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ABSTRACT

Title: j-EXTENSION OF STARLIKE FUNCTIONS SUBORDINATED WITH COSINE
HYPERBOLIC FUNCTION

By merging classical mathematical principles with the innovative framework of quantum
calculus, this thesis pioneer new advancements in the study of analytic functions. This thesis will
advance the understanding of analytic functions by integrating classical principles with quantum
calculus. It will introduce the class S:‘?C()sh, which will extend starlike functions associated
with §-cosine hyperbolic function. Through the application of the §-derivative operator and
subordination techniques, the research will explore key properties such as coefficient bounds,
Zalcman functional, Fekete-Szegd problem and Hankel Determinants. The results, anticipated

to be validated as § approaches to 1~, will demonstrate significant progress beyond existing

theories, enhancing both the theoretical and practical aspects of quantum calculus.
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CHAPTER 1

INTRODUCTION AND LITERATURE REVIEW

1.1 Overview

Imagine stepping into a world where math meets shapes and patterns in a way that’s both
captivating and practical. That’s what geometric function theory is all about. It’s like exploring
an enchanting domain where we use complex numbers to understand how functions twist, turn,
and shape the world around us. In this chapter, we will discuss the introduction along with the
literature review, exploring where geometric function theory originated from and who contributed
to it. I identified gaps in this literature review and began working on them. Emerging from the
groundbreaking contributions of early mathematicians, namely Cauchy, Riemann and Weierstrass,
it delves into the intricate mappings and transformations of shapes within the complex plane.
Fundamental concepts such as holomorphicity and conformality, along with pivotal theorems
like the Riemann Mapping Theorem, form the backbone of this field. Its practical applications

span a wide range of disciplines, from fluid dynamics to mathematical physics.

1.2 Riemann Mapping Theorem

The foundations of geometric function theory can be originated from Riemann Mapping

Theorem [1] in 1857. Cauchy, founding figure, embarked on his journey in function theory,



making the initiation of productive career that would see him authoring over 200 papers in this
domain. With remarkable precision, he clarified how to deal specific type of integrals with
complex limits and introduced some key concepts such as the Cauchy Integral Theorem [2]. He
investigated how to break down complex functions into simpler parts using series. Following
Cauchy’s lead, Riemann emerged as the second prominent figure, in function theory. Riemann
built on Cauchy’s ideas, especially focusing on the Cauchy-Riemann Differential Equations
[3]. These equations were important for defining analytic functions, which Riemann defined
as functions like f(x+ iy) = u+ iv. Through this investigation, he then formulates Riemann
mapping theorem. It states that any simply connected domain in the complex plane can be
conformally mapped to any other or unit disk with similar description where simply connected
domain means a path-connected domain where one can continuously shrink any simple closed
curve into a point while remaining in the domain. The groundwork of this theory can be followed
to the 19th century when mathematicians like Augustin-Louis Cauchy and Karl Weierstrass
made meaningful contributions to complex analysis. They studied properties and behavior of

holomorphic functions and their mappings.

1.3 Analytic Function and Univalent Function

In 1907, Koebe [4] worked on univalent functions and presented a theorem known as Koebe
one-quarter theorem which states that in open unit disk if function is holomorphic function
f(0) =0 and f'(0) = 1, then image of unit disk under mapping contains a disk of % radius
centered at f(0). In the late 19th century, Hermann Amandus Schwarz [5] made significant
contribution to the geometric theory, which involves the boundary fixed points. Schwarz lemma
at the boundary is also a dynamic topic in complex analysis, different unique results have been
made by him. A framework for examining how univalent functions behave near the edge of
their domain is offered by Schwarz boundary fixed points and associated theorems. These
findings lay the groundwork for understanding how these functions behave close to the boundary,
guaranteeing both the preservation of the geometric characteristics of the functions and well-
controlled mappings. Analytic function [6], an essential part of complex analysis i.e., a complex

valued function which is differentiable at every point within its domain.



1.4 Biebarbach Conjecture

A German mathematician, Ludwig Bieberbach [7] in 1916, formulated his conjecture, this
conjecture states that if g(Z) is a univalent function in the unit disk A = {Z: |Z < 1}, Taylor series
expansion is:

80 =i+wmP+mP+.., 7€, (1.1)

where the coefficients and for all n < 2. He proved that |c;| < 2, it holds if and only if the
function is koebe fuction. A famous math puzzle called Bieberbach conjecture has stood for
sixty years. This puzzle has motivated the mathematicians to come up with new ideas, many
people used different techniques to solve this conjecture. Karl Lowener in 1923 [8], proved
that |c3| < 3. After a long gap of 30 years, Garabedian and Schiffer ez al. [9], proved fourth
coefficient |c4| < 4 in his research.

This conjecture left open for many years till 1984, proven by American mathematician
Louis de Branges and considered as fundamental achievement theory of univalent function and
complex analysis. De Branges trying to prove Bieberbach conjecture, first by the help of Lowner
differential equation he proves result on bounded univalent functions which shows contracting

flow on the unit disk. Then to prove his inequality, he uses this result [10].

1.5 Subclasses of Analytic and Univalent Function

In Geometric Function Theory, analytic functions plays vital role. This theory examines
geometric properties and also categorized into number of classes and further broker down
into subclasses. Several subclasses of analytic functions which are component of geometric
function theory could be investigated and methods like subordination and -calculus are fre-
quently employed. These subclasses, which include convex and starlike functions, are useful in

mathematical physics and engineering. They are distinguished by particular geometric features.



1.6 Starlike Functions

Class of Starlike function and Convex function is defined by Ma and Minda [11] by using

S*z{g €A: (Zg (Z) <6(z),zez}, (1.2)

subordination,

g(2)

where the function delta of 7 fulfill Schwarz function on unit disk.

1.7 Fekete-Szego Inequality

Problem of Fekete-Szego [12], relates to coefficients of a univalent analytic function and
is connected to the Bieberbach conjecture. In general, Fekete-szegod inequality is expressed
as |c3 — ac%] for some constant ¢, o may be real or complex. This intricate inequality is true
for, 0 < a < 1. It is an essential result in complex analysis which provides limitations on the
coefficients of specific classes. Particularly, it gives upper bound on the modulus of coefficients
of a function that is normalized and analytic as well on the unit disk. Whereas Bieberbach
Conjecture is involved with the coefficients of the Taylor expansion. By utilizing the Fekete-
Szegd inequality, mathematicians were able to make important progress towards proving the

Bieberbach Conjecture.

1.8 Hankel Determinant

The idea of Hankel Determinant originates from the study of hankel matrices, which bear the
name of German mathematician Hermann Hankel (1839-1873). Pommerenke [13] demonstrated
the concept of Hankel Determinant for particular univalent functions. In 1967, Noon and
Thomas [14] have determined the {th -hankel determinant, the Jth- Hankel determinant is

defined as,



Cp Cn+1 Cn+2 cn—Q—é—l
Cn+1 Cnt2  Cpt3 .. Cn+q
Hy(n) =
Cprg—1 Cntq Cntg+l o Cyuing o

The Hankel determinant for the starlike and convex functions was studied by Janteng et
al. [15], in 2002. Hankel Determinant Hs(2)= |cac4 — c3| for the starlike class is [cocs — ¢3|< 1
whereas for convex class is |cycs — c% 1< %, obtained results were sharp. Sokol [16] determined

third order of Hankel determinant.

c1 ¢ 3
Hy(1)=|c; ¢3 ¢4

C3 C4 Cj5

His contributions to the famous classes of convex and starlike functions in the disk. The
starlike functions Hankel Determinant is |H3(1)| < 16, whereas the convex functions Hankel
determinant is |[H3(1)| < 15. In 2017, Prajapat [17] introduced constraints for specific categories.
In 2019, Lecko et al. [18] work deals with forming sharp bounds. Sharp bounds are accurate
limits or inequalities that define the exterior behavior of mathematical expressions. In this case,
they are investigating the most extreme values that Hankel determinant can take for this particular

subclass of functions with an order Y.

1.9 §—Calculus

A
~

g— calculus, a powerful tool for handling discrete and quantum like phenomena. It is
also known as Jackson’s §— calculus [19] that generalizes traditional calculus and has vast
applications. He was the originator in creating a systematic approach to J—integrals and
§—derivatives, which are special mathematical tools. Later on, researchers explored how these
g-tools are linked to quantum groups, which are a bit special mathematical family.

Euler was the first mathematician who come up with a theory in math about numbers could
be break into smaller parts, and this theory is called additive analytic number theory. The theory

was like the starting of another math area called §—analysis. Euler wrote a lot of math material,

but it was not put all together and published until early 1800s. It was published under the name



of someone named Jacobi, who was a legendary mathematician, even though Euler had always
written his work in Latin. In 1829, Jacobi [20] came up with his own idea in math called elliptic
functions, and it’s kind of like c?—analysis.

Another important mathematician, C.F. Gauss, who lived from 1777 to 1855, also contributed
to §—calculus. He’s known for inventing hypergeometric series and some related mathematical
relationships in 1812. Many mathematicians worked on subclasses of Starlike function S* and
defined them in j—deformation like [21] in which §—derivative operator on convex and starlike
functions are defined widely with derivation as well. Different classes of analytic function have
been put forward and developed on the unit disk by the help of subordination technique. Like,
Seoudy et al. [22] used §—derivatives to found new divisions of quantum star-like operations
in complex order. Estimates on coefficients for second and third coefficients of these classes
have been also found in it. The j—analogue of analytic functions linked with -cosine function is
defined in [23], by using subordination technique. Chetan Swarup [24] presented a subclass of
§— starlike functions, which are related with §- analogue of hyperbolic tangent function through

subordination relation.

1.10 Starlike Functions subordinated with Cosine Hyperbolic Function

Alotaibi et al. [25], define a family of starlike functions associated to cosine hyperbolic
function. He investigated different properties of these function. This research inspired us to
introduce §—extension of starlike functions subordinated with cosine hyperbolic function. These
functions can serve as analytical tool for solving complex problems that involve the concepts
of §—calculus. It is such a comprehensive subject that it has application in different areas of
applied sciences, current mathematical physics, including engineering, number theory, statistical

mechanics and area of signal processing.



1.11 Preface

The goal of this study is to examine and characterize a few new analytic function sub-
divisions such as §—starlike functions that are associated to cosine hyperbolic function. Divided
into five sections, here is brief summary of each chapters:

In Chapter 2, the definition of important sub-classes of univalent functions are explored
and chapter concludes with foundational lemmas that will serve as the basis for future talks. It
is noteworthy for not presenting new findings but providing a thorough synthesis of accepted
principles.

In Chapter 3, we delve into the realm of starlike functions subordinated with cosine function
along with an exploration of specific key findings. It’s important to underscore that proper
citation of reviewed literature is diligently maintained throughout this investigation.

In Chapter 4, j—starlike functions subordinated to cosine hyperbolic function—is the subject
of this chapter. Additionally, proven findings for functions in this class are inferred in this chapter.
It is shown via corollaries that the newly derived conclusions are consistent with those that other
researchers have already established.

In Chapter 5, the coefficient bounds, Zalcman’s conjecture, or the third-order Hankel
determinant are discussed for our new class using lemmas and corollaries with conclusion. Also,

explore the future work for new researchers.



CHAPTER 2

DEFINITIONS AND PRELIMINARY CONCEPTS

2.1 Overview

This chapter’s goal is to provide basic key terminologies and classical results of geometric
function theory and associated subjects. Geometric Function theory gracefully combines the
intricate patterns of analytic functions and the univalent functions into a fascinating material of
mathematical insight and practical applications. This chapter defines special functions, linear
operator and preliminary lemmas and some recent classes of analytic functions. This study
examines the captivating realm of mathematics, revealing the beauty of complex functions

through the lens of geometry.

2.2 Holomporhic Function

Essential concepts in complex analysis, a field of mathematics that address complex numbers

and associated functions. In this field, holomorphic functions are core concepts.

Definition 2.2.1. [26] A function is called holomorphic at some point Zg, if it is complex
differentiable at zp and in a close region around Zp. In a more precise way, function exhibits

holomorphic at z if the limit persists.

s . 820+ h)—&(20)
Zo) = lim —- .
£ (20) lim 3)



Analytic functions are all holomorphic functions and demonstrated within some convergence

boundary.

2.3 Riemann Mapping Theorem

The roots of geometric function theory originates from Riemann Mapping theorem in 1857.

Definition 2.3.1. [27] It asserts that conformal mapping is possible for any simply connected
domain in the complex plane to any other or unit disk with similar description where simply
connected domain means a path-connected domain where one can continuously shrink any

simple closed curve into a point while remaining in the domain.

2.4 The Class A

Functions belong to class A is normalized analytic. An analytic function (additionally referred
to as Holomorphic Function) is a function that is complex differentiable in a neighborhood of

all points in its domain.

Definition 2.4.1. [28] An analytic function f(Z) is one that has a derivative at every point in its

domain A. Analytic functions can be represented and expressed as an infinite sum of power,
gZ) =2+ Y cni"z€X, 2.1)
m=2
where coefficients can be determined.

Definition 2.4.2. [1] Function 7 is said to be Normalized Analytic Function, if it takes zero at

origin (g(0) = 0) and its derivative takes the value 1 at the origin (g’(0) = 1).

2.5 The Class S

Functions belong to class S are analytic, normalized and univalent as well.
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Definition 2.5.1. [4] Function is said to be univalent if it maps unique points in its domain to
unique point in its range. These functions are also known as one -to-one or injective function.

For any two distinct complex numbers Zjand Z; in the domain,

8(Z1) # 8(22). (2.2)

The function in the class S is normalized by the restrictions g(0) = 0,¢'(0) = 1.

2.6 The Class P

Functions whose real part is positive, are belong to class P.

Definition 2.6.1. [1] In Harmonic Functions, real valued functions are considered, functions

whose real part is positive.

Definition 2.6.2. [1](Caratheodory Function) In the framework of functions that map the unit
disk to itself, the caratheodory class consists of a function that have a positive real part in the
unit disk.
P={p:p(0)=1,Rp(z) >0,Z€ A}
PR =1+ Y cnp™, (2.3)

m=1

2.7 Sub-classes of Univalent Functions

Sub-divisions of univalent functions are essential in the analysis of Geometric Function
Theory and complex analysis. these functions have number of applications in different areas of
mathematics, its application include conformal mapping, potential theory and fluid dynamics.
There are many sub-classes of univalent functions but our research revolves around one main
class i.e. Starlike Functions. Also analyze the relationship between these classes and P class

with their proven properties.
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Figure 2.1: Starlike domain

2.7.1 The Class of Starlike Function

Functions defined in the unit disk in the complex plane A = {Z: || < 1},with some definite
geometric properties are known as Starlike Functions. Under the function, geometric properties
are related to the shape of the image of the unit disk. Star likeness is an essential geometrical
characteristic. All the points in the set are connected with a fixed point by a straight line to form
a starlike domain. If all of these straight lines were fall within the domain, that particular domain

becomes starlike in terms of fixed point.
Definition 2.7.1. [29] A holomorphic function defined on the unit disk D (where D={z € C:
|Z| < 1} is called starlike if it fulfills the requirements listed below:

%)
8(2)

S*:{geA:Re( )>0,ZED}. (2.4)

2.8 Subordination

In complex analysis, subordination is a strong tool for exploring the relationships between
different classes of functions and insight their geometric and analytic properties. It enables the
analysis of functions by associating them to simpler or better-understood functions, leading to

more profound insights into their behavior and structure.

Definition 2.8.1. [30] If ¢ and y belong to class A, we say that, the function ¢ is considered
to be subordinated to y ,figuratively expressed as ¢ < v, if ¢(Z) = y(®(Z), where @(Z)in an
open unit disk is an analytical function known as Schwarz function, fulfilling two criterion that it

gives zero at origin and less than or equal to 1 at Z.
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2.9 Fekete-Szego Inequality

The Fekete-szego inequality, connected to Bieberbach conjecture and deals with coefficients

of a univalent analytic function.

Definition 2.9.1. [31] The Fekete-Szegod Inequality is a finding, particularly in analysis of
univalent (holomorphic and injective) functions. This inequality offers bounds for certain

coefficients of these functions when they are normalized in a particular manner.

A function that is univalent in the unit disk and normalized such that in (2.1). The Fekete-
Szegd Inequality includes second coefficient ¢, and higher coefficients c3, c4... This inequality

states that for any real number ¢,
lc3 —acs| < 1+
» For a =0, it becomes |c3| < 1,
« For a = 1, it becomes |c3 — 3| < 2.

(Also known as second order Hankel determinant)

2.10 Hankel Determinant

In analytic and univalent functions, coefficient problems plays very important role. Hankel
determinant is a study from linear algebra and mathematical analysis, named after the Ger-
man mathematician Hermann Hankel. It has applications in different areas including moment

problems, control theory .

Definition 2.10.1. [32] A square matrix with every ascending skew diagonal from left to right
being constant is known as Hankel determinant. It is associated with a series of a numbers. The

gth-Hankel determinant is defined as,

Cp Cn+1 Cn+2 Cn+t§—1
Ch+t1 Cnt2  Cpt3 - Chid
— q
Hq(l’l) = )
Cn—O—z?—l Cn+c§ Cn—O—é—i—l T Cn+2§—2
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For second order Hankel determinant put § = 2 and n=1, it becomes

1 2
H>(1) = =cjc3—C5.
Cy C3

Hy(1)=c3—¢c3. (2.5)

Fekete-Szego Inequality is mentioned as the determinant H>(1). For now,let n=2 and g=2, it

becomes

Cy C3
H>(2) = = Cyc4 — c%.
C3 C4
In 2018, Zaprwa [18] calculates Hankel determinant H;(3),

Now, for g=2 and n=3. it becomes

Third order Hankel determined has been determined by many researchers [12, 13, 14, 15]
and is given by,
c1 ¢ 3
H3(1)=|cs ¢3 cal

C3 C4 Cj5

H;(1) =cs(c3 — C%) —c4(cq —cpe3) +e3(cacs — c%) (2.6)

2.11 Quantum Calculus

c?—calculus [33], a field of mathematics that extends and generalizes classical calculus.
In quantum calculus, functions such as the derivative and integral are revised in terms of
j—analogues, arising in new properties and behaviors. These §—derivatives and j—integrals

frequently diminished to the traditional calculus equivalents when §— approaches 1.

Definition 2.11.1. [34] é—calculus or non-Newtonian calculus, is a mathematical structure
which prolongs traditional calculus by presenting a parameter §. This parameter is frequently

considered to be a real number close to 1.
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Definition 2.11.2. [35] é—Derivative is defined in such a way that it narrows to the traditional

derivative when § approaches to 1~. j—derivative operator is denoted as D 5

8(29)—2(2) 5
= 7£0
D:g(Z) = e : (2.7)
8 /(0)7 z=0
The Maclaurin’s series of g-derivative is:
Dyg(z) =Y [nlsan(2)", (2.8)
n=0
where §—Pochhammer
1—@” AL
= i 17
n, qg=1.

