwm1
2 + 2 +
0) (13- 131y (pm—mg(pm—mg
I R L e e G [ I
(121s—1217)" (Bla—131) (2~ 1213) (131 - 131)”

By taking
[mhmm%ﬁmmg+mxmzbmﬁwwgh2
(21213’
ax ([4ls— 1) +4(wzmm)ﬁazpm)8ﬁﬂzpm)1
(- 1212) (31— 31 (21213 (13- 13})°

For solving the value of 'X’, this leads to
<_ 4(] 4]q 4] )2_
(2lg—[21; ) (Blg—031%)
4([47;—[41;

2
2”q) T 4 16[([3]2—[2] ) (120 [2]) [] (1Bl—0315)—([415—141;)]
(1215-121y)" (13)-1315) (Rle—21y)*
(

o)
| ((4a-lay) () 8 (9-(51)
\ ( T )

2

> 0.

X
2(16[(% 213 (121 m[)+m ()mq 131,) — (41— 141, )])
. (1 1a12) (21— 217)” ]
8 (130 131y) [ (31— 1212 (120 21y + 2Ty (131l — 131;) — (14l — 14 |
I+
6 ( (1l - aly) (120 - 21) - (13t~ 131)) .
L0 2 (120 - ) + 121, (13— 31) — (1l — 1417
(235~ ) (4l 1)°
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So
X e [qu)(u,v)} .

Therefore, L' (n) > 0 for n € [0,2]. Since L is an increasing function in interval [0,2], the

maximum point of L exists on the boundary for n = 2. Thus,

maxL (n) =L(2),

Ly X {16 [16 (31— 22 (12l - 21y + 120 ([312 = 3y) - (1l 14y) | X2
o~ 4;) (1215 - 121;)
ax ([l - 4];) A (1l — 140y) (2l —121y) — 8 (13— [31;)21 .

(2 1212)” (1312~ 131) (2 1283) (3l - 3L
4[ 16 (4] [a;) x +48<[3]q aly) 32 (L2 [2]q)<4]g[4];>]+
(12l - 120y)" (131 - 131y) (2 1282) (- 31y)°
64 ([4]; 4
EEn)
Loy 4|31~ 129 (12— [20y) + 20, (13l — 31,) — (14l —40;) | ¥
([4]2—[4]2) ([z];—[z]q )
x(4-14y) +([416,—[41‘]) .
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‘062064—0632’ <

w40l - e (- 2) + 2 (BBl - (14— @) | 32
q u
) v

(14l - 141,

)
(2s-1y) |
Also, by taking
{16 (31— 122 (12— [21y) + 20y (31— 131) — (14l — 1433 | X
(- 121)°
ax (i) () (- e) (Bl - 3l N

(2 1212)” (1312~ 131) (2 1283) (3l 31y)° )

This provide that

X € [4)(”7‘,), 1} .

For a value ng < 2, that is ng is from the interval [0,2]. As L’ (ng) < 0, the maximum of L(n)
exists at n = ny.

Hence, for L' (n) = 0, this leads to

n {2n2 {16 [([3]; —2I) ([2]2— [2];> +[2], ([3]” — [3];) — ([4]2_ [4];” X2

4X ([4]; _ [4];)

(- 122) (3l 31 2213 (13- 3)
16 ([4]; _ [4];) X . 48([3]q _ [3];)2 ) ([2]; _ [2];) ( 411 [4];) .,
(- 120) (3l - 31 (2 1213) (31— 31)°

_8[ 24X s(Bl-Bly) -4(2l- 1) (4 >}
o L) (Bl-1) (2P (- m)z
4[(130, - [217") (121521, )+[2] (1311315 — (41— )% 7
(Rl-121)°
s X ([49—1415 ) +([4]q [4]; )(H [2}) ([3] B3y’
(2—1215)" (115 -31;) (21215 (1315 -131;)°
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max{L(ng)} =L

y

_{ 2(4l—l)x | e(Bli- 3l)° -4(2 [2])([] ~[41)
(21—1212)° (B1E-131) (21-121%) (B1E-131)
A3l 1212") (120~ [20) + (205 (31— [312) — (41— )X
(21-(21y)*
X)L (1) (2 21) (31 -131,)°
(21-12%)* (31~ 131%) (28— 121) (31— 313)°

_{ 2l Bx  6(Bl=31) (2 [21;) (14141
(1215—121y)" (1315 -13);) (121s-12;) (134—13]3)"
A (B[22 (121 (21 + 21 (3 12l) (- )] ’
(2-p21)*
X)L () (222 -2(1l - ERE
\ (2 —12)* (B30 (2 —2) (131E-131)
(_{ (g top)x  s(og 1y ) (2 i) (11 )Dz )
(2-12ly)" (Eg01;) (2t -2y) (B 151)° «
A[(3 1212 (120~ [212) + (20, (132~ [303) — (14— [4]})]x ’
(2e-21)*
X(Mb) ([41;—[41;)(mz—[213,)—2([31;—[31;)2
(125121, (05131 (125121, (Bl =131,)°
(30— 122 (120215 + (205 (1Bla—[31s) — (4= ) 1ex”  ax([4)s—[aly)
(12l5-12y)* (1215-[215)" (13)5-13);)
PR(E [21;)04 41;)-8(31=131;)° ,
(1215121 (B31=131;)°
(_[ 2(gwy)x oo e
(25121 (Bly-p1y) (2 mz)(s 3]v
a[(31 22 (121~ 203+ 120 (31— 312) — (412~ [412)
(21-1215)*
X (4]~ [4];) o (BB () (13- 13)
(21 —22)* (131~ ) (2" H)[3] 7[31
16x([4]g—[4};) Jr48( )—32([2]“ [2] Jr64(43 4”
(12l 120y)* (B3la-131y) ([2g—1215) (Blg (Blg-Bly)" )
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2([4)4—[4]))x )
- —I— H u Vv
(([2]3—[2];)2([3];—[3];) 2 ([4]q [4]q> X

_ +II | +
(Q+1) (([2]; 21;)” (Bl 1) )

g 2
max (L ()} =% o4 (45 - 4;) . 4(([2132—([;1;)22];1@2)—([31;)+H)
Vs () | (mr-p)’ (@+3)

u v 2
(i)
( )

L2l ?)
{L(no)} X2 64 [y - 141;) 4 (([2};([;;;([2313}([3@) +H)
max no)y = -
16 ([l —14) | (i1e-131y)° (@+5)
( 2(124+ (210 )X 2
X X2 64 (4]~ [4];) 4 (az}q—mq)([s]q 1) *“)
a2a4—063| < B N 2 (.Q—}—Z)
16 ([l 1) | (- 1)
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The Theorem 6.2.2 is complete. 0

For g — 17, using this value in the above result gives an advanced result that perfectly aligns
with the previous findings by Orhan et al. [82], as shown in the given corollary.
Corollary 6.2.2.1. If f(s) provided by (1.1) be a part of the class f € Sg (7,0,u,v) and if
X =cos®@—yforu>v+1,[(3"—2%) (2" —2")+2"(3*—-3") — (4“—4")] #£0, |®| < 7 and
cos® > y. Then

2 4X2 3v_22v (2u_2v)+2v(3u_3v)_(4u_4v)
(43)_(4v) [ ( ) (2”—2V)4 ] + (zuizv) } ) X S [07¢(u7v)] )
2
|062(X4 — 03 | < , 4 (T 2X242Y) 2
64(4"—4" (2F—2")(3%—37)
16(4X"—4”) { (3(M—3V)2) B ( 2(92+2§ : ) } ’ X € [ 1]
where
o (24— 2% (4"~ 4") §
() = 8(34—3v)[(3V— 22v) (21 —2v) 42V (34 — 3¥) — (44 — 47)]
1 16[ (3V—22") (24 —2¥) 42" (3"—3") — (4 —4")] x [ (4" —4") (2" ~2*)—2(3"—3")?]
1 + (4%741’)2(21,472\2)

6(3% —3Y)* — 4 (44 —4¥) (24 —2")
(24 —2v) (34— 3")°
X (4% —4Y) (44— 47) (24 —2v) —2(3% — 3¥)?
+ b
(21 —2v)? (34 —3v) (24 —2v) (34 — 3v)?
41 (3" —27) (2" —2") 42" (3* —3") — (4" —4")] X?
(20 —2)* '

b

Q=
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CHAPTER 7

CONCLUSION

This chapter concludes what we have done in this thesis and throws some light on future
work related to our research work which other researchers can do.

This thesis analyzes bi-univalent functions in open unit disk V. It applies the basic concepts of
Geometric Function Theory and g-calculus to examine how g-calculus ideas can be implemented
to find the results for bi-univalent functions. This thesis examined three new subclasses of q-bi
univalent functions.

Applying the quasi-subordination technique presented two new subclasses of g-bi univalent
functions by implementing the g-difference operator. The analysis shows the g-version of sub-
classes of bi-univalent functions by applying quasi-subordination provided by Atshan et al. [31].
In g-calculus these subclasses are provided as %é’zw (&,0,7,%,q),and ﬁé’jy%c (&,0,x,9,q) .
The bounds of initial coefficients |@| and |a3| of these classes were investigated.

Also, by applying the g-Salagean operator, a new subclass of g-bi starlike function is in-
troduced using the g-difference operator. The analysis shows the g-version of a subclass of
bi-starlike function investigated by the Salagean operator provided by Orhan et al. [82]. In

g-calculus this subclass is provided as Sy, (7,0,u,v,q). The upper bounds of initial coeffi-

cients || , |o3| and || , Fekete-Szego inequality (|oz — Aa3|) and second order Hankel
determinant (|04 — 0 |) of this class were determined.

The results of the new classes are more advanced and refined than the previous findings by
[31, 82], as can be verified by substituting the limit ¢ — 1~ . Hopefully, our contribution through

this thesis will greatly strengthen the field of Geometric Function Theory and facilitate the new
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researchers for future work in this field.

7.1 Future Work

The central focus of this thesis is to examine the g-bi univalent functions by applying
quasi-subordination and g-bi starlike functions applying the g-Salagean operator. Changing
different parameters can generate well-known and new subclasses from these functions. Also, the
Fekete-Szego inequality and Hankel determinant can be derived for subclasses of g-bi univalent
functions implementing quasi-subordination. Further, Our results for the g-bi starlike function

can also be derived for g-bi convex functions.
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