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ABSTRACT

Title: On a new class of §-Starlike Function Associated with Sine Inverse Hyperbolic
Function

The aim of this thesis is to present and describe new subclass of univalent functions within the
open unit disk. The g-extension of the starlike functions subordinated to inverse sine hyperbolic
function will be determined by applying g-calculus. Furthermore, we will look into noteworthy
properties, including coefficient bounds, the Fekete-Szego inequality, and the Zalcman functional.
The upper bounds on Hankel Determinants for functions belong to this newly defined class will
also be explored. It will be demonstrated that recently acquired results are more advanced than
those previously obtained by a large number of researchers in the field of Geometric Function

Theory. The special cases of newly derived results will be presented in the form of corollaries.
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CHAPTER 1

INTRODUCTION AND LITERATURE REVIEW

1.1 Overview

This chapter offers a thorough overview of the introduction and extensive review of literature
of Geometric Function Theory. It includes primary concepts and ideas within classes and their
subclasses of this theory. Since the class which contains functions which are analytic, univalent
work as infrastructure in Geometric Function Theory, so this chapter explores the foundation
of these classes and investigation of related subclasses. Hankel determinant, Fekete-Szego
inequality and coefficient bounds for the classes are also briefly introduced. This chapter also

turns over the crucial ideas of quantum calculus.

1.2 Pioneers of Function Theory

Geometric Function Theory mainly concerned with analytic functions, is an intriguing area
of mathematics developed around 20th century. It is concerned with the geometric assets of
analytic functions. The functions whose ranges define star, close-to-star, convex, close-to-convex
etc geometries are called geometric functions and the study of geometric functions is called
Geometric Function Theory. The prominent contributors known for their endeavors to develop

the framework of function theory are Cauchy, Riemann and Weierstrass. Their ideas and methods



are unique in a way that they explicate analytic functions by offering details with some distinct

perspectives to give an advanced pattern to complex analysis.

1.3 Riemann Mapping Theorem

A theorem that Bernard Riemann came up with in 1851, known as Riemann Mapping
Theorem [1], is the setting stone of this theory simply defined as any arbitrary domain (of
analytic functions) can be replaced or substituted with the open unit disk W ={ 7#: Ifl< 1 }. This
theorem serves a primary role in the base of Geometric Function Theory, see [2]. C. F. Gauss
(1777-1855) [3], who had already established the basic ideas associated with function theory
which includes Cauchy Integral Theory and complex integration [4], was the mathematician

most significantly inspired Riemann in the development of function theory.

1.4 Analytic and Univalent Functions

In Geometric Function Theory, functions are categorized into various classes and sub-classes
based upon their properties. All functions which are analytic and normalized belong to class
A, the most famous class in this theory. Analytic functions are those functions which are
differentiable at a point as well as in the neighbourhood of that point and if their derivative exists
at each point in a region then they will be called analytic in that region. Base of modern function
theory is laid on analytic functions defined in a chosen domain. By normalization, it means that
the function maps origin to origin means ¢(0)=0 and its derivative at origin is 1 that is ¢'(0)=1.
Whenever two functions (let us say ¢ and k) are in class A, we say that ¢ is subordinated to &,
mathematically symbolized as § < k if g(7) = k(w()) such that o(7) is an analytic function,
with the conditions that it maps origin to origin i.e ( @(0)=0 ) and lo(7)| < 1, see [5]. The most
significant class in this theory is S, having normalized univalent functions. In 1907, Koebe
studied about univalent functions in unit disk ¥ [6]. The analytic functions which assume no
more than one value in open unit disk (i.e. there exists a one-one mapping from any arbitrary

domain to open unit disk) are referred as univalent functions. Various nice geometries have been



possessed by ranges of these functions and hence geometry of image plays a vital role in their

detailed analysis, see [2].

1.5 Subclasses of Analytic and Univalent Functions

A well-known subject in complex analysis, the idea of univalent functions was established by
Koebe [7] in 1907. According to what he proposed, functions in class S are analytic, univalent
in ¥ and also fulfill requirements of normalization. Class S has been categorized into the
class containing convex functions denoted by C, S* ( this class deals with the functions having
star geometry i.e. starlike functions ), the class having functions possessing close-to-convex
geometry is represented by K and C* ( quasi-convex functions’ class ). There exists a well-known
Alexander relation [8] among S* ( class containing starlike functions ) and C ( the class which
has convex functions ) given in 1915. Later Libra defined an operator and these two classes were

shown to be closed under this operator.

1.6 Class of Starlike Functions

Starlikeness is a fundamental geometrical characteristics. A part of the complex plane or the
domain is said to possess star geometry with respect to the reference (fixed) point, say 7,, if each
point in it is associated with 7,, by a straight line and all such line segments entirely fall within
the domain [6, 7]. Geometrically, the domain will be star-shaped or starlike when comparing to
that fixed point if all points of the domain can be seen from that reference point. The star-like
univalent functions’ class is comprised of all those functions belong to the class S, satisfying the
P (7)

o(7)
function ¢ satisfying Re ¢(¥) > 0 was proposed by two researchers Ma and Minda [10] where

requirement 7 real of is positive where 7 belongs to open unit disk W, see [9]. The univalent

O (P) possesses star geometry satisfying ¢(0)-1=0 and ¢’ at zero is positive. Additionally ¢(‘¥)

is symmetric about the real axis. They defined the general sub-class of starlike function as:

5(9) = {h es: (,f(())) < ¢><f)}

Starlike classes for different functions ¢(#) were took into consideration by a number of




researchers and their study investigated the geometrical traits, radius findings and coefficient
estimations for the functions of those classes. S7, the class introduced and investigated by Sokol

and Stankiewicz [11], consists of normalized analytic functions ( let say b) in ¥ that satisfy the

(tzer-

A function in the class S}'i is called Sokol-Stankiewicz starlike function. For the function

following criteria:

<1, jieV¥ (1.1)

¢ (7) if we consider 1 + sin(7), we get a new class S*(1 + sin(7)) which was examined by Cho
et al [12]. The function class given by S} was considered by Mendiratta ez al and this class was
generalized by Srivastava et al, see [13]. Inspired by the classes defined above, K . Arora and
S .S. Kumar [14] considered the function 1+ sinh~!(#) and introduced a new class of starlike

function.

1.7 Coefficient Bounds

The problem of discovering coefficient bounds for the analysis of geometry of complex-
valued functions contributes a fundamental role in this theory. Throughout the long history a
celebrated result is the Bieberbach conjecture [2] posed in 1916 and taken up by many researchers
from 1916-1985. It states that for each function ¢ € S, |a,| <n forn=2,3,... Bieberbach, himself
proved that |a;| < 2 whereas Loewner [15] settled third in 1923. In 1955, Garabedian and Schiffer
[16] solved the fourth coefficient bound whereas an easy illustration of the same conclusion was
presented by Charzynski and Schiffer [2] in 1960. The proofs for the 5th and 6th were appeared
over a few years later. Then in 1985 de-branges defined the known coefficient assumption for
the function, for detail see [17]. To put it concisely, numerous attempts of researchers have
solved this conjecture for a few values of n and all values of n for certain sub-classes of univalent
functions. Bieberbach postulated in 1916 that the univalent function’s nth coefficient is smaller
than or equals to that of the famous Koebe function. In 1932, Littlewood and Parley proved that
for odd univalent function, for each n, the modulus of ¢ (being coefficients of analytic function)
is less than an absolute constant B, whose value by their method came to be less than 14 [2]. But
this conjecture was not supposed to be hold true for certain subclasses of S and become a source

of problem called as Fekete-Szegd problem.



1.8 Fekete-Szego Problem

An inequality found by Fekete and Szegé in 1933 for the coefficients of functions which are
univalent analytic has connection to the conjecture proposed by Bieberbach is called Fekete-
Szego inequality [18] and this problem is referred to as calculating similar estimates for different
various classes of functions. The inequality becomes an equality for some functions making it
sharp and hence termed as extremal functions. Extremal functions serve an important part in the

analyzation of functions which are analytic in open unit disk.

1.9 Hankel Determinant

Since coefficient problems are essential for the study of analytic and univalent functions,
Hankel determinant is one of that coefficient problem. Herman Hankel presented a Hankel
matrix, a square matrix with the property that coefficients are arranged in ascending order from
left to right as well as top to bottom. Hankel determinant assists a researcher in identifying the
properties of the function. The determinant of the Hankel matrix is called Hankel determinant

problem. The Hankel matrix is given by as follow:

ﬁq pvq+l te ﬁanyfl
ﬁq—i—l ﬁq+2 te I5q+y
(¢,y €N) (1.2)
L ﬁquyfl ﬁq—ky e p/q+2y72 ]

Alongwith Fekete-Szegé problem, many researchers investigated and calculated the upper
bounds of the determinant of Hankel matrix for different subclasses of functions which are
analytic and univalent.

In 1967, Pommerenk formally presented Hankel determinant of the univalent functions [19].
The Hankel determinant of order third and its upper bound for the subclass of class S was initially
investigated by Babalola [2]. Noor also discussed this problem for other intriguing classes
containing analytic functions [20]. The Hankel determinant for exponential polynomials was
studied by Ehrenborg [21] in 2000 and with the help of his work Hankel transform was thorough

presented by Layman [22]. Research of determinant of Hankel matrix for functions which are



starlike and convex was performed by Janteng et al, see [23].
The third order Hankel determinant for starlike functions of order % and also its sharp bound
was presented by Lecko ef al in 2009 [24]. Joshi et al [25] in 2022 discovered the Hankel

determinant of order third of starlike functions’ class subordinated with exponential functions.

1.10 Quantum Calculus

Quantum theory is a vital tool for handling intricate and challenging information. Quantum
calculus, called as g-calculus, is a traditional infinitesimal calculus but it revolves around the
derivation of g-analogous results without the notion of limits [26]. g-calculus appeared as an
influential topic of research due to demand of mathematics that models quantum computing. It
emphasizes on generalization of integration and differentiation procedures. The core ingredient
of quantum calculus is nothing but Bernoulli and Euler function. There is a significant interest
in implementing g-calculus as it has vast applications in several areas like quantum mechanics,
analytic number theory, multiple hypergeometric functions. Because of its numerous uses, it has
caused utmost importance to research in g-calculus.

Here derivatives are considered as differences while antiderivatives are referred as sums.
The systematic introduction of g-calculus, g-derivatives and g-integral concepts, all credited to
Jackson [27, 28]. In 1740s the concept of partitions, ways of expressing a number as sums of
non-negative integer, was developed by Euler. Then in 1748, he introduced an operator which
lead to the g-difference operator. This is the root of g-calculus but till 1800s his work was
not gathered and published as the work of Euler was written in Latin, see [29]. The results of
Euler was then generalized by Gauf} in many areas of mathematics. Saeed et al [30] in 2020
presented the g-analog of the functions that are starlike associated to the famous trigonometric
sine function.