Definition 2.11.3. [36] j—Integral series in the theory of special functions shows the inverse

operation to g-derivative, which was introduced by Frank Hilton Jackson. It is defined as:
[e0d;0) = (1-8)z Y, de(@2). 29)

Definition 2.11.4. [37] j—Exponential is a §-deformation of the traditional exponential function

and is used to extends exponential growth. The §—exponential function is defined as:

o 1

=L

n=0

0<g<l. (2.10)

NK
‘?.

Definition 2.11.5. [38] c?—trigonometric functions are defined as

el — e
o 4 4
sing(Z) = TR (2.11)
e’; + eq:iz
cos;(2) = s (2.12)

Definition 2.11.6. [39] §— hyperbolic trigonometric functions are defined as

62 — e,é_z

sinh;(Z) = s (2.13)
62 te §”

cosh;(2) = - (2.14)
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Zalcman presented a conjecture in 1960, for functions that are univalent whose extended

form is offered by Ma in 1999.

Definition 2.12.1. [40] Zalcman Conjectures states that all functions belong to univalent function

having form (2.1) satisfies the subsequent sharp inequality.

a2 —aop_1| < (n—1)%,n>2.

(2.15)

Definition 2.12.2. [41] Generalized Zalcman Conjecture states that the Taylor coefficient form

of (2.1) satisfy the following inequality

|apap —aprp1| < (F—1)(p—1),VF>2,p>2.

2.13 Preliminary Lemmas

Following lemmas will be useful in producing findings in the next chapters

Lemma 2.13.1. [42]If p(Z) =1+ Y, c,Z" € P then,
2¢) = C% + OC(4 — C%)

43 =ci +2(4—cl)era— (4 —ch)cta+2(4—c)(1-|al’)B,

for some
ala <1),B(IB] < 1).

Lemma 2.13.2. [43] Let the function p € P given by (2.1), then
len] <2,(n€N).
Lemma 2.13.3. [44] Let the function p € P given by (2.1), then

1
1

IN

i 2[2—-9[,0
’UCn - ckcnfk‘ < .
20,

(@
vV

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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CHAPTER 3

CLASS OF STARLIKE FUNCTION SUBORDINATED TO
COSINE HYPERBOLIC FUNCTION

3.1 Introduction

This section goal is to investigate numerous essential and established conclusions that assist
as pillar for posterior study. This part initiates by examining functions that are starlike and
categories established in connections with cosine hyperbolic function. Furthermore, various

major conclusions will be evaluated.

Definition 3.1.1. A function g € § is considered to be in the class of S;Osh, if it satisfies the

mentioned boundaries

zg((;;) < cosh(z),Z€ 2. 3.1)
That is,
iosh = {gA €A: Z§<<;)) < cosh(f)}. (3.2)

3.2 Coefficient Inequalities

The following class 7, is associated with following finding.

Theorem 3.2.1. If ¢ € S”_, has the series form as given in (2.1). Then

osh

1 1
@] <0, Jas| < 7.laa] < 3, ]as| <0.2135416. (3.3)
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Proof. Let g €S, then
B0 _ psh(o().z€ A (3.4)
£(2) ’ ’
where
- 5(Z) — 1
() = .
RN

If p(Z) corresponds to (2.3), then

_aitoftal+..
24c1Z4 0+

o(2)

As we know,

5 clz+c222+C3z3+...)
cosh(w = cosh . 3.5

(@(2)) ( 2412+ 72 + 373 (3-5)

So, we have,
222 3 =3 4 4 4
_ iz (—c1+2c10)7 1 ¢ c c
coshw(Z) =1+ 18 4+ : +3 [Zl+c%+26103 —36%62-1—31} 4 ﬁz“+...,
Now, taking left hand side of (3.4),
() =i+ mP +umP +adt+ .. (3.6)
§'(2) = 142007+ 3038 + 443 + ..., (3.7)

which gives
78'(2) (1427 +3037 +4au +...)

£(2) F+mB2 B tat+...

It leads to
78'(2) (1427 +3037 +4au +...)
8(2) 14 aZ+as?2+aB+...

This implies that,

z8'(2)
8(2)

After Binomial Expansion, we get

= (14207 + 302 + 442 + .. ) (1 + (aZ + a3 + w2 +..) 7L

Zg;g = 1+ a2+ (243 —a3) 7 + (3a4 — 303 +d3)2 + (4as — 243 — 35 +4d503 — 4dda) 7 + ...,

(3.8)

Regarding a comparison of the coefficients of 7,7%,73,7*, in addition with specific computation
we get,

a, =0, (3.9)

az = C—% (3.10)
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R c1(2¢y — 3
oy = 122 —cl) - ) (3.11)
. 5c‘11 N cic3 c% 3c%cz
as = —+ —+ = —
ST 192 " 16 32 32

Using Lemma 2.16.2 to (3.15), we get

(3.12)

Consider,
c1(2¢, — C%)
24

Applying Lemma 2.16.3 to (3.11) with v = 2, we get

bl

bJI»—

4l <

Now, applying Lemma 2.16.1 in (3.12), we get

5

5= 192

—ci+ 614c1 (cl +2ci1(4—ch)a—ci(4—ci)a’ +2(4—cf) (1 - |a\2)B>

ci+a(d— c%)) ,

1 2 3
4+ — (c%+oc(4—c%)) 64C1 (

128

which results in

5
19

1
as = (e +264 =Dt — (4 -heto? + 21 (4~ ) (1 - )

21+64

1 2 3
+ g (A Had =) — o (dT+dad—c).

This implies that

as =

w57 11061 +6 (el +2(4 = )efa— (4= hefo? +201 (4= ) (1~ |a)B)

+3 (c‘f + 062(4—c1) +2(4—c1)c%oc) 18 (c‘lt —l—c%a(4—c%)) } )

This leads us to

. 1
as = zo7 [} —6(4—cT)cio? +12(4 — cP)er (1 — |af?B) +3(4 —cf)*a?] .

Using triangular inequality, let ¢; = c and |o| =¢

\

2.2 2 2\2.2
< 384\c +6(4— )P +12(4 — *)e+3(4 - 2)*F.

We assume that

o(c,t) = %d [c4 +6(4—cA) PP+ 12(4— e +3(4— cz)ztz} .
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Upon partial differentiation, we get

teX0) 1

5 =321 [12(4 — *)c*t +6(4 — cH)t] .

It implies @(c,t) is a function that grows from [0,1]. So,

max(9(c,1)) = p(c, 1) = — [c* + 6(4— )+ 12(4— ) +3(4— AP2].

384
Set
o(c) = 9 [c4 +6(4—c?)P+12(4—cH)e+3(4— c2)2} .
Now,
o(c) = 307 [c* +24¢% — 6¢* +48¢ — 12¢7 + 48+ 3¢* — 24¢%] .

On simplifying, we get
1
w(c) = @[—2&‘ —12¢% +48¢ + 48].

By differentiating with respect to ’c’, we get

o'(c) = 54 [—8¢> —36¢% +48].

Certain calculations shows that @’(c¢) > 0 for ¢ € [0,1.1] and ¢ € [0, 1] Also, @’(c) < [1.2,2]
and g € [0, 1]. It implies that @(c) is increasing in [0,1] and ®(c) is decreasing in [1.1,2]. This

means that,

o(c) <o(l) = ﬁ [—2(1)* —12(1)? +48(1) +48] < 0.2135416.

Consequently, we get

as| <0.2135416.

Hence, the proof is complete.

3.3 Fekete-Szego Inequality

Theorem 3.3.1. If g € S7_, has the series form as given in (2.1). Then

1
B—a3 < 7 (3.13)
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Proof. From (3.9) and (3.10),

a, =0,
2
a3 = L.
1
Using Lemma 2,16.2, we have
22
N 2
—ll=12=—0
a3 = a3l = I7g ‘ ’
1
N 2
— < —.
a3 —a3y] < 4
Hence, proof is completed. U

Theorem 3.3.2. If g € S*  has the series form as given in (2.1). Then

cosh
s s 1
a4 — azan| < 3 (3.14)
Proof. From (3.9) and (3.11),
a, =0,
. c1(2¢c, — C%)
= 3.15
ag 24 ) ( )
N NN C1 (2C2 - C1)
_ — —0
as — azas| o ,
|ci]
= ﬁ |2C2 — C%|
Applying Lemma 2.16.3 with v = 2, we get
s s 1
lag — azan| < 3
which is the needed result. ]

3.4 Zalcman Functional

Theorem 3.4.1. If g € S7_, has the series form as given in (2.1). Then

|as — a3] < 0.2122. (3.16)
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Proof. From (3.9) and (3.12), we have

ﬁ c1C3 C_% _ 3C%C2
192 16 32 327

2
5¢t cie; +c_%_ 3cte; B (ﬁ)
)

as =

N _\2
GS-B=19"T16 T32 7 32 16

2 170‘11 cics c_%_3c%cz

Is —d3 = —— . 3.17
BTETIR T e TR 32 ©-17)
Applying Lemma 2.16.1 to 3.17,
d5—d2:17c? 1 3 +2(4—cera—(4—cfera? +2(4—c3)(1—|al*B) n
37768 T 16 4
1 [d+a@d-d)]’ 3 [dra@d-—d)
32 2 32 2 ’

17¢4 1
2l b
as—a3=er e |

ct+2(4—cf)efa— (4 —cf)efa® +2(4 =) (1 —|a*B)ei]

+i[c‘1‘+a2(4 1)?+2(4—cf)cial -

3
53 [cl +o(4— c%)cﬂ ,

64
1
as — a3 = 68 [17c‘1‘ +12¢} +24(4 — Ao —12(4— )t +24(4 — ) (1 — |a|*) Bei
+6lc} + (4 - )20 +2(4 — ) ctar] - 36[c} + a4 — ],

as—a3 = [17c‘1‘ +12c] +24(4 —cD)cto— 12(4— ) cta® +24(4 — D) (1 — |a)?)Be;

768
1 6ct16(4— D)2 +12(4— A)Ea—36¢t — 363 a4 — )],

1 -
as =@} = == | = ol = 12(4 = D)cto? + 24(4 — D) (1 — aP)Ber + 6(4 — a2

Applying modulus and let ¢; = ¢, |ot| =1,

|t +12(4 — )2 +24(4 — ) e+ 6(4 — )] (3.18)

768

We assume that

X(c,t) = A 12(4— )2 +24(4 — ) e+ 6(4 — ). (3.19)

=68 |
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Upon partial differentiation, we get

X 1

S = g (2404 )2t +12(4 —c*)%t] > 0.

It indicates that X(c,t) is escalating in [0,1]. So,

max(X(c,t)) =X(c,1) = 1 [04 +12(4—c)’c* +24(4—c)’c+6(4 — c2)2] .

768
Set
|
Z(C) = ﬁ |:C4+ 12(4—C)2C2+24(4_C)2C+6(4_62)2:| .
1
Z(c) = 768 [C4 +48¢% — 12¢* 4+ 96¢ — 24¢ +96 + 6¢* — 4802} .
1 4 ;
Z(c) = 55 [-5¢* =24’ +96¢ +96]

1
Z/(e) = 55 [-20¢” = 72¢* +96]

Certain calculations shows that Z'(¢) > 0 for ¢ € [0, 1] and Z'(c) < 0 for ¢ € [1.1,2]. It indicates

Z(c) is increasing in [0,1] and Z(c) is decreasing in [1.1,2].

2(c) <2(1) = oo [(=5)(1)* —24(1)* +96(1) +96] < 0.2122.
Consequently, we get
as —a3] < 0.2122.
Hence, the proof is complete. [

3.5 Hankel Determinants

Theorem 3.5.1. If the series representation of g € S7., is as described in (2.1). Then

1
[H21(8)] < - (3.20)
Proof. The Hankel Determinant:
ap a
Hy1(g) =
ar aj

As ay :0,



Substituting the values of a3 we get

c
H. =L
21(8) = 1¢
Applying Lemma 2.16.2, we get
22
H il
Hoa(9)] < T
1
|H2,1(8)| < 1

Theorem 3.5.2. If the series form of g € S7 , is as stated in (2.1). Then

Haa(e)| < 1.
Proof. The Hankel Determinant:
Hyag)=| "
as dq4
As ap, =0, So,
Hys(g) = —a3

On Substituting values of a3, we get

Applying Lemma 2.16.2, we get

Theorem 3.5.3. If the series representation of g € S7, ., is as described in (2.1). Then

3,1 (g)| < 0.0293.

23

(3.21)

(3.22)
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Proof.
Hs1(g) = asaz — a5 +a3.
On Substituting values of a3, a4, we get
5¢  cie3 5 3cie c? c1(2¢2 — )1’ 21’
Hyy(g) = |25 Q¢ @ 3ael () [ale-aq)l” fal®
’ 192 16 32 32 16 24 16
After simplification, we get

13 5 1 23

H _ 22
21(8) =~ 35564 1+4608 i 2+ 256¢ 1e3 - 46081
Applying Lemma 2.16.1, we get
13 5 4dta@d—ca
H _ [ 1 1
31(8) = ~ 353621 T 7508°) 2
N 1 c3[cl+2(4_ 1)CIOC—(4—0%)010624—2(4—c1)(1—|Oc| )[3]
256 1 4
23 z[c%+a(4—c1)2]2
— C .
4608 ! 2
Hs 1 (8) = s oot (4 tat [ 24— At (- dela
! 36364 | 46081 4608 1024
2 2 4
+2(4 =) (1 - |aP)Bet| - 55 |ef + a2 —cD?ed +2(4 = ch)ctal
1
Ha1(8) = 5o [— 136 +20¢8 +20(4 — )+ 36[c§ +2(4 — )t — (4 — F)cta?

+2(4= (1~ laP)Bei] —d6[cf + (4 - o +2(4 - D)etal] |.

1
H31(8) = 3eees [— 13¢$ 4208 +20(4 — )t o+ 36§ +72(4 — c3)cfor — 36(4 — ¢})cfa

+72(4= ) (1 |a)Bei —46¢] — 46(4 — ) cfa? ~92(4 — })ctal.

Hy(g) = =3¢ =36(4 — d)efo +72(4 — (1 - |@?)Be} — 46(4 — })2te?]

1
36864 [
Applying modulus on both sides, let ¢c; = c and || =1

e l_‘36864H3c +36(4 — )+ T2(4 - )’ +46(4 — ).

Set

0(1,¢) = [30 136(4— )M+ T2(4 — )+ 46(4— )%2;2}

36864
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By differentiating w.r.t. ’t’, we get

9 1

ot 36864 [72(4 )c4t+92(4—02)202t} = 0.

Clearly, %—‘f > 0, for ¢ € [0,2]. Hence, ¢ is increasing in [0,1].

max((1,¢)) = ¢(1,¢) = [3c +36(4— )c4+72(4—c2)c3+46(4—c2)2c2}.

36864

Say,

Qc) = 36864 [30 +144¢* —36¢° +288¢3 _7205+46(16+c4 —8c2)2c2} |

1
Q
()= 36362

Upon differentiating w.r.t. ’c’, we get

[13c _ 7265 224c4+288c3+736c2] .

Q(c) = [78c —360¢* — 896c3+864c2+1472c].

36864

Some calculations shows that Q'(c¢) > 0 for ¢ € [0,1.4] and Q'(c) < 0 for ¢ € [1.5,2], which

implies that Q(c) is an increasing function in ¢ € [0, 1.4] and decreasing in ¢ € [1.5,2]. So,

Q(c)<Q(1.4)= 78(1.4)° —360(1.4)* —896(1.4)° 4 864(1.4)* + 1472(1.4) | <0.0293.

36864

Accordingly, we get
|H3,1(g)| < 0.0293.

Hence, the proof is complete. ]
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CHAPTER 4

4—STARLIKE FUNCTIONS SUBORDINATED TO §—COSINE
HYPERBOLIC FUNCTION

4.1 Introduction

This section goal is to examine various essential and traditional results that assist as pillars
for future study. Specifically, it delves into fundamental theorems and findings that have
historically underpinned advancements in this field. The section begins with an investigation of
§—Starlike Functions, exploring their properties and the classification systems that have been
established in subordinating with the §—cosine hyperbolic function . These functions are critical
in understanding the broader implications of §—calculus in geometric function theory. Moreover,

this section will discuss multiple major conclusions derived from these investigations.

Definition 4.1.1. A function g € § is considered part of S;cmh class, if it meets the following

criterion:
D;sg (2)

8(?)

"
= {g €A: D) < cosh;(i)}. (4.2)

< coshs(2),Z€ A. 4.1)

Which is,

Geosh g ( Z)



4.2 Coefficient Inequalities

The subsequent results are associated to class of S}w

Theorem 4.2.1. If the series representation of g € SECOS

1
|512’ <0, |&3| ]

N

sh’

h

N

2

~
~

) |a4
q(1+q)?

as

Proof. By definition,

1642(1+¢2)2(1+4+4)(1+4)*

ZD :g(Z)
o _ aat (5
Socosh = {g €A: @ < coshq(z)}.
Using subordination principle, we have
ZD;g(2)
q A~ ~
— =cosh;(®(2)), Ze€A.
= eoni(6()
where
o PE)-1
a(Z) = —
@ 1+5(2)
If5(Z) follows the form of (2.3), then
() = C1Z+ o+t
24+ciZt e+ aB+.

Let
- ciit e+ + ..
241+ e+ 4.
Then,
2 M4
cosh;(D(Z) =14+ —F—+——+...,
q R R
[2]é! [4]9!
. - o 12 . y .
- 1 [ i+ +.. N 1 i+ +..
[2]5' 2—}—C12—|—C222—|—C3§3—|—..._ [4]5' _2—|—C12+C222—}—C3Z3+...
R, BT S [ s 2 B 4
g 1 C1Z+ 7"+ 32 + ... n 1 C1Z+ 7"+ 32 + ... n
Rla' 20+ +22 4. Bl 20+ +4E 4.
1 c1Z 72 -2
— 1+ i+ +ad+.) 1+ 2+ 24 +
[2];! 2 2

cosh;(®(2))

i+ +..

= cosh;
4 (2+c12+c222+c323+...

).

4(1+4+q)(1+9)
_ 2747 +814° +1358° + 1634* + 1364° + 844% +295+ 1

16

[

1
4

]

5'

!

(612—1-0222 +eP 4 ... (

c1Z

6222

14+ — 4= 1...

2

2

y

)

is as described in (2.1). Then

4

4
} o

+ ...

27

4.3)

4.4)

4.5)

(4.6)

Y
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1 C1Z 22 6%24 C%Z6
-1 1—
+4[2]§! [(C1Z+czz +e38 .. ( : 1
- . )
C1Z €27 C1Z c3Z 3%
2 2 e e
( 2 ) ( ) ) ( > ( 2 >+ ) + ...
1 2 e AP c1er? 2 e
B 1 ~_ 1 - 1 ~2_ ~3 e 1 .
+4[2L;! {Clz 2 2 Ty T T3+ +16[4]5!+ :
= 1 2:2 3 ?Z4 C?Z4 4 cizt
_1+4[2L§! [clz +2c1022 —clz +— 4 +— > —301C2Z +c2z +2c1037 + ... +16[4]q:!+"'

Now, taking left hand side of (4.5), gives

ZD;g(2) _HEH @ + P +.) — (§2 4+ +4as? +

»

g(2) F(1=9)F+ a2+ m?+..
ZD:g(Z) . .
e 0g7+ 1+ [—4a
g(2)
+4lasq’ +

1

as =

+3[4]

LS

!)+[4]5!)c‘1‘—12[2]51[4] !

Using Lemma 2.16.2 to (4.8), we get

514(1+4)cter+8[215![4]514(1+§)crc3 +4[2] 5!

164%(¢* +24° +247 +24 +1)[2];12[4], <([2]q' (1232430030 + 2l

Y

(—a2d +as5)§* + (—&3 + 433 — dodia + a5)§ + 3035 — 2d0a — 4 — &3 + 5] 2 + ...

5+4(1+§)a3) 22+ [ 2+ §)davas + ga3 + (1+ 4+ §7)qas) 2

4.7)

(4.8)

(4.11)

(4.12)

bl
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Now, applying Lemma 2.16.1 to in (4.10) and let ¢; = ¢,|a| =1, gives us

1
1607(q* +24° +247 + 24+ 1)[2];1*4]

(20514151400 +8) +der(4— 214132901 +6) + 2111412901 +8) (4~ ]| = zgle)

5| = (221401205t + 31415 )t + 2632 (4~ &)

Xy B 1
167[2]512(§* +29° + 24 +24 +1)[4],!

[4[41514(1 + §)[2];1(4 — )t

It implies that 2% (c t) is an increasing [0,1].So,

1
1602[2]512(4* +24° +24% +24 + 1)[4]!

+2¢2(4—c?)[2)51[4]514(1+§) +4c(4— ) [2]:1[4]314(1+§) + 215141514 (1+) (4~ *)*]:= £ (c)

max(24(¢c,1)) = Xq(c; 1) =

. By differentiating w.r.t °c’, we get

! 2y A A
1682(5 + 287 + 252+ 24+ 1)[2];12[4];! [(4[2021g(1+9) +4[4];! —4[2] !

A —12[2]

&'(c)=

5![41:14(14§)° +16[2]5141:14(1+§)].

Calculations shows that £(c) > 0 for ¢ € [0,1] and &’(c¢) < O for ¢ € [1.1,2]. This indicates that

&(c) is increasing in ¢ € [0, 1] and decreasing in ¢ € [1.1,2] for ¢ € [0, 1]. So,

2747 +814% + 1354° +1634* + 1364° + 844> +295 + 1
1642(1+47)*(1+4+4) (1 +4)*

we get the needed result. [

jas| < &(1) =

When § approaches 1~ , the result above simplifies to the following:

Corollary 4.2.1.1. If g € S* . has the series form as given in (2.1). Then,

cosh

. 1 . 1 41
las| < Z,|a4| |a5] <155 (4.13)

4.3 Fekete-Szego Inequality

This inequality is investigated for the class Sgwsh.
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Theorem 4.3.1. If the series representation of g € Sgws is as described in (2.1). Then

h

1

—_— 4.14
(1+g)? @19

a3 — a5 <

>

Proof. From (4.16) and (4.17),

a3 —a3] =

Using Lemma 2.16.2, we have
1

N 2

2>

When § approaches 1~, the result above simplifies to the following:

Corollary 4.3.1.1. If the series representation of g € S, is as described in (2.1). Then

cos

a3 —a3] < . (4.15)

EN,

Theorem 4.3.2. If the series representation of g € Sgcos is as described in (2.1). Then

h

2
G1+4)(1+4+¢)

a4 — azas| < (4.16)

Proof. From (4.16), (4.17), (4.18),

[e1][(2c2 )|
412]519(1+4+¢?)

g — d3éin| =

Using Lemma 2.16.2 and 2.16.3 with v = 2,

’&4_&3&2| < 2 N N
q(1+4+q*)(1+4q)

When § approaches 17, the result above simplifies to the following:

Corollary 4.3.2.1. If g € S, has the series form as given in (2.1). Then,

osh

1
a4 — azap| < 3 4.17)
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4.4 Zalcman Functional

Theorem 4.4.1. If g € S} is expressed in the series form as shown in (2.1), then,

cosh

|as — a3 < 0.2130. (4.18)

Proof. From (4.17) and (4.20),

1
16q[2] 12(5* +243 + 242+ 25+ 1)[4] 5!

N 2
as —da 3=

((3 + 1448 + 3347 + 5145+ 578

Q»

+484* 3047 + 124"+ — 1)cf — 12[2]5![4]514(1 + §)ciea +8[2)5![4]514(1 + §)erc3

2 a2
400+ D) )
Applying Lemma 2.16.1, letting ¢; = ¢ and |a| = ¢, we have

1
165[2]:!2@4 +283 +242+ 24+ 1)[4];!
1[41514(1+4) (4 —?)e t+4m5M]wa+qX4 ?)e

+[205![41514(1+§) (4 = *)°%) | = i (c.1).

| (¢ +34"+64°+98°+94* +34> +34°

las —a3| <

+4+ 1)t 422

'Q»

Differentiating with respect to ’t’, it is clearly seen that ail">0, which indicates V5 (e 18 increas-
ing in [0, 1].

1
169[2]52(¢* +243 + 24 + 24 + 1

max(y;(c.1)) = ((c, 1) = T (((;8 L3874 666

+94° +98* +34° + 387 + G+ 1)c* + 202051 [41514(1 + ) (4 — 2)e? + 4201415141 +§)
(4= Pt 21160+ 8 E—P) ) =Ts(0).

By Differentiating w.r.t ’c’

1
16q[2] 12(G% +24% + 242 + 24 + 1)[4]!

Y(c) = (Ac® +Bc* +-C),

q

where
A= —4§° 194" — 45§47 —704° —79§° — 674* — 294> — 174> — 19.
B = —12[2],!4];14(1 +9).
C = 16[2];![4]:14(1 + ).
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Certain calculations show that Té(c) >0 for ¢ € [0,1] and Y’é(c) <0 for ¢ € (1,2]. This

implies that Y4(c) is increasing in [0,1] and Y(c) is decreasing in (1,2).
T;(c) <T;(1) =0.2130.

Consequently, we get

as —a3| <0.2130

which is the needed result.

4.5 Hankel Determinants

Theorem 4.5.1. If g € S;wsh has the series form as given in (2.1). Then,

Proof. As

Using (4.7) and (4.8), we get

C2
as — d% = :1 A
4[2]5! (1+9)
Applying Lemma 2.16.2 to (4.20),
Haa(e)| < =
2,1 8)1 = 7 A
q(1+9)?

which is the needed result.
When § approaches 17, the result above simplifies to the following:

Corollary 4.5.1.1. If g € S, has the series form as given in (2.1). Then,

osh

|Hy,1(g)] <

B

Theorem 4.5.2. If g € S, is expressed in the series form provided in (2.1), then,

(4.19)

(4.20)

4.21)

(4.22)



Proof. As

H)»(g) = doay — 3.

Using (4.7),(4.8) and (4.9), we get

2
‘1

@@—%:0—Lm

4
€l

)

Y- A
q-CI(l +4q

Y

dliy — 03 = —

162,281+ 47

. Applying Lemma 2.16.2 to (4.24) and by taking modulus, we get

which is the needed result.

When § approaches 1~, the result above simplifies to the following:

Corollary 4.5.2.1. If g € S

osh

1
H < —.
Hoa(9)] < 1

has the series form as given in (2.1). Then,

Theorem 4.5.3. If g € ijcosh has the series form as given in (2.1). Then,

A
~

G454 +78 +104* +1243 +94> +54 +3

|H3 | <

1

T 64470 + 247 + 247 + 24+ 1)[2]2[4]:1(1+ G+ §%)

(1.4)0—

1647[2]512(9* +2¢° + 24> +24 +1)

2P+ 47 +24+1

(1.4)°—

421224 + 287 + 28 + 24+ (14 4+ 3?)

Proof. By (2.20), we get

1

AP0 (8 +24° + 22 + 24 +

1)

S(1.4)*+

(1.4)3+

3§* +64° +54°+64+3

420251284 +24° + 282+ 24+ 1) (1+ 4+ §2)?

Hs1(g) = asaz — a3 —a

3
3.
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(4.23)

(4.24)

(4.25)

(1.4)%. (4.26)

(4.27)
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G +53°+78 +104* + 124> +94> + 54+ 3 Ky
A A 2, A2y 1
64d(44+24 3 +2¢2+2¢+ 1)[2] 2[4 (1+g+4)
' +2¢ - +24+1 4
+ — 3 - C1C2
1642(§* +24° + 242+ 24+ (2,2 (1+§+4)?
1 3
+ = 2 2 2 A €13
8¢%[2]51%(q* +2¢° +2¢* +24 + 1)
344+ 64> +54*+65+3 5 5

o A 2 A 2 A a2, 12
1642[2]512(¢* +2¢° +2¢* + 29+ 1)(1 +q+4")*

H31(g) =

Using Lemma 2.16.1, let ¢; = c and |a| =1, gives us

’H (g)’ (§7+2§6+455+454+3§3 é 1) C6
3.1 = 2, A -
6442 ( 4+2q3+2q2+2q+1)[2] 12[4]:1(1+g+4%)
(4—02) 41‘2

32[2], RG(G +2803 +282 +24+1)
(34" +64° +5§* +64+3)(4 — )*c*?
64[2]51242(4* + 283 +24° + 24+ 1) (1+4+4*)?
(4—c*)c?
16[2]51242(4* +24° + 28> +24 + 1)

= A(c,t).

By differentiating w.r.t °t’, it is clearly seen that %—? > 0. Hence, A(c,?) is increasing in [0, 1].

max(Ae.t)) = Ale,1) = (¢ +24°+44° +44" +3¢°—4-1) s
6442(3* +29° + 247 + 24+ 1)[2], 2[4 (1+ G+ 3?)
(4-c)t (34" +64° +5¢* +64+3)(4 —c*)*c
320284+ 243+ 287 +24+ 1)[2)52 648244 +243 + 287 +24+ 1)[2]52(1+ 4+ §2)?
(4—c)c3

=p(c).

1642 (4% + 243 +2q2+2q+1)[2]é.

By differentiating w.r.t ’c’, certain calculations show that pé(c) >0 for ¢ € [0, 1.4] and pé(c) <0

for ¢ € [1.5,2]. This implies that pj(c) is increasing in [0,1.4] and pj(c) is decreasing in (1.5,2).
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G590+ 75 + 1044+ 1247 + 98 +5G+ 3
6442(2):12[4]51(4* +24° + 24>+ 24+ ) (1+ 4+ 3?)
1
1642[21512(¢* +24> +242 +24+1)
28+ +24+1
420323+ 28 + 282+ 24+ 1) (1+4+3)
1
e 1.4)°+
4[2]512q2(q4+2613+2€12+2€1+1)( )
34*+64° +5§°+64+3

~
A

42022 (34 4283 +22 + 24+ 1) (1+4+¢°)

(1.4)°—

|Hz 1| < p(1.4)

(1.4)°—

S(1.4)*+

2
5 (1.4).
which is the needed result. O]

When § approaches 17, the result above simplifies to the following:

Corollary 4.5.3.1. If g € S, has the series form as given in (2.1). Then,

|H3,1| < 0.0293. (4.28)
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CHAPTER 5

CONCLUSION AND FUTURE WORK

5.1 Conclusion

By smoothly integrating classical principles with cutting-edge advancement in Quantum
Calculus, this thesis not only advances our understanding of analytic functions but also sets
the stage for future investigation and application in mathematical analysis. A key part of this
research is to examine the classes of analytic functions by utilizing the tools and techniques of
Quantum calculus.The study begins by introducing essential definitions, preliminary results and
unfolds coefficient bounds of functions as well.

The focus of this research is to first examine and then extend the class of starlike function
associated with cosine hyperbolic function.Introducing the class Sgwsh, which include starlike
functions subordinated to §—cosine hyperbolic functions. This extended class was established
using §— derivative operator also executed subordination technique to briefly examine their prop-
erties.We have identified several key characteristics within the newly defined class, coefficient
limits, Zalcman functional and renowned Fekete-Szeg6 problem. Additionally, this research
expanded to examine Hankel Determinants for this innovative class.

To ensure the accuracy of our results, we approach limit as § — 1~, which confirmed the
alignment of our results with known outcomes.Our analysis demonstrates that the new class offer
a refined perspective compared to previously developed ones. The results we have acquired show

notable advancements beyond earlier theorems presented by researchers. Our research combines
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traditional principles with modern developments in Quantum Calculus to push the boundaries of
current understanding in this field. The findings not only elevate the theoretical structure but also

addition to the practical applications of these mathematical concepts.

5.2 Future Work

Building upon the findings revealed in this thesis, various exciting path for future research
emerge. One promising direction is the exploration of additional function classes that develop
the concepts of starlike function further into the realm of j—calculus. This could involve
developing new sub-classes and examining their unique properties, especially in relation to other

trigonometric functions. Results for the refined classes could be explored.
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