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ABSTRACT 

 

Title: Effect of Thermal Radiation on Hybrid Nanofluid Flow over a Curved Stretching 

Surface. 

 

The analysis of heat transfer characteristics of thermally radiative hybrid nanofluids over an 

exponentially curved surface proves essential for engineering and industrial applications like 

in polymer processing, materials science, mechanical engineering and aerospace engineering, 

all of which involve intricate geometry. A number of researchers have delve into the subject 

of MHD boundary layer flow over a curved stretching surface in light of the expanding 

technical significance of magnetohydrodynamic (MHD) phenomenon. The current study is 

based on steady, two dimensional, laminar flow of an electrically conducting, viscous and 

incompressible fluid flowing over an exponentially curved stretching surface with inclusion 

of viscous dissipation, thermal radiation and multiple shape factors. The considered hybrid 

nanofluid is comprised up of two nanoparticles, aluminum oxide and copper, and water is 

serving as the base fluid. The flow is induced by the curved surface's exponential stretching 

features. The Darcy Forchheimer effect is utilized to influence the momentum analysis. The 

governing equations for the hybrid nanofluid flow model are highly complicated coupled 

system of equations. Mathematical modeling is employed in order to transform the physical 

system into a set of partial differential equations, which are subsequently simplified as a 

system of nonlinear ordinary differential equations by employing appropriate similarity 

variables. The amended non-dimensional momentum and energy equations give the numerical 

solutions using the bvp4c MATLAB built in solver. The results are displayed in the form of 

graphs that investigates how different physical parameters influence the velocity profile, 

temperature profile, local Nusselt number and skin friction coefficient. It is observed that in 

contrast to magnetic parameter behavior, the velocity profile of a hybrid nanofluid rises with 

curvature parameter values. Meanwhile, it has been determined that the temperature profile 

improves for enhancing values of the thermal radiation parameter, Eckert number and the 

magnetic parameter. The highest thermal conductivity is observed in blade-shaped 

nanoparticles in most of the cases, whereas brick-shaped nanoparticles have the least.   
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CHAPTER 1 

INTRODUCTION 

Overview 

Nature and the technological world both depend on flows for their continued 

existence. Science's study of the motion of gases and liquids, the way they interact with 

solids, and the forces behind these phenomena is known as fluid dynamics. Fluid 

dynamics is imperative to every aspect of our daily lives. 

 1.1 Hybrid Nanofluid 

The terminology ‘’nanofluids’’ was conceptualized by Choi and Eastman [1]. 

Nanoparticles with diameters usually varying from 1 to 100 nanometers are dispersed into 

a host fluid like water, oil or ethylene glycol to form nanofluids. Several processes, 

including chemical synthesis, precipitation and sol-gel procedures, can be used to create 

the nanoparticles. Once the nanoparticles have been extracted, they are mixed with the 

base fluid to form nanofluid using ultra sonication, stirring or other methods. In the same 

way, a hybrid nanofluid is a specific type of designed liquid mixture that blends a base 

fluid with nanoparticles and other functional additives. It is essential to suspend two or 

more different types of nanoparticles which may be metallic, polymeric or non-metallic in 

the base fluid in order to synthesis a hybrid nanofluid [2]. Numerous researchers have 

demonstrated through experimental and numerical investigations that the incorporation of 

nanoparticles can improve heat conduction and heat transfer through convection. As a 

result, in a variety of applications, hybrid nanofluids often exhibit improved rate of heat 
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transfer than pure fluids. For manifold reasons, hybrid nanofluids will eventually replace 

mono nanofluids, including low pressure-drop, lower extinction, high thermal 

conductivity, reduced frictional losses, wide absorption range and pumping power. In 

order to better understand the key aspects that affect hybrid nanofluids, various studies 

have concentrated on investigating rheological and thermo-physical properties. With 

hybrid nanofluids, numerous applications have been explored, including photovoltaic 

thermal management, solar collectors, machine cutting, electronic component, 

photovoltaic thermal applications and automobile cooling. In order to create hybrid 

nanofluids, different approaches can be utilized. Initially the idea of hybrid nanofluids 

which have even better increased thermal characteristics than conventional nanofluids was 

put out by Turcu et al. [3]. The study centered on the synthesis and characterization of 

new hybrid materials comprised of multi-wall carbon nanotubes (MWCNTs). Since hybrid 

nanofluids were developed, researchers have been investigating the characteristics of 

hybrid nanofluids. By mixing water with two different types of nanofillers, CNT-Au and 

CNT-Cu nanoparticles, Jana et al. [4] formed hybrid nanofluids. For the same reason, 

       and CuO nanofluid’s thermal conductivity raised the temperature range, 

respectively, from 9.8% to 17.89% for       and from 15.6% to 24.56% for CuO 

nanofluids experimentally [5]. Correspondingly Madhesh and Kalaiselvam [6] performed 

an investigational study that examined the characteristics of a hybrid nanofluid flow used 

as a cooling agent in a tubular heat exchanger. Using a tubular heat exchanger, Madhesh et 

al. [7] investigated the rheological properties and heat transfer potential of copper-titanium 

hybrid nanofluids. 

 1.2 Magnetohydrodynamics (MHD) 

 The field of magnetohydrodynamics (MHD) studies the motion of electrical 

conducting fluids including plasmas and liquid metals. Hannes Alfven [8] first presented 

the fundamental equations of magnetohydrodynamics after realizing the significance of 

the electric currents carried by plasma and the magnetic field they generate. By 

incorporating the principles of fluid dynamics with Faraday's and Ampere's laws of 

electrodynamics, Alfven developed an innovative mathematical framework. It also 

clarified the physics governing the sun, solar wind and stellar atmospheres. This theory 



3 
 

 

 

has proven beneficial in understanding space plasmas within Earth's and other planets' 

magnetospheres. The electromagnetic force term is added to the fluid's momentum 

equation to address the fluid dynamical features of MHD. On that account, Ghadikolaei et 

al. [9] focused on the effect of a magnetic field on the stagnation flow of a      

         hybrid nanofluid on a stretching sheet. In the presence of a transverse magnetic 

field, Das et al. [10] examined the MHD flow of                nanofluid and copper-

aluminum/water hybrid nanofluid across a permeable tube. The lattice Boltzmann 

technique methodology was used by Ashorynejad and Shahriari [11] to analyze the natural 

convection heat transport of MHD flow involving hybrid nanofluid (     -Cu/water) in 

an open wavy cavity. Moreover, Aly and Pop [12] investigated heat transfer in MHD flow 

of a hybrid nanofluid with suction or injection and convective boundary conditions on a 

permeable stretching and shrinking sheet. Usman et al. [13] intently focused on improving 

energy and mass transfer in a hybrid nanofluid flow around a rotating disc. They 

investigated the impacts of SWCNTs and MWCNTs and how these materials are 

influenced by magnetic and electric fields. 

 1.3 Thermal Radiation 

The term "thermal radiation" signifies electromagnetic radiation which a substance 

emits as consequence of its heat and the properties of this radiation rely on the medium's 

temperature. Thermal radiation is produced due to heat from the movement of charges in 

the substance (electrons and protons in conventional forms of matter) that modifies into 

electromagnetic radiation [14]. Because it has a direct relation to the thermal state of 

materials, this phenomenon is known as thermal radiation. The application of thermal 

radiation can be seen in numerous processes like in cooling appliances, medical imaging 

and therapy, solar energy harvesting, electronic cooling, aerospace engineering and many 

others. The infrared radiation produced by an electric heater or typical home radiator is an 

example of thermal radiation. Due to this cause Mahmoud [15] considered the two-

dimensional non Newtonian, time dependent, boundary layer flow on a continuously 

expanding surface in the existence of thermal radiation and magnetohydrodynamics due to 

the importance of thermal radiation in many fields. The investigation of the thermally 

radiative Maxwell nanofluid flow induced by a stretched surface was carried out by Madhu 
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et al. [16]. The characteristics of the fluid under consideration were examined while taking 