With the help of g-difference operator, a number of subclasses of A consisting of analytic
functions were studied and examined with elaboration. The usage of g-difference operator in
this theory was initiated by a researcher named Ismail et al who defined and created the starlike
functions’ class [31]. Through the use of difference operator with an appropriate alteration in
regard with domain of the function, he produced a newly made class called as the g-starlike

functions’ class. Characteristics of functions belonging to g-starlike and g-convex classes were



examined and explored. Apart from exploring the famous inequality named as Fekete-Szegd,
he additionally develop the set of g-starlike functions subordinated with some trigonometric
functions. Different authors investigated some properties, such as the renowed problem of
Fekete-Szegd, the conditions which are both necessary and sufficient, the growth and distortion

bound, radii of starlikeness including the problem with partial sum for this class.

1.11 Preface

To specify and look into some subclasses of analytic functions with the help of subordination
technique is the core aim of this thesis. It is carved up into five chapters. Below is the concise
prolution of every chapter.

In Chapter 2, the primary concern is on fundamental ideas in Geometric Function Theory,
which builds an adequate framework for the subsequent chapters. It begins by looking at the
concepts of functions which are analytic as well as univalent functions following conditions
of normaliztaion within open unit disk and then followed by providing an overview of their
numerous subclasses. Preliminary lemmas that will be used in later chapters are introduced at
the end of this chapter. Interestingly, this chapter also presents a thorough analysis of theories
and concepts related to this field.

Chapter 3 includes the examination of the class of starlike function associated with inverse
sine hyperbolic function. It involves investigation of certain main results related to coefficient
bounds, Fekete-Szegd and Hankel determinant problem.

Chapter 4 focuses on new class of g-starlike functions associated with inverse sine hyper-
bolic function. The chapter will incorporate conclusions from research for functions in this class.
It will be demonstrated via corollaries that the recently derived results are consistent with those
that have already been established by other scholars.

In Chapter 5, conclusions of the aforementioned research will be presented.



CHAPTER 2

PRELIMINARY CONCEPTS

2.1 Overview

This chapter’s goal is to go over some important terms and traditional findings in an effort
to lay the groundwork for future research. Normalized analytical univalent functions and the
Caratheodory functions will be examined through a thorough analysis in this study. We’ll take
into account a few special functions, linear operators, some initial lemmas alongwith a quick
review of g-calculus. As analysis describes functions and their properties and geometry studies
about spatial structures so the relationship between geometry and analysis is probably the exciting

part of Geometric Function Theory.

2.2 Analytic Functions

The main goal of this theory, as its name suggests, is the geometric attributes of analytic
functions. It usually looks at how complex function behaviour distorts shapes and how they
translate one geometric form to another. Moreover, Geometric Function Theory always pointed
towards a certain domain, known as open unit disk. An open unit disk is referred as a disk

centered at the origin, having radius 1 without including its boundary points.

Definition 2.2.1. [32] A function which is complex-valued ¢(7) is called to be an analytic



function at 7, in a domain if it is defined and has a derivative at and in neighbourhood of 7,. A
function ¢ (#) whose derivative exists at all points of domain is considered to be analytic in that

domain.

Because of analyticity they can be expressed in Taylor series. Their series representation

form centred at 7, is as follow:

Definition 2.2.2. [33] A function which is analytic and satisfy the conditions of normalization
which are ¢(0) =0 and ¢’(0) — 1 = 0 in a domain which is an open unit disk ¥ is said to be in

class A. They have their series form as:

where 7 e Wand d; = 1.

2.3 Univalent Functions

In 1907, Koebe studied about univalent functions in unit disk W.

Definition 2.3.1. [34] A function which is analytic and an injective function is known as univalent
function or univalent mapping. Preisely, a function( let say ¢) defined in a domain is said to be

univalent if it maps distinct element of its domain to distinct elements of its codomain.

In mathematical form, for every two distinguish complex numbers 7| and 7, in a domain, we
have @ (#) # @(#,). Alternatively, we can also say that no different images of domain can ever
be mapped to the same output under ¢, being univalent mapping. The large family of univalent

functions is leaded by its member, the Koebe function.

2.4 Normalized Univalent Functions’ class, S

The functions that are analytic as well as univalent in a domain which is open unit disk ¥

belong to the most significant class, denoted by S. Also, the functions satisfy ¢(0) = 0 and
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¢’(0) = 1 which make them normalized univalent functions, see [34]. Koebe function is this

class’s extremal function.

A

It maps |#| < 1 to the entire complex plane without (—eo, 1.

k(7) =

2.5 Caratheodory Functions

The Caratheodory functions’ class contains all such functions having real part positive. Many

subclasses of univalent functions are likely to be related with this class.

Definition 2.5.1. [33] Consider p(7) € IP to be an analytic function with positive real part i.e.
Real (p(#)) > 0 and (7 € W) and represented in the form
p(F)=1+Y p;¥’
j=1

This class was initially created by Caratheodory known as Caratheodory class or class of

functions having real part positive.

The function p,(?) = %—J_“: known as Mobius function plays a crucial role compare favourably
to the Koebe function for the class S. Many several kinds of functions having geometric qualities
like starlikeness, convexity, close-to-convexity are intimately related to this class and they are of

vital importance in the study of univalent functions.

2.6 Certain subclasses of univalent functions

Since Geometric Function Theory is related to geometry of functions, so univalent functions
are divided into different subclasses based upon their geometries. For the sake of refinement,
smoothness and improvement of many known results-especially to facilitate the development
of a new subclass-the numerous research topics are being reinvestigated for various classes of

functions. The main subclass, Starlike functions’ class, has been defined here.
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Definition 2.6.1. [33, 32] A function ¢(7) in S is called to be starlike( with reference to origin )

if tw € ¥ whenever ¢ € [0,1] and w € ¢ (W) where W represents open unit disc. Analytically, we
say that ¢ € S* if and only if real part of quantity % 1s positive i.e.

0(7)
6(7)

The starlike functions’ class of order o represented by S*(o) where 0 < o < 1 is simply a

Real{ } >0

generalization of S* [35]. Indeed, a function ¢ (#) € S*(a) iff
Real (rq)(Ar)) >o
¢ (7)

in ¥. We set S*(0) = S* which is recognized as starlike functions’s class with respect to the

origin.

2.7 Subordination

The notion of subordination was adopted for defining many of classes of functions examined
in Geometric Function Theory. The subordination relation helps us in a way that one can start
from a given function (let say k) and examine the behaviour of all functions subordinated to k. It

is defined with the help of Schwarz function.

Definition 2.7.1. [36] Whenever two functions (let us say ¢ and k) are in class A, we say that ¢
is subordinated to , mathematically symbolized as ¢ < kif g = lAc(a)(f)) such that @(7) is an

analytic function in unit disk, following the criteria that @ (0)=0 and | @(7) | < 1.

2.8 Subclass of Starlike Function Subordinated to Inverse Sine Hyperbolic

Function

In 2022, Kush Arora and S. Sivaprasad Kumar introduced a new class S;’; of starlike functions

associated with 1+ sinh~!(#) defined as under:

Sp = {f;’(;};) < 1+sinh™'(F), Vie \P} (2.1
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2.9 Quantum Calculus

The modern name for the study of calculus without bounds is quantum calculus. In the early
20th century, Frank Hilton Jackson introduced the quantum calculus, commomly referred as the
g-calculus, however Jacobi and Euler had already solved this sort of calculus.

This calculus without limits introduced g-version of series, or power series containing q-
version of the common operations of calculus. Such series have applications in theory of numbers

and combinatories (q-binomial theorem) [37].

2.10 d.-derivative

The g,-derivative operator or Jackson derivative, symbolized by Dg;,, is a basic idea in q-
calculus, an area of mathematics which defines a parameter . in order to generalize ordinary
calculus. Dy, is a d.-analog of the ordinary derivative. From now onwards, g, € (0, 1) unless

otherwise stated.

Definition 2.10.1. [37] Consider ¢ (7) to be a complex-valued function. Then the d,-derivative
of ¢(7) is defined as follow:

Dg, (¢ (7)) = ¢<?~e~f)__1?y), 4. € (0,1)
and
Do (o) =20 =1

It can be seen clearly that if q, approaches to 1™, we will have

lim D, (0(7)) = tim PN =0T _ )

Goor1— Go—1-  (Ge—1)7

The function Dg, (¢ (7)) has its Maclaurin series represented as:
Dg, (¢(7) = Y [hlqan" !

where
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2.11 g,-Starlike Function

Definition 2.11.1. A complex-valued function ¢ € S is called to be in d,-starlike functions’s

class represented by S , in W if it satisfies

¢(0)=0
and
¢'(0)—1=0
Also
P2 (0(R) 1 !

2.12 Fekete-Szego Inequality

In complex analysis, there are various significant ramifications and uses for the Fekete-Szego
inequality. For particular subclasses, like the classes which contain starlike or convex functions,
their coefficient bounds can be derived using it. There are certain functions for which this
inequality turns out to be an equality implies that the Fekete-Szego inequality is sharp. These
functions, known as extremal functions, greatly aided in analyzing the behaviour of functions

that are analytic in a domain which is open unit disk.

-2
Definition 2.12.1. [38] A famous result |d3 — nd%\ <1+ 26%,0 < n <1 in complex analysis
is called as Fekete-Szego inequality. For a specific group of analytic functions, it gives an upper
constraint on the determinant’s absolute value, and pertains specifically to functions that are

specified in ¥ = {|?| < 1,7 € C} and meet the criteria ¢(0) =0 and ¢'(0) = 1.

2.13 Hankel Determinant

The Hankel matrix’s determinant is known as the Hankel determinant. While studying power

series with integer coefficient and in the concept of singularities, Hankel determinants can be
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beneficial. In 1966, Pommerenke [39] conducted an extensive study on the determinants of
Hankel matrices of starlike functions. The study of the Hankel determinant of exponential
functions was carried by Ehrenborg [21]. The Hankel determinant of 2nd order for univalent
functions was investigated by Hayman [40] in 1968. Noonan and Thomas [41] defined d,-th

version of Hankel determinant as:

Vs Vo1 Ys42 oo Vsrg—1
Ha o(0)] = Vs+1  Vs+2  Vs+3 o Vs 51 = L.d.s€N)
Vstdqo—1 Vstdo Vstqetl - Vs+2q,—2
In particular,
Haa(0) = Y =nn B %

Y2 )3
Finding H ; for numerous subclasses of univalent and multiunivalent functions have been the
focus of investigation by various authors. A problem of determining a sharp upper bound of
|P3—1 15%| is occasionally referred to as the Fekete-Szego problem, where 1) is real or complex.
Some familiar classes of univalent functions, notably starlike and convex functions, have had
the problem of finding functional’s sharp bound |p3 — 1 ﬁ%| entirely resolved, see [42, 43, 44].
Janteng et al [23] have determined the sharp upper bound to |Hj ;| for the family of functions
{¢p € A:Re(¢' (7)) > 0,7 € ¥}. Also,
Ha2(9) = yvz yv3 = Yo¥4— %3
Y3 Y4
Similarly, by using Hankel matrix the third order Hankel determinant [45] is calculated as follow:
i Y2 V3
Hz1(9) =¥, ¥3 | =Fs(s01 —F252) — Fa(F1da — 52¥3) + V3 (FoVa — ¥3.53)
Y3 Y4 Vs
Hence
Hy,1(9) = ¥5(%3 = 33) = Ya(a = Yo¥3) + %3 (234 = 33) ) =1

This implies that

Hs,1(9)] = s]| (55 — 33)| + [Fal| 4 — 233) | + [33] | (s — 33)|

For more details, see [58,59].
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2.14 Zalcman Functional

In 1960, Zalcman [34] presented a surprising conjecture for univalent functions, the modified
version of which was proved by Ma [46] in 1999. Zalcman conjecture states that for any r > 2,
coefficients of univalent functions on the domain which is open unit disk fulfill the following
sharp inequality.

|7 — o1 < (t— 1)

where d; and dy;_ represent the coefficients of function and this equality holds exclusively for

the well-known famous function of class S, Koebe function.

2.15 Preliminary Lemmas

These are the lemmas that will be necessary in order to obtain results in the chapters that

follow.
Lemma 2.15.1. [47, 6] If p(7#) = 1 + ¥5°_, d,#" € P, then
2dy = di + y(4—di),
4dy =di +2di (4~ di)y —di (4~ d})y* +2(4 = d}) (1 = [y )T,
for some y(|y| < 1), Y(|Y]| < 1).

Lemma 2.15.2. [6] Consider the function p(#) € P whose series form is p(#) = 1 + ¥7_, d),#".
Then,
di| <2 (heN)

Lemma 2.15.3. [6] Suppose the function p(7) € P defined as p(#) = 1+ X7, d,#". Then,

. oL 2122 A <1
\Ady — drdp—i| <
27 A>1.
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CHAPTER 3

CLASS OF STARLIKE FUNCTION SUBORDINATED WITH
SINE INVERSE HYPERBOLIC FUNCTION

3.1 Overview

The objective of this chapter is to examine a number of fundamental and classical findings
that act as essential components for further investigation. The first part of the chapter goes
over starlike function associated with the inverse sine hyperbolic function. Added to that, a
number of substantial findings will be investigated such as the bounds of the coefficients, the
widely acknowledged inequality proposed by Fekete and Szegd, the Zalcmann functional, and
the famous Hankel determinants.

The class containing starlike functions subordinated with inverse sine hyperbolic function

was defined by Kush Arora and S. Sivaprasad Kumar [14].

Definition 3.1.1. A function ¢ belongs to A is in S, then

(r%;)) < 1+sinh™'(7), VieW¥w (3.1)

3.2 Coefficient Inequalities

For the class SZ‘, the related results are as follow.
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Theorem 3.2.1. If ¢(7) € S, then
1
da| <1, [ds| < 5 =05, |da] <0.5767, |ds| < 0.6070.

Proof. By definition

f‘l’/(f)) o 1a
= ) < 1+sinh™ " (7)
(5
Since ¢ € S}, by using the technique of subordination, we can write
f‘PI(’A’)) o
— | = 1+sinh™ " (o (?)). (3.2)
(5
Consider the function defined as
1+o(? Y. v v .3y
p(F) = (7) =14+d\ P +d P +d3/ +dyi* + .. (3.3)

1-0(p)
where p(7) is an analytic function in ¥ following the condition that p(0) = 1. The above implies

o(7) = (p(F) = D (p(F) +1)7", (3.4)

Simplification will give us the following as:

d d 7 d 4 d\d
o(f):(%)H(f—f)f%(;ﬁ?—%)f%

3d?d, didy d* 4% d
(12 193 _ 4 2+4>f4+... (3.5)

8 2 16 4 2

As we have,

So, we will get

d d d? dy didy 5d;
1+sinh1(o(f)):1+<31>f+<32—71>f2+(f—%+4—81>f3+

dy didy  S5did, df d3)\ 4
e e B e s ) . (36
( > 2 "6 m o4 ) T GO

Also,we have

9" (7
0(7)

= 1+ (dp) P+ (203 — 43) P + (3ddy — Bdadiz + 03 ) P + (4ds — Addpdy — 203 — 43 +4dd3d3) P+ ..




Now substitute values in (4.2) we will have,

18

1+ (do) P+ (2d3 — a3)7 + (3dig — 3dadiz + 37 + (4dis — 4dady — 243 — 5 + 4d3d3) 7 + ...

d\,. (& &\, (d& dd 543\ 4
:1 —_— _—— _—— _—
-I-(z)r-i-(z 1 r-—+ > 5 +48 7

2

Comparison of both sides of above equation will result in,

. d
612:?,
. o, d d
203—(1%25—117
dy d,d
3d4—3a2d3+d§:§——'22+

(é didy | 5didy Y

5d3
48’

16 32

.o di dids 5did, dl ds

4dils — Adlplly — 203 — i3+ 4d3 3 = — —

2 2
From (3.7) we get coefficient d, as 5
. d
dy = —.
)
On solving (3.8) we get d3, 5
.
a3 = —.
Ty
By solving (3.9) we determine dy
d; did,
34 = 3dadiz — b+ — — ——
dy dpd3z — dy + 5 5

Now substitute the values of d, and ds in d4, we get

Now for ds, we will use equation (3.10),

.o dy dids  5did,

4dis = 4dndy + 203 + a3 — 4dad3 + =

16

5d}
48"

16

Now we will substitute values of d», d3 and d4 in ds, we will get

dy dids didy | 5d}

ds =

Now from (3.7) we have

.4
dy = —
279

&

8 24 192 1152 32

324
i2
_di_ 4
324

(3.7)

(3.8)

3.9

(3.10)

3.11)

(3.12)

(3.13)

(3.14)



19
Applying Lemma 2.15.2, we will get

v

dy| _|dy| 2
| = —| < 1l < Z =1
2] =2 =2
lcp| < 1. (3.15)
From (3.8), we have: 5
)
azy = —
3T g
Using Lemma 2.15.2 leads us to
5 | |db 2 1
= == < ==
e o S
. 1
@3] < 5. (3.16)

Now applying Lemma 2.15.1, we have

g = di +2d\(4—dp)y — (4—d})dy* +2(4 —di) (1 - |y )Y

24

d (&+y@a-d2\ d
24 2 144
After doing simplification and combining like terms,we will get

= |4, Godhdy  (-dhdiy? | 26— dh(1 - yP)Y

7t 16 24 24

Using triangular inequality and let d; = d € [0,2],

y| =t, we have

d? oo (dt di* 1
W<t @-d) S+
] < 75+ ><16+24+12>

We assume that

y > 4-d>dr (4—d>d?  (4—d?
G(d,l):——l—( ) +( ) +( )
72 16 24

12
Upon partial differentiation we get
0G 2(4—d*d 2ud(4—d*) d(4-d?
G _204-d)d  udd-&) da-d)
dt 24 24

48
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It implies that G(d, ¢) is an increasing function in [0,1]. So,

7 _ g —d%d —d?
max(G(cZ,t)) = (G(dvy 1)) = ;l_2+ “ 1661 ) + & 231 L + . 12d !

Set

. AP 5d4-d*)  (4—-d?)
+ +
72 48 12
Now differentiating the above equation,we get
—134> d 20
— — + J—
48 6 48

K'(d) =

If we set K'(d) = 0, we get two roots that is d; = %@ and d> = %. Calculations show
that K (d) has its maximum value at a root d; = %@. So on substitution of d; in the function
K (cf), we get

|d4| < K(d}) =0.5767
Hence we have:

|dia| < 0.5767

Now from (3.14) we have

_dy ddy didy 5d!  dj
8 24 192 1152 32°

ds

By using Lemma 2.15.1 and substituting values of d> and d3, we will get

ds

_dy dy (d?+2(4—d?)cflw—(4—d?)cflv12+2(4—d?)(1—W/\Z)T>
T8 24 4 -

o 2
d} (d}+y(4—d}) N 5df 1 (di+y(4—d})
192 2 1152 32 2

Now after doing simplification and combining like terms, ds will become

o di 19dt SBy@-d) | dE-d)
TR 1152 128 96
v (4-di)* 2di(4—dp)(1-|yP)Y
128 96

Taking modulus on both sides and let d; = d,we have

dy 19d*  5d%y(4—d?) N v2d?(4—d?)
8 1152 128 96

Y (@4-d?)? 2d(4-d°)(1-|y])Y
128 9
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By using Lemma 2.15.2 on above and let |y| =t

1 19d4*  5d%(4—d?) tzd“z(4—d“2)+t2(4—d“2)2+2ci(4—d“2)

oL
&<t T T og 128 9%
Suppose that
y 1 19d* 5d%(4—d?) 12d*(4—d?) 2(4—d>? d4—d?
H(d,t) = -+ MRl )+ ( )+ ( L ( )
4 1152 128 96 128 48

On partial differentiation of H(d,t), we have

OH _5d*(4—d%) N 2td* (4 —d?) N 21(4 —d?)?
ot 128 96 128

As %—7 > 0, clearly implies that in [0,1] the function H (a7 ,t) will increase. So,

1 198* SPA-2) PA-B2) 4-d>)? d4-d)
n n n

max(H(d,l)):H(d71):Z+ 1152+ 128 96 128 48
Set ¥ ) 1) 72
1 194* 1942(4—d 4—d*? d4—d
Id)=—-+ + ( )+( ) + ( :
41152 384 128 48

Differentiating the above equation, we get

—2943 3d?> 13d 4

288 48 | 48 ' 48

I'(d) =

Put I’(cf) =0, we get three roots as d; = —1.8387 ,d» = 1.5151 and d3 = —0.2971. As d belongs
to the interval [0,2] so the values cf1 = —1.8387 and du3 = —0.2971 will not be considered as

critical points. Calculations show that /(d) has its maximum value at its root ds = 1.5151.
|ds| < I(dy) = 0.6070

Hence we have

|dis| < 0.6070

3.3 Fekete-Szego Inequality

The investigation of inequality given by Fekete and Szegé for the class S;", is as follow:
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Theorem 3.3.1. If ¢(7) € S};, then we have |d3 — &3] < 3

Proof. Using (3.7) and (3.8), we will get

v

|d3 —d;| =

Using Lemma 2.15.3 with A = 1, h=2 and k=1, we have

m—ﬁﬂ<g:1
=T
So
1
a3 — 83| < 5 (3.17)
Hence proof is completed. 0

3.4 Hankel Determinants

For the class S}, the following are the related results:
Theorem 3.4.1. If ¢(7) € S}, then |dpd3 — da| < 0.4254

Proof. From (3.7), (3.8) and (3.14),we obtain:

& dd 4

G2tz —dal = 1747776 %

Substitution of d> and d3 by considering Lemma 2.15.1, we have

4 d (d?+w<4—d?>>

dads —dal = |77+ 5 2

6 4

! (d?+2<4—d?>cilw—<4—d?>ai1w2+2<4—d?><1—wf\zﬂ) ‘
On solving and combining like terms, we get

10 (G-ddy (G- - yP)Y
144 24 12

\diacls — dig| =
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Now by applying triangular inequality and let d; = d, and |y| =1t
7d° dr* 1
s —dal < 2 a2y (L
G = da| < 737+ )(24 * 12)
We assume that

. 1 .
Jdt) =17 (7d° +6(4 — d*)dr* + 12(4 — d?))

Upon partial differentiation, we get

dJ  dt(4—d?)

It 12 >0

It clearly shows about increasing function of J(d,t) in [0,1]. So,

max(J(d.1)) = J(d,1) = ﬁ (7 +6(4—d*)d + 12(4 — &%)

Set

L(d) = ﬁ (7d* +6(4 —d*)d + 12(4 — d*))

Differentiating the above, we have

v 1 v
L(d) = 7 (3d° —24d +24)

Set L'(d) = 0,we get two roots as d| = 4+ 2v/2 and d = 4 —2+/2 On checking we come to

know that L(d) has maximum value at d5. So,
|didis — da| < L(d>) = 0.4254

Hence, we have

Gty — diy| < 0.4254

Theorem 3.4.2. If ¢(7) € S5, then |dady — 3| < 0.3382

Proof. From (3.7), (3.8) and (3.14),we obtain:
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By using Lemma 2.15.1 substitute values of d> and d3 we have

e |4 (d?+2<4—d?>ci1w—<4—d?>ci] v+ 24— d)(1 - |w|2>r>
A= |d .
4

12

288 16

9 2
di (di+w(@d-dp)\ df 1 (di+y(4-d})
48 2 2

After simplification,we get

—5df (4=dpdiy?  d@—d)(1-|yP)Y  yP4—di)?
576 48 24 64

dadiy — 3] =

. x 1 Y y
|ladly — 33| = T |—5d} — 12dy* (4 —d}) +24d) (4 — d}) (1 — |w|*)Y —9y*(4 — d})?|

Applying Lemma 2.15.2 and letting d; = d and |y| =1, we get
1 v o
|iadiy — 3| < 6 (5d* + 12d%% (4 — d°) +24d (4 — d°) + 9% (4 — d*)?)
Suppose that

o 1 9 o
H(d1) = o (5d* + 12d*% (4 — d°) +24d (4 — d°) +9¢* (4 — d*)?)

Upon partial differentiation, we get

OH (4—d7) ) )
oH _ (4—d}) 24d%t +181(4—d?) ) >0
ot 576

SoH (cf ,t) is an increasing function in [0,1]. Hence,

o o 1 9 o
max(H(d,r)) =H(d,1) = = (5d* +12d*(4 — d*) +24d(4 — d*) +9(4 — d*)?)

Set

v 1 y §
M(d) = o (54" + 12d°(4— &) +24d (4 — d°) + 9(4 — d&*)?)

Now after differentiating and solving,we get M’(d) as follow:

o 1 v
M(d) = (8d4° —72d* — 484 + 96)

S

Put M'(d) = 0, we have

8d° —72d% — 484 +96 =0
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On solving we will get three roots as d; = —1.4006, dy = 9.4987 and d3 = 0.9020. Since d
belongs to interval [0,2] so cfl = —1.4006, cfz = 9.4987 will not be considered as critical values

and calculations show that the maximum value of the function exists at a73 =0.9020
\diaciy — 3| < M(d3) = 0.3382

Hence

dndy — a3] < 0.3382

Theorem 3.4.3. If ¢(7) € Sj,, then |Hj 1 (¢)] < 0.6271
Proof. The upper bound of third order Hankel determinant is given by:
H,1(9)| < ||(dts — i5) |[dis| + | (i — ciadiz)||eia] + | (ciacia — 3) ||

Substitute the value of |d|, |d3|, |di4|and|ds| from Theorem 3.2.1, use |(éiz — ¢3)| from Theorem

3.3.1, put | (g — diadi3)| from Theorem 3.4.1 and (dadia — 3)| by using Theorem 3.4.2, we have
IH; 1 ()] < 0.4257(%) +0.5767(0.4257) + %(0.3382)
Calculations gives value of Hj 1 (¢) as
|Hs,1(9)| < 0.6271

This completes the proof. 0

3.5 Zalcman Functional

Theorem 3.5.1. If ¢(7) € S}, then |ds — 3| < 0.8570.

Proof. From (3.8) and (3.14), we have the following:

5 vzzé_dlcig,_d?d‘z 5df  di 43

8 24 192 1152 32 16

, di dd Bd | sdt &
8 24 192 1152 32
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Substitution of d» and d3 by using Lemma 2.15.1 give us:

8 24

bl [d; d (d“3+2(4 d)d,y - (4—d“12)d“1w2+2(4—d?)(1—yw|2)Y>_
4

o 2
B (Brv-d)) 583 (Erye-d)
192 2 1152 32 2

After simplification, we will get

8 1152 128 96 48

” [d} 37d}  9(d—dpdiy  diy*(4—di)  di(4-dp)(1—|y])Y
5—(13 - + +

3y’ (4—dp)
128

Now taking modulus on both sides and let d; = d,we have

8 1152 128 96 48

5 dy 37d* 9(4-d>)dy d*yP(4-d*) d4—-d*)(1—|y)Y
|ds — a3 = + +

3y (4—d?)?
128

An application of Lemma 2.15.2 on above and take |y| =t we will have the following:

1 37d4 94 —d>)d*t d**(4—d?) d4—d*) 3t*(4—d?)?
s — 3| < + + + +
=37 112 128 96 48 128

We assume that

.1 374 9(4—d?)d* | d**(4—d*)  d(4—d*)  33(4—d*)?
Ld,t)=~+ + ( ) + ( ) + ( ) + ( )
4 1152 128 96 48 128

Upon partial differentiation, we get

L 9d*(4—d%) N 2t(4 — d?)d? N 61 (4 — d?)?
ot 128 96 128

As 5= aL > 0, so it implies of L(d t) being an increasing function in [0,1]. Hence

92

max(L(d,t)) = L(d,1)

. 1 374 9 1 d4—d*) 3(4—d*)?
L(d,1)=-~ 4 —d*)d? —
(d D) =3+ -4 ( 8+96)+ T LT
Set Y Y
.1 37d* 31 d4—d*) 3(4—d*)?
B(d)= -+~ 4 (4—d*d*
@) =3+ ) <384> TR T s

v,

Simplification of B(d) yields

B(d) = 5 (—29d* — 24d° + 156d* + 96d +720)
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v,

Differentiate B(d) and we will get

v 1 .
B(d)= 5 (—116d° —72d* +312d + 96)

Set B'(d)=0
—116d°> —72d* +312d +96 =0

From the above equation, we will get three roots as a71 = —1.8387, a,72 = 1.5151 and 573 =
—0.2971. d; and d3 will not be considered as critical points as d € [0,2] and hence calculations

show that the function B(d) has maximum value at its critical point d>.
|iis — 3| < B(d>) = 0.8570

Hence

ds —a3| < 0.8570

This completes the proof. ]
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CHAPTER 4

d.~-STARLIKE FUNCTION ASSOCIATED WITH (,.-SINE
INVERSE HYPERBOLIC FUNCTION

4.1 Overview

The aim of this chapter is to introduce a new class of univalent functions which is {,-starlike
function correspond to d,-series of inverse sine hyperbolic function. This chapter provides a
number of significant findings such as the bounds on the coefficients, the widely acknowledged
inequality proposed by Fekete and Szego, the Zalcmann functional, and the famous Hankel
determinants.

The novel g-starlike functions’ class subordinated with g-inverse sine hyperbolic function is

given as follow.

Definition 4.1.1. A function ¢ belongs to A is in S;q} then

(%) < 14sinh ' (q.7) 4. €(0,1) b

forall # ¢ W.

4.2 Coefficient Inequalities

For the class S*

G, the obtained results of coefficient bounds for function are as follow.



Theorem 4.2.1. If ¢(#) € Sj,4, then g,

(94332 + 727324, — 7294,> — 7294.>)
48000(1 +de) (1 + G +d.2)

lda| <1, |asz| < , Jda] <

1
(1+d.)
(1536 + 67324, + 8343q,> +4953q,> + 5404.* +2704,°)
1536(q° +qe + e + 1) (1 +de +q.) (1 +de)

|ds| <

Proof. By definition

7Dy, ¢(f)) -
- < 14sinh™ " (7
(555 (6P
Since ¢ € S;,4 . so by using the principle of subordination, we have
7Dy, (P(f)) N
——= | =1+sinh (G.(c(?))).
(555 e

Consider the function

_1+0o(7)
C1-0(?)

p(7) —1+d\ P+ +daF +dyt* + ..,

where p(7) is an analytic function in ¥ following the condition p(0) = 1.We can have

-1
O =K@

Simplification of above yields,
G(V)—(?>r+(?—1 r-+ ?‘f’g T r -+
j2

As we know,

1+sinh™ Y (q,(6(7)) = 1 +q.(c () — < + — ...

So,we will get

d b 4 Ly qdid  qd
1+ sinh™ Y (qu (o (7)) =1+ <_1> q.F+ (_2 _ _1) G+ (Qe23 B Qezl 2. Cle81

48

2 4 2 8 16 48 96
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4.2)

(4.3)

(4.4)

4.5)

~ ~ ¥ ~ 72 ~ 7 7 ~ 2.7 ~ ~3 77 ~ 3 j
qe3d?>f3_|_ (qed4 _ qedz i qedldS + 3qed1d2 B qedi‘ _ 3qe3d1d2 + 3qe3d?) ’A‘4+m
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So we get

Dg, ¢ (7)
KGHE

+q~ea§) P+ d, <qe3d5 + (—dodig + d5) o> + (—d3 + d3003 — dodig + ds) e + 3d3d05 — 2dxdly

=1+ (d2)de? + (de (1 +d.)d3 qed%>f2+(qe(1+q~e+q£>d4—qe(2+qe)dzd3

—d‘z‘—d§+d5>f“+...
Substitution of values in (4.2) will give us

1+ (52)qef+ (qe(l + qe)dfi - qed%)fz + (qe(l +de+ qez)d4 - q}(2 +qe)d2d3 + q}d%)ﬁ—i—

de (qe3d5 + (—672&4 + d5)qez + ( 613 + a3a2 —dody + as)qe + 3a3a2 2004 — ag’ — a%

v \ A4 1) ~ 4 2 1 -2 Jed3 (ediaz Qe qe
+a5)7 +...——1—|—< >q7+(—; ——)qei +( > - > + 3 E

Ldi Qdi qdids | 3qdid qd 3d3did  3d3d
i;3_|_<qe 4 Cedy  (ed1 3+ Jed1a2  gedy Qe 12_|_ de” 4y f4—}—... (4.6)

2 4 2 8 16 48 96

Comparison of both sides of above equation will result in :

e 23w 22w 22 D D v o v o ] v w4
de (asqe — dadaq,” +dsq,” — d3qe + dzdsq, — dodaqe + dsqe + 3d3ds — 2dads — dy

d, d?> didy 3d*d, d* 3G.2d*d, 3d*
—a3—|—a5> ~<4 2 Q4 oA 4 e 9@, 14 (4.10)

2 4 2 8 16 48 96

. d
dy = ?1 “4.11)
On solving (4.8) we get d3, .
dy
da = _ 4.12)
> 2(1+qe)

By solving (4.10) we determine dy

3 o ds did, d3 2d3
qe(l+qe+Qe2)a4ZQe((2+qe)a2a3—a2+§—%+ g q"48 ) (4.13)
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Now substitute the values of d, and ds in d4q, we get
R é _ qed1dy B G.2d;
(I+d.+d*) \ 2 4(1+4) 48

Now for ds,we will use equation (4.10),

(4.14)

dﬂ@ﬁﬂf+®“@ﬁz(@M@Mﬁﬁf—%%@%ﬁﬂﬂf—%ﬂﬁﬁﬂ@m®+

ﬁq+¥q+@&_@£_¢%£ 3qedidy _ qd! 34 didy | 3diq
S ) 4 2 8 16 48 96

Now we will substitute values of d», d3 and dy4 in ds, and after calculations we will get

4 — 1 <@_ Gds  d.(1+q.)éds | didrd*(3—64.” —3q.°)
(@ +d’+d+ 1)\ 2 4(1+d) 41+ +q>)  48(1+d)(1+qe +q.°)
cL%2¢P+2@f%Ddf)
96(1 +qe +de?)
Now from (4.12) we have 5
L d
ar» = —
)
Applying Lemma 2.15.2 ,we will get
y di| _|di| 2
=2l < = <22
42| =2 =2
|dp| < 1. (4.15)
From (4.13), we have: 5
y dr
daz =
2(1+qe)
Using Lemma 2.15.2 leads us to
s d> \d| 2 1
’a3‘ = 2 = = = S = = =
(1+4.)| 2(014+4q.) ~ 2(14+q.) 1+4qe.
1
1| < 4.16
|d3| < T q (4.16)
From (4.15) we have
. 1 B(1+d) ddd  @*(1+d)d
((1+de +d.%) (1 +de) 2 4 48

Applying Lemma 2.15.1 on above equation, we get

1
(14+d. +d.?)

v

(d?+2<4—d?>ci1w— (d—d)dy?+2(4—d?)(1 - |w|2>Y> -
8

Gd (di+yd-d7\ ¢ d;
4(1+q.) 2 48



After doing simplification and combining like terms,we will get

1 ~
* 48(1+qe)(1+qe+q}2) (( Qe Qe ) 1 ( q")( 1) g ( qe)

(4= )y +12(1+G) (4 — ) (1 - |w|2>Y>

Taking modulus on both sides and let cil =d , we have

5 1
|da| <

6—q.> — G ) +6(2+d.) (4 —d*)dy —6(1+d,
< BT |6 a6 ) - iy - (1)

(4= )y +12(14+@) (4 —d)(1 - IWIZ)T‘

Now |y| =t, we have

y 1 - . - v .
da] < 48(1+d,)(1+q. +4.%) ((6_%2_qe3)du3+6(2+q€)(4_d2)dt+6(1+qe>
e e e
(4—d*)dr* +12(14+q.)((4 — d”z)>
We assume that
o 1 5 5 5 o 5
G0 = gy T (6747 -G +6( 4+ @) - P+ 6144
e e e

(4—d>)dr* +12(1+d,)((4— d“z)>

Upon partial differentiation, we get

dGg 1 ( ) 2y 7 . 2 )
or  48(1+4.)(1+d. +q.2) (24 ) 1+ 4e) )

This implies that G, (d,?) is an increasing function in [0,1]. So,

max(Gg, (ci,t)) =Gq, (ci, 1)

G d.1) = ey (6797~ aF 46244 (=601 )
(4—d>)d+12(1+d,)((4 —d‘z))
Set
K (d) = 0 +q~e)(i T ((6—@2 —§)d®+6(2+d,)(4—d>)d+6(1+d,)

(4—d>)d+12(1+4.)((4— d“z))

32
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Upon Differentiation and simplification of above we will have

o 1
Ky d) =

(— (36+3d.2 434, +36G,)d> —24(1+d,)d +72+48q~6)

~48(144.)(1+4. +d.%)
We can write above as,
K (d) = ! (Ad*+Bd +C)
b 48(1+qe) (1 +qe +q2%)
where
A =—(36+34.% 434, +364.)
and
C =72+48q,

After calculations, it can be observed that (Ad> +Bd +C) > 0 for d € (0,0.9] and g, € (0,1).
Also, (Ad*+Bd+C) <0 for d € (0.9,2) and g, € (0,1). This implies that K/, (d) > 0 for
d € (0,0.9] and g, € (0,1) and K, (d) < 0 ford € (0.9,2) and g, € (0,1). It implies Ky, (d)is

increasing function in (0,0.9] and decreasing in (0.9,2). Hence,

. 1 “2 -
i < K 09) = g (662~ )09) + 62+ (4= (09))

(0.9) 4+ 6(1+q.)(4—(0.9)2)(0.9) + 12(1+ ) ((4 — (0.9)2)>
After solving all terms inside, we will get |d4]| as,
] < 1
a
*1= 48000(1+ @) (1 + 4o + G.2)
By solving (4.11) we will get ds as:

(94332 +727324, — 7294,° — 729qe3) (4.17)

1 §
ds=— — — |48d4(1 +G,) (1 +Go +q.%) — 24q.d5
96(qe3+qe2+qe+1)(1+qe+qe2)(1+qe)[ ‘ o 2

(144, +q.%) — 244, (1 +4.)*d1d5 + 24, d}d> (3 — 6d.> — 3d.”) + 4.2 (1 +de)

(24,2 + 24, + 1>d“i‘]

Now by using lemma 2.15.1, substitute value of d> and d3 and we will get the following:

1

ds = — — — ——
96(q63 +Qe2 +de + 1)(1 +de +q62)(1 +q€)

{48(1 +24, +2G.° +d.°)ds — 244, (1 +q.

2
3 d>+y(4—d? 3 o y .
+q£>< v 1>> 6q (140, (d?+2<4—d?>d1w—<4—d?>d1w2+2<4—d“%>

+G.7(1+d.) (24.% +2d, + 1>d“i‘]

N 2 ae d} + y(4—d}
(1—!W!2)T> +2qe2(3—6qe2—3qe3)d?< 1 wg 1)>
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Solving all terms inside brackets we will get

1
T 96(q7 + 42+ e+ 1)1+ + G2 (1+q)
14G° +940° +2G" + %) = 64e(1+ Qe +d.°) Y (4 = di)* — pi (4 — d}) (244, +33.° + 244,

ds (48(1 + 24, 4 24,2 + G.°)dy — di (124, +

+6d.* +3G.%) + 64, (1+d.> +24.)di w2 (4 — d7) — 124, (1 +G.)*di (4 — d}) (1 — |w|2>Y)

Now by applying triangular inequality with lemma 2.15.2 and let d; = d and ly| =1t
|ds| < 1

T 96(de° + % + e+ 1)(1+de +6.*) (14 )

146,% +9G.° +24.* +q.°) + 6G. (1 + G + G212 (4 — d*)* +td* (4 — d*) (244, + 33G.% +244,°

(48(1 +24, + 24,2 +G.°) .2+ d* (124, +

+64." +3G.°) +6Ge(1+q.” +24.)d*t* (4 — d*) + 12, (1 + G ) *d (4 — d“2>)
We assume that

. 1
He (d,1) =
ad1) 96(d.> + 4.2 +d. + 1)(1 +d. +4.2) (1 +G.)

Ge + 144, +94.° +26,* +G.°) +64. (1 + e +G.2)1* (4 — d°)? + td* (4 — d*) (244, + 33q.°

(48(1 +2d, +2G.2 +q.°) .2 +d* (12

+244, +64.* +3d.°) +6q. (1 + G + 24, )d** (4 — d*) + 124, (1 +q,)*d (4 — d“z))
Upon partial differentiation we have

OHg, 1
art 96(4.> +G. 2 +d.+ 1)(1+q+G.2)(1+q)

(o+o+<2r>6q;<1+qe+q~£><4—d“2>2

+d?(4—d*) (244, +33q,% +244,° + 64,* +3G.°) + 6. (1 + o2 +24.)d*(2t) (4 — d“z)) >0
So Hg, (cf ,1) is clearly an increasing function in [0,1]. Hence,
maxqu(ci,t) = qu(ci, 1)

1
C96(d + G2 +de + 1) (1 +de +d.2)(1+dp)
+144,° +94.° 424, + 4.°) + 64, (1 +d, +q.%) (4 — d*)* + d>(4 — d°) (244, + 334,

Hg(d)1) <96( 1424, +24,2+q.°) +d* (124,

+244,° +64.* +34.%) + 6. (1 +G.> + 24 )d* (4 — d*) + 124, (1 +G.)*d (4 — d“2>)
Let us assume

1
96(de> +q.> +de + 1) (1 +de +G.2) (1 + de)
+144,% + 94,0 424, + 4.°) + 64, (1 +d, +q.2) (4 — d*)* + d>(4 — d°) (244, + 334,

Ig,(d) =

(96(1 +24, +24.° +G.°) +d* (124,

+24q,° +64.* 4+ 34,°%) + 64, (1 + > +2d,)d> (4 — d*) + 124, (1 +q,)*d (4 — d“2>)
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Differentiating above, we have /i (d) as following:

1
96(qe” +d.* +de + 1) (1 + e + G2 (1 +de)
+ 6. (14 G, + G.2)2(4 — d?)(—2d) + (244G, + 33q,% + 244> + 6d,* + 3d.°> + 64, + 6q.°

I- (&)=

3 (4du3<12qe+14qe2+9qe3+2qe“+qe5>

+124,%)(2d(4 — d*) + d*(—2d)) + 124, (1 + G.)*((4 — d*) +d“(_2d“)>

Simplification will give us

1
96(d.° +qo> + . + 1)(1 + 4. +4.2) (1 4+ Ge)

I (d) = (dﬁ(—48q~e —1004,2 — 60d,> — 164,%—

8q.°) — 36d%q.(1+d,)> 4+ d (1444, +2644,% + 1444,° + 48q,* +244.°) + 484, (1 + qe)z)

We will have
o 1 o
I (d)= —————— S — (Ad® +Bd*+Cd+D
al 96(qe3+qe2+qe+1)(1+qe+qe2)(1+qe)( )
where
A = (—48d, — 1004, — 604,> — 16¢,* — 8q.")
B = —364.(1+d,)*
C = (1444, + 2644, + 144G, + 484, +244.°)
and

D =484, (1+4.)*
Certain calculations show that Ad® + Bd> +Cd + D is greater than zero for d € (0,1.5] and

q. belongs to (0,1). Also Ad> + Bd*> 4 Cd + D is less than zero for d € (1.6,2). This means
! (F i ! (g j :
I (d) > 0ford € (0,1.5] and I (d) < O for d € (1.6,2). This means that

|a"5| S Iqe(ls)

v,

From g, (d), we will get the following form after simplication of terms inside paranthesis:

1
96(qe” +d.* + de + 1) (1 +Ge + %) (1 +de)
+d*(—124, — 254.> — 154,° — 44,* — 24.°) — &> (124, (1 +4.)?)

I (d) = ((96 +288q, + 2884, + 1924.°)

+d?(72G, + 1324,% + 724,° + 244,* +124.°) + d (484, (1 +q;)2))
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Hence
1 16835 8343q,>
Ii(15) = ————— — — (96 + + -
@(1-3) 96(qe3+qe2+qe+1)(1+qe+qe2)(1+qe)( 4 16
4953q,* N 135q,* N 1354,°
16 4 8

Further simplification gives us:

(1536 + 67324, + 8343q,> +4953q,> + 5404.* +2704,°)
1536(q.° +qe* +de +1)(1 +de +G.%) (1 +de)

Ig,(1.5) =

So
(1536 + 67324, + 8343d,% +4953q,> + 5404,* +2704,°)

1536(d.° +q.2 + g + 1) (1 + 4. + 4.2) (1 + Go)

|ds| <

Hence, the proof is completed.
If we take g, — 1~ in the results that we have proved above, it will lead us to the results that

are already proved for the class S;, which can be seen in the following corollary.

Corollary 4.2.1.1. If ¢(7) € S}, then

1
lda| <1, |az| < > lds4] <0.5767, |ds| < 0.6070.

4.3 Fekete-Szego Inequality

For the class S, - , this inequality will be investigated as follow:

pde’
Theorem 4.3.1. If ¢(7) € S, then |ds — B3| < &y
Proof. By using (4.12) and (4.13), we have
d- d? 1 y
2 2 1 72~
dy—ds|=|—————|=———2dr —d +1

Using Lemma 2.15.3 with A = 2, h=2 and k=1 and for g, € (0, 1), we have

<20 4 1
az —dad — - - = =
R 4G T MA@ +) G+l

So

(4.18)

Hence proof is completed. [
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Take g, — 1~ in the above results and it will give us the already proved result as can be seen

in the following corollary.

Corollary 4.3.1.1. If ¢(#) € S}, then |d3 — 3| < 3.

4.4 Hankel Determinants

For the class S’ - , we have the following results:

Pqe’
Theorem 4.4.1. If ¢(#) € Sj4 , then
... (4.2 +254.2 + 604, +36)
|dadz — dg| < ~ —
48(1+de)(1+qe +de”)
Proof. From (4.12), (4.13) and (4.15), we obtain:
4, & 1 & qdidy  GAd
|dadz — da| = | - ( —)— —— (5 — - )
2°2(14+4.)" (1+d.+4q.%) 2 4(1+4q.) 48
|61V2d3 _ d4| _ cilciz _ 1 (24(1 —l—q~e)a73 — 12(1}6?16?2 — q}z(l +qe)d?>
4(1+d)  (1+de+d.?) 48(1+de)

Simplification will give us:

1

12d,d>(1 +24,) + 124.%d d> — 24(1 +d.)d
48(1+qe)(1+qg+q32) 1 2( qe) qe 142 ( qe) 3

\dhociz — dig| =

+4. (1 +d.)d;

Now substitute values of d» and d3 using lemma 2.15.1, we will get:

1 ; 4t +y(4—d}) »
Irdls — dy| = 12d;(1+2G,) | - V) +64.%d, | &>+
B (e | q)< 2 et
W(4—d?)) 24144 (J%+2(4—d?)éflllf— (4—d})dy?+2(4—d})(1 - |W|2)Y>
4
+G.2(1+Go)d;

Simplifying terms inside we will have:

1
48(1+d.)(1+d. +d.?)

L6(14 q)diy (4 — )~ 12(1+- @) (4~ B)(1 - Wm\

4} (4. +74.% +6d.) + dyy (4 — d ) (64, — 6)

etz — dig| =



Using triangluar inequality and let d; = d, |y| =1

1
\dinciz — g | <

d* (4> + 74,2 + 64,) + dt (4 — d*)(64,> — 6
S ET ST (AL SRR IR IO AR

+6(14d,)dt*(4—d*) +12(1 +d,) (4 — d”z)>

We assume that

o 1 o
Jo(d,t) = E(q.2 +74.% +64,) +dt (4 —d*) (64,2 — 6
W) = o T (P T 6 - )6t~

+6(1+q,)di*(4—d*)+12(14qG,) (4 —d“z)>

Using partial differentiation of above, we have

g, 1
Jt  48(1+d.)(1+d, +G.?)

(d”(4 —d*)(6qG,> —6)+ 12dr(1 +d.) (4 — d“2)> >0

It implies Jg, (d,7) is an increasing function in [0,1]. So,

v 9

max(qu(d,t)) = qu(d7 1)

Substituting 1 in place of tin Jg, (d,), we will get the following:

. 1 o
Jo(d,1) = d* (4.2 +74.> +64.) +d(4—d*)(64.> — 6
)~ T (8 T 60 A= Pa o

+6(1+q.)d(4—d*) +12(1 +d.) (4 — d’z)>
Combining like terms inside brackets, we have the following form:

1

Ji(d,1) =
ald 1) 48(1+de) (1 +Ge +4.%)

Qﬁ@ﬁ+v¢9+6@»+ﬂ4—dﬁm¢3+6@>
+12(1+d,)(4— d‘Z))

Since it is only a function of d, so we consider

1

() — i3
Lald) = 48(14qe)(1+qe +4.%) (d (

o> +74.% + 64, ) +d(4 — d*)(64.* + 6. )

+12(1 +qe)(4—d’2)>

Differentiation of Lg, (d) gives us

352(q~e3 + 7qe2 + 6qe) + (4 — 3d?) (6q62 =+ 6q€) B 24J(1 + qe)
48(1 4+ G) (1 4+ de +q.%)

Ly (d) =

38
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Again simplifying terms inside brackets, we get the following Lj (d)

d*(3d,° +3q,%) — 24d (1 +q,) + 244, (1 +q.)

L-(d) =
@) 48(1+d.)(1+d. +q.?)
L (d) = ! (AP +Bd+C)
de 48(1+d.)(1+d. +q.?)
where
A= (3qe3 + 3qe2)
and

C =24q4,(1+qe.)

Certain calculations show that Ad”> +Bd +C > 0 for d € (0,1] and g, € (0,1). Also Ad*> + Bd +
C < 0ford € (1,2). This means L&e(dv) >0 for d € (0,1] and L&e(cf) < 0ford € (1,2). This

implies Lg, (d) is increasing in (0,1] and decreasing in (1,2). Hence,

74,2 +q.° +6d, +184,% + 184, + 36 4 364,

Gniia — dial < La (1) = q, € (09,1
oy = da] < La. (1) 43(1+G.)(1+Ge +G.%) G €(09.1)
Hence
~3 ~2 ~
25,2 + 604, + 36
lindiy — iy < d T 220 £ O T (4.19)
48(1+qe)(1+qe+qe )
O

This completes the proof.
As we take ., approaches to 1™ in the above proof, we will get the result which is already

proved for the class S’*) as shown in the preceeding corollary.
Corollary 4.4.1.1. If ¢(7) € Sp. then |dpds — dg| < 0.4254.

Theorem 4.4.2. If ¢(F) € S , then

(0.6561G,* + 1.3122q,> + 100.1013G,2 4 176.4708q, + 111.012)
96(1+de)*(1 +de +d.?)

|dindty — 3| <

Proof. From (4.12), (4.13) and (4.15), we get the following:

dy ds  qedvdy  4.’d} d3

2(1+d,.+4.2) 2 4(1+q.,) 48 4(14q.)?

[dndiy — &3] =

1 did;  ddid,  q.’d}

dVZ
( 2
2(14+q.+d.?)" 2 4(1+q) 48

4(1+q.)?

)_

dndy — 3| =
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a2 1 24(1+<Ie)071c1“3_12qed“12ciz—qe2(1+qe)ci;‘)_ 2
ST 04 +4.) 43(1+q,) 4(1+q,)?
1 - .
v v ) ~\2 ~ ~\ 2 ~2
_ 2= 24(1 +d,)2d ds — 124, (1 + 6, )d>d> —
|a2a4 a3| 48(1 +qe)22(1+qe+qe2) ( Qe) 143 qe( qe) 192 = Qe

u+@fﬁ—%£0+@+@ﬁ
Now put value of d> and d3, we get:

1
96(1+de)?(1 + G + G%)

+2(4_d?)(1 - |W|2)Y) - 12qe(1 ""qe)d? <

|dindiy — 5| =

6(1+4,)%d, (d?+2<4—d?>ailw— (4-B)dy?

dA+y4—di)\ 2 7
1 ; 1) —Qe2(1+Qe)2df

72 4_“2
—24(1+d. +4.%) (d‘ﬂig 4 ‘

1
~96(1+d,)2(1 +d. +q.2)
4 —d)diy* +12(1+d,)d (4 —d7) (1 — |9|)*Y — 6. (1 +G.)d| — 6d.(1 +d.)dTy(4 —d})

|diacty — | 6(1+d.)%d! +12(1+q,)* (4 —d7)diy —6(1+d.)*

— G2 (14G.)%d} —6(1+ G+ G2 )d} —6(1+G+q.2) w2 (4—dP)* — 12(1 +4, + G dT w(4—d7)

1
~96(1+d,)%(1 +G. +4.%)
G2t + (12(1+ )% — 64, (1 +d.) — 12(1 +d, +G.2))di (4 —d7) — 6(1+d.)* (4 — d})d;

(6(1+de)* —6de(1+de) — Ge*(1+de)* — 6(1 +de+

[d2da — &3]

W2 —6(1+Ge+q.°)y? (4 —di)’ +12(1+ ) *d1 (4 —df) (1 — [y]*)Y

After simplification of terms inside brackets, we will get

B 1
96(1+de)*(1 +de +de”)
—6(1+q.” +24.)(4—d))diy* —6(1+d.+q.7)y* (4 —di)?

|52d4 - ‘vl%| - (7q62 + qu3 + q~e4)dv? + (6qe - 6q~62)d? (4 - d?)

+12(1+4. 24 )di (4 —di) (1 = [y)Y

Now by applying triangular inequality and let d; = d and || =t, we have:

1
v v 2

dydy — az| < — = =
ol = O S G P (1 + e +3)

+6(1+q.2+24.)(4—d*)d* > +6(1 + G, +q.>)r* (4 — d*)?

(<7q~£+zq£+qe4>ci4+<6q~e—6q~£>d“2r<4—d“2>

+12(14+G,% +2d,)d(4 — d“z))
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We assume that

v 1 y
Laldt) = 7.2 +24.° +G.4)d* + (64, — 64.2)d% (4 — &
1) 96(1+q,)2(1 + e + G.2) (( e” +24." +de")d" + (64, — 64,7 )d"1( )

+6(1+q.2424,)(4—d*)d** +6(1 +q. + 4.2 )t* (4 — d*)?

+12(1+G.° +24.)d (4 — d”z))
Upon partial differentiation, we get:

dLg, 1 - . 2 .
e _ 64, — 64, )d" (4 —d 12(1 +q 26 (4 — d>d>t
ot 96(1+qe)2(1_'_qe+q82) <( de — 64" )d"( )4 12(1 +G.* + 24, )( )

+12(1+q, +q~62)t(4 —dﬂ)z) >0

So Lg, (cf ,t) is an increasing function in [0,1]. So,

Simplifying all terms, we have:

o 1 .
Lg(d,1)= 4424, +13G.% — 124, )d* — ((124,% + 244, + 12)d°
q.(d,1) 961102110+ d2) <(qe de de de)d” —((124e q.+12)

+ (—48G,> + 244, — 24)d* + (484> + 964, + 48)d + (964,> + 964, +96)>

Let us consider

o 1 o
Mg (d)) = 7,4 4+2d,° +136,% — 124, )d* — ((12G,% +244, +12)d>
qe( )) 96(1+qg>2(1+qe+q62) (((]e + qe + qé’ qé’) (( qe + qe+ )
+ (—484,> + 244, — 24)d* + (484> + 964, + 48)d + (964> + 964, + 96))
Now,
y 1
M- (d) = 46, +8d,° +52G.% — 484,)d° — (36G,% +72d, +36)d>
qg( ) 96(1+qe)2(1+qe+q62) (( qe qe qe qe) ( qe qe )
+ (964> + 484, — 48)d + (48q,> + 964, + 48))
o 1 o
M- (d) = Ad® +Bd*+Cd+D
ald) 96(1+cre)2(1+qe+qe2)( )
where

A = (44" +84.° + 524,% — 48q.,)

B = —(364.% + 724, +36)
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C = (—96q4,> + 484, — 48)
D = (48q,* 496, +48)

Certain calculations show that Ad® + Bd> +Cd + D is greater than zero for d € (0,0.9] and g,
belongs to (0.95,1). Also, Ad® + Bd> +Cd + D is less than zero for d € (0.9,2). This means
M. (&) > 0 for d € (0,0.9] and M, (d) < 0 for d € (0.9,2). So, this implies that Mg, (d) is

increasing in (0,0.9] and decreasing in (0.9,2). This means that

1
96(1 +de)?(1 + Go + G.%)
— (124,% 424G, + 12)(0.9) 4 (—48q,> + 244, — 24)(0.9)* + (484.> + 964, + 48)(0.9)

\ipdly — i3] < Mg, (0.9) =

(«L4+2¢ﬁ+43@2—1m;x09f

(964> + 96, + 96))

Hence

(0.6561q,* + 1.3122q,> + 100.1013q,> + 176.4708q, + 111.012)

420
96(1+d.)2(1 +d, +G.2) (%20

|dadiy — d3| <
[

So, the proof is completed.

If we take q, approaches to 1™ in the above proof, we will get the result which has already

been proved for Sj; as illustrated in the following corollary.
Corollary 4.4.2.1. If ¢(7) € S}, then |dads — a3 < 0.3382.
Theorem 4.4.3. If ¢ () € Sj; then

1536 + 67324, + 83434, +4953q,> + 5404.* +2704,°
1536(q.° +q.° +de +1)(1 +de +G.°) (1 +d)?
(94332 + 727324, — 7294.% — 7294,°) (d.> +25¢.% + 604, + 36)
2304000(1 + 40 )2(1 + 4o + 4.2)2 i
(0.6561G.* + 1.3122q,> + 100.1013qG,2 4 176.4708q, + 111.012)
96(1 +de)3(1+de +de?)

[H3,1(¢)| <

Proof. The upper bound of third order Hankel Determinant is given as follow:

H31 ()| < |ds||(d3 — &3)| + |dia| | (da — daddz)| + |3 || (dadia — )|
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Now substitute values in the above inequality from Theorem 4.2.1, Theorem 4.4.1 and Theorem

4.4.2, we will get the following:

1536 + 6732, + 83434,% +4953q.> + 5404,* + 2704,°
1536(qe® +de* +de + 1) (1 + e +G.*) (1 + )
(94332 + 727324, — 7294.> — 7294,°) (d.* +254,> + 604, + 36)
2304000(1 + ) (1 +qe +Ge%)? *
(0.65614,* +1.31224G,> + 100.1013q,> + 176.4708q, + 111. 012)
96(1 "‘qe) (1+d. +de )

[H;,1(¢)] <

which is our required proof. 0

If we take g, — 1~ in the proof above, it yields us to the already proved results, as shown in

the corollary.

Corollary 4.4.3.1. If ¢(7) € Sy, then [Hj3 1(¢)| < 0.6271.

4.5 Zalcman Functional

Theorem 4.5.1. If ¢ (7) € S:;q , then

(16.875q,> + 129.75q,* 4- 405.5625q,> + 713.4375q,% + 516.75q, + 192)
96((1+de)*(1+d.%) (1 +de + %)
Proof. Put values from (4.13) and (4.17) and do simplification, we will get the following:

|ds — a3

p— 1 7 ~ ~
¢ + H8dy (1 1 + —24q.(1+ dids+
5—4adz 96(1 q~€>2(1 +qe +q~62)(1 _|_q~82) |: 4( Qe)( Je T9e ) qe( qe) 143

24.%(3—-64*—34.°)did> +q.*(1+4.) (24.” + 24, + 1)d} — (144, +d.%) (244, +24d, +24)d;

Using Lemma 2.15.1 in the above equation and it will become as follows:

1 y y

ds v2 ~ ) ~ ~\2

- 48d4(1+ G ) (1 +q, +d.%) — 244, (1 +d.)*d

96011+ q 21+ 13D (1142 ){ 4(1+d.)(1+de+qG.°) —244.(1+q.)"d)
2(4—d?)d 4—d)d\ W2 +2(4—d¥)(1—|y]»)Y y 3 }

( )iy — ( 11 4 ( D=yl 124,23 - 6,2 — 3G.3)d?
4 d?) y

( ) + e (14de) (24> + 24, + 1)d} — (1 +de +G.°) (244, + 244, +24)

(d?+w<4d?))2
2
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After calculations of like terms, apply triangular inequality on both sides and use Lemma 2.15.2
andletd; =d,|y| =1

1
(14 de)*(1+qe+d.*) (1 +G.%)
+26G,% + 18, + 6) + (4 —d*)d*t(3q.° + 184" + 364.> + 57q,% + 364, + 12)

|dis — 33| < 5% 96(1+d.)(1+qe+d.>) +¢*(d.° +8¢.* +15¢,°

+6d.(1+q.)* (4 —d*)d*t* + 124, (1 + G.)*d (4 — d*) + 6(1 + G, + G.*)*1* (4 — d*)?

Consider

. 1
Pi(d,t)= — — -

) S+ P+ @+ a1+ 3

+264,% + 18q, +6) + (4 — d*)d*t (34.° + 184,* + 364,> + 57q.> + 36d, + 12)

96(1+q.)(1+qe+d.>) +d* (d.° +8¢.* +15¢.°

+&mrﬂm%mwﬁfﬂ+n@u+@ﬁﬂmﬁﬁ+ﬁu+@+@ﬁW@—ff]
Partially differentiate the above with respect to t and we will have:

IPg,(d,1) 1 s \ 3 i
5 = 4—P)d2(3q,° + 184," + 364, + 574, %+
ot 9601+ 4. P (1 1 q + a1 g |4~ 3de7 180743647+ 574

36G, + 12) + 124, (14 q.)* (4 — d*)d*t + 12(1 + G, + G.2)*1 (4 —d’l)z}

Clearly Fg, (d,t) turns out to be an increasing function in the interval [0,1]. So,

.

max(Pqe(j7t)) = Pqe(df’ 1) = Pqe(d)

Hence combining like terms inside and simplied them, we will get
Py (d) = :

& 96(1 +de)2(1+ G +d.2) (1 + G 2)
15q,% — 2542 — 124.) — d° (124, (1 + §.)?) + d*(124,° + 244, + 724.° + 1324.> + 724,

96(1+q.)(1+dq, +q.%) +d*(—2q,° — 44"~

+ 484, (1 +d.)*d +96(1 + g, +q~62)2}

Differentiating above will lead us to the following:

1

P (d) =
a.(d) 96(1 +q)2(1 +de +d.2) (1 +G.2)

d*(A) +d*(B) +d(C) +D]

where

A = —8q,° — 164.* — 604.> — 1004,> — 484,

B=—-364,(1 +d.)?)
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C = (244, +484.* + 1444.> + 264q,% + 1444,

and
D = 484, (1+.)”.
After caclculations, it is observed that d*(A) +d*(B) +d(C) + D is greater than zero for d €
(0,1.5] and g, € (0,1). Also, d>(A) +d*(B) +d(C) +D < 0 for d € (1.6,2). This means that
Py, (ci) is increasing in (0,1.5] and decreasing in (1.6,2). So,
1

" 96(1+d)2(1+ e+ G2 (14 .2)
(—24,° —4q.* — 154> —25q,° — 12q,) — (1.5)* (124, (1 +q.)?) + (1.5)*(124.° +24q.* +724.°

s — 3| < Py (1.5) 96(1+q.)(1+G.+q.%) + (1.5)*

+ 132G, + 724, ) + 48, (1 +d.)?(1.5) +96(1 +d, +q.>)*

(16.8754.° +129.75G.* +405.56254,> +713.4375q,% + 516.75q, + 192)
96(1 +qe)(1 +q.*) (1 +Ge +d.?)

v 2
|ds — a3
Hence, the proof is completed. ]

Take g, — 1™ in the above result and it gives us the already proved result for the class S,

which can be seen in the corollary below.

Corollary 4.5.1.1. If ¢(7) € Sj,, then |ds — da3] < 0.8570.
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CHAPTER 5

CONCLUSION

This thesis principally investigates the coefficient bounds of analytic, univalent and normal-
ized functions in the open unit disk. Some initail findings from the study of Geometric Function
Theory and primary concepts of g-calculus are examined, with a thorough analysis of the use of
g-derivative operator to analytic functions. By utilizing g-difference operator, a new g-starlike
functions’s class is presented.

This research explored the g-starlike class S, associated with inverse hyperbolic sine function
and the g-extension of this class. This class was introduced by Kush Arora and S. Sivaprasad
Kumar and in this research the work is further extended using concepts of g-calculus. The
class S;*)q} is presented, which formally signifies g-starlike functions suborniate to the g-series of
inverse sine hyperbolic function. This class is introduced using g-difference operator and the
geometric techniques are used to investigate the properties of this class.

The notable characteristics of the functions of our recently introduced class are explored,
encompassing coefficient bounds, the famous Fekete-Szego problem, Hankel determinanats of
second and third order, and the Zalcman functional. Observations have clearly demonstrated
that our newly defined class is more advanced and an extensive class providing a refinement
when contrasted to the existing one. The results presented advancements over theorems which
have already proved by various researchers in the area of Geometric Function Theory. In order
to validate the obtained results or findings limit g, — 1~ has been taken which yields the
already known results. It is anticipated that this study will significantly contribute in the field of

Geometric Function Theory and provides a pathway for subsequent advances and breakthroughs
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in this field.

5.1 Future Work

The main focus of this study is the exploration of class of g-starlike functions associated to
g-version of inverse hyperbolic sine function. This class can be explored further by presenting
results for class of convex functions, quasi and close-to-convex functions by using subordination
technique. Further, utilizing the concepts of quantum calculus results that are obtained in
this study can be found for the classes containing q-convex functions, or the classes having

g-close-to-convex functions and functions belong to g-quasi class.



48

REFERENCES

[1] J. L. Walsh, “History of the riemann mapping theorem,” The American Mathematical

Monthly, vol. 80, no. 3, pp. 270-276, 1973.

[2] K. Babalola, “An invitation to the theory of geometric functions,” arXiv preprint

arXiv:0910.3792, 2009.

[3] A.-L. Cauchy, L. Euler, C. F. Gauss, J. Hadamard, and K. Oka, “Riemann mapping

theorem.”

[4] A. E. Scott, “Cauchy integral theorem: a historical development of its proof,” Ph.D.

dissertation, Oklahoma State University, 1978.

[S] W. Rogosinski, “On the coefficients of subordinate functions,” Proceedings of the London

Mathematical Society, vol. 2, no. 1, pp. 48-82, 1945.
[6] P. L. Duren, Univalent functions. Springer Science & Business Media, 2001, vol. 259.

[7] A. W. Goodman, “Univalent functions and nonanalytic curves,” Proceedings of the Ameri-

can Mathematical Society, vol. 8, no. 3, pp. 598-601, 1957.

b

[8] J. W. Alexander, “Functions which map the interior of the unit circle upon simple regions,

Annals of Mathematics, vol. 17, no. 1, pp. 12-22, 1915.

[9] J. Sokot, “A certain class of starlike functions,” Computers & Mathematics with Applica-

tions, vol. 62, no. 2, pp. 611-619, 2011.

[10] W. Ma, “A unified treatment of some special classes of univalent functions,” in Proceedings

of the Conference on Complex Analysis, 1992. International Press Inc., 1992.

[11] J. Sokét and J. Stankiewicz, “Radius of convexity of some subclasses of strongly starlike

functions,” Zeszyty Nauk. Politech. Rzeszowskiej Mat, vol. 19, pp. 101-105, 1996.



49

[12] N. Cho, V. Kumar, S. S. Kumar, and V. Ravichandran, “Radius problems for starlike
functions associated with the sine function,” Bulletin of the Iranian Mathematical Society,

vol. 45, pp. 213-232, 2019.

[13] R. Mendiratta, S. Nagpal, and V. Ravichandran, “A subclass of starlike functions associated
with left-half of the lemniscate of bernoulli,” International Journal of Mathematics, vol. 25,

no. 09, p. 1450090, 2014.

[14] S.S. Kumar and N. Verma, “Coefficient problems for starlike functions associated with a

petal shaped domain,” arXiv preprint arXiv:2208.14644, 2022.
[15] A. Roig Sanchis, “Univalent functions. the bieberbach conjecture,” 2019.

[16] P. Garabedian and M. Schiffer, “A proof of the bieberbach conjecture for the fourth
coefficient,” Journal of Rational Mechanics and Analysis, vol. 4, pp. 427-465, 1955.

[17] C. H. FitzGerald and C. Pommerenke, “The de branges theorem on univalent functions,”

Transactions of the American Mathematical Society, vol. 290, no. 2, pp. 683-690, 1985.

[18] M. Fekete and G. Szegd, “Eine bemerkung iiber ungerade schlichte funktionen,” Journal of

the london mathematical society, vol. 1, no. 2, pp. 85-89, 1933.

[19] C.Pommerenke, “On the hankel determinants of univalent functions,” Mathematika, vol. 14,

no. 1, pp. 108-112, 1967.

[20] K. L. Noor, “Hankel determinant problem for the class of functions with bounded boundary

rotation,” Revue Roumaine de Mathématiques Pures et Appliquées, vol. 28, no. 8, pp.

731-739, 1983.

[21] R. Ehrenborg, “The hankel determinant of exponential polynomials,” The American Mathe-

matical Monthly, vol. 107, no. 6, pp. 557-560, 2000.

[22] J. W. Layman, “The hankel transform and some of its properties,” J. Integer seq, vol. 4,

no. 1, pp. 1-11, 2001.

[23] A. Janteng, S. A. Halim, and M. Darus, “Hankel determinant for starlike and convex

functions,” Int. J. Math. Anal, vol. 1, no. 13, pp. 619-625, 2007.



50

[24] A. Lecko, Y.J. Sim, and B. Smiarowska, “The sharp bound of the hankel determinant of
the third kind for starlike functions of order 1/2,” Complex Analysis and Operator Theory,
vol. 13, pp. 2231-2238, 2019.

[25] K. Joshi and S. S. Kumar, “Third hankel determinant for a class of starlike functions

associated with exponential function,” arXiv preprint arXiv:2206.13707, 2022.
[26] V. G. Kac and P. Cheung, Quantum calculus. Springer, 2002, vol. 113.

[27] F. H. Jackson, “Xi.—on g-functions and a certain difference operator,” Earth and Environ-
mental Science Transactions of the Royal Society of Edinburgh, vol. 46, no. 2, pp. 253-281,
1909.

[28] F. Jackson, “On g-definite integrals. qj pure appl. math. 41, 193-203 (1910).”

[29] Q.-M. Luo, “Apostol-euler polynomials of higher order and gaussian hypergeometric

functions,” Taiwanese Journal of Mathematics, vol. 10, no. 4, pp. 917-925, 2006.

[30] S. Islam, M. G. Khan, B. Ahmad, M. Arif, and R. Chinram, “Q-extension of starlike
functions subordinated with a trigonometric sine function,” Mathematics, vol. 8, no. 10, p.

1676, 2020.

[31] M. E. H. Ismail, E. Merkes, and D. Styer, “A generalization of starlike functions,” Complex
Variables, Theory and Application: An International Journal, vol. 14, no. 1-4, pp. 77-84,
1990.

[32] A. Goodman, “Univalent functions, vols. i and ii,” 1983.

[33] P. L. Duren, “Coefficients of univalent functions,” Bulletin of the American Mathematical

Society, vol. 83, no. 5, pp. 891-911, 1977.
[34] C. Pommerenke, “Univalent functions. vandenhoeck and ruprecht,” Gottingen, 1975.

[35] R. N. Mohapatra and T. Panigrahi, “Second hankel determinant for a class of analytic
functions defined by komatu integral operator,” Rend. Mat. Appl, vol. 41, no. 1, pp. 51-58,
2020.

[36] S.S. Miller and P. T. Mocanu, Differential subordinations: theory and applications. CRC
Press, 2000.



[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

51

V. G. Kac and P. Cheung, Quantum calculus. Springer, 2002, vol. 113.

A. Pfluger, “The fekete—szeg0 inequality for complex parameters,” Complex Variables

and Elliptic Equations, vol. 7, no. 1-3, pp. 149-160, 1986.

C. Pommerenke, “On the coefficients and hankel determinants of univalent functions,”

Journal of the London Mathematical Society, vol. 1, no. 1, pp. 111-122, 1966.

W. Hayman, “On the second hankel determinant of mean univalent functions,” Proceedings

of the London Mathematical Society, vol. 3, no. 1, pp. 77-94, 1968.

J. Noonan and D. Thomas, “On the second hankel determinant of areally mean -valent
functions,” Transactions of the American Mathematical Society, vol. 223, pp. 337-346,
1976.

E. Deniz and H. Orhan, “The fekete-szegd problem for a generalized subclass of analytic

functions,” Kyungpook Mathematical Journal, vol. 50, no. 1, pp. 37-47, 2010.

S. Lee, R. Ali, V. Ravichandran, and S. Supramaniam, “The fekete-szego coefficient
functional for transforms of analytic functions,” Bulletin of the Iranian mathematical

society, vol. 35, no. 2, pp. 119-142, 2011.

F. Keogh and E. Merkes, “A coefficient inequality for certain classes of analytic functions,”

Proceedings of the American Mathematical Society, vol. 20, no. 1, pp. 8—12, 1969.

Y. Taj, S. N. Malik, A. Citas, J.-S. Ro, F. Tchier, and F. M. Tawfig, “On coefficient
inequalities of starlike functions related to the g-analog of cosine functions defined by the

fractional g-differential operator,” Fractal and Fractional, vol. 7, no. 11, p. 782, 2023.

W. Ma, “Generalized zalcman conjecture for starlike and typically real functions,” Journal

of mathematical analysis and applications, vol. 234, no. 1, pp. 328-339, 1999.

R. J. Libera and E. J. Zlotkiewicz, “Early coefficients of the inverse of a regular convex
function,” Proceedings of the American Mathematical Society, vol. 85, no. 2, pp. 225-230,
1982.



52

Theorem([section] Corollary[theorem] [theorem]Lemma [english]babel amsthm Defini-

tion[section] Remark Definition[section]



	AUTHOR’S DECLARATION
	ABSTRACT
	TABLE OF CONTENTS
	Table of Contents
	LIST OF TABLES
	LIST OF FIGURES
	LIST OF SYMBOLS
	ACKNOWLEDGMENT
	DEDICATION
	=Introduction AND LITERATURE REVIEW
	Overview
	Pioneers of Function Theory
	Riemann Mapping Theorem
	Analytic and Univalent Functions
	Subclasses of Analytic and Univalent Functions
	Class of Starlike Functions
	Coefficient Bounds
	Fekete-Szeg Problem
	Hankel Determinant
	Quantum Calculus
	Preface

	=PRELIMINARY CONCEPTS
	Overview
	Analytic Functions
	Univalent Functions
	 Normalized Univalent Functions' class, S
	Caratheodory Functions
	Certain subclasses of univalent functions
	Subordination
	Subclass of Starlike Function Subordinated to Inverse Sine Hyperbolic Function
	Quantum Calculus
	-derivative
	-Starlike Function 
	Fekete-Szeg Inequality
	Hankel Determinant
	Zalcman Functional
	Preliminary Lemmas

	=CLASS OF STARLIKE FUNCTION SUBORDINATED WITH SINE INVERSE HYPERBOLIC FUNCTION
	Overview
	Coefficient Inequalities
	Fekete-Szeg Inequality
	Hankel Determinants
	Zalcman Functional

	=-Starlike Function Associated with -sine inverse hyperbolic function
	Overview
	Coefficient Inequalities
	Fekete-Szeg Inequality
	Hankel Determinants
	Zalcman Functional

	Conclusion
	Future Work