magnetohydrodynamics and thermal radiation into account. In several fluid flow 

applications, accurate analysis and design need careful consideration of radiation [17].  The 

impacts of thermal radiation and Joule heating inside a rotating system comprising two 

surfaces have been taken into consideration by the researchers as they examined the heat 

transport and magneto-hydrodynamic flow properties of a hybrid nanofluid [18]. In their 

research on the phenomenon of mass and heat transfer in three dimensional MHD radiative 

flow of a hybrid nanofluid (water-based) across an expanding sheet, Sohaib et al. [19] took 

into account the phenomena of heat flow induced by thermal radiation effects. In a study by 

Zainal et al. [20], across a permeable moving surface, the researchers inquired about the 

flow as well as the heat transfer properties of a hybrid nanofluid (             ) in the 

midst of magnetohydrodynamics and thermal radiation. 

 1.4 Viscous dissipation 

Due to internal friction in a moving fluid, a process named viscous dissipation causes 

mechanical energy to be converted into thermal energy. The impact of viscous dissipation 

in natural convection was investigated initially by Gebhart [21]. It is a prominent 

phenomenon in fluid mechanics, especially when there are considerable viscous effects on 

the flow. Due to viscous forces, a fluid that flows through a channel or across a surface 

exhibits resistance. There are velocity gradients within the fluid as a result of these forces, 

which come from interactions between adjacent fluid layers. Because of the work that these 

viscous forces accomplish, heat gets generated. Higher flow rates and fluids with higher 

viscosities tend to result in greater viscous dissipation. Many applications like magnetic 

resonance imaging, food processing, printing processes, polymer processing, heat 

exchangers and lot more rely on the phenomenon of viscous dissipation. For this reason, 

Vajravelu and Hadjinicolaou [22] focused on the properties of heat transport in a viscous 

fluid with a laminar boundary layer through a linearly stretched-out continuous surface with 

assorted wall temperature in the presence of viscous dissipation and suction/blowing. The 

combined effects of thermal radiation, convection flow, slip boundary conditions and 

viscous dissipation induced by a stretched cylinder in a porous media were examined by 

Pandey and Kumar [23]. The boundary layer flow of hybrid nanofluid across a nonlinear 
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radially expanding porous disc was investigated by Farooq et al. [24] to determine the 

impacts of suction, injection and viscous dissipation on entropy generation. A research by 

Swain et al. [25] on stretched sheet engulfed in a porous medium, investigated the 

magnetohydrodynamics (MHD) flow of a Newtonian fluid. Furthermore Mallikarjuna et 

al.'s [26] main objective was to develop a stable mathematical model that would 

demonstrate the way; a two-phase dusty hybrid nanofluid would behave as it flowed over a 

stretched sheet in a porous media. Several variables were taken into account in the model, 

including Darcy-Forchheimer flow, heat transfer, viscous dissipation and the melting heat 

transfer.  

 1.5 Thesis Organization 

This section provides a brief summary of our six-chapter analysis. 

Chapter. 1 serves as an introduction and covers the foundations for several concepts. 

In Chapter. 2, an extensive and comprehensive assessment of the literature based on recent 

research is provided. 

Chapter. 3 comprises all the underlying terminology and concepts needed to facilitate an 

investigation of the recommended work. 

Chapter. 4 addresses the hybrid nanofluid's Darcy Forchheimer flow on a curved stretching 

surface. The flow is driven by stretching the curved surface. Additionally considered the 

major persuasion of varied shape factors on the process of heat transfer and the flow of 

fluids. The problem is modeled mathematically as a system of partial differential equations 

(PDEs) that transform a system of ordinary differential equations (ODEs) using compatible 

transformations. Bvp4c approach, a numerical method, assists in evaluating the resultant 

equations. Graphical plots have been utilized to analyze the velocity, temperature, drag 

force and Nusselt number. 

Chapter. 5 reports the MHD and Darcy Forchheimer flow of a hybrid nanofluid driving 

across a curved surface stretching exponentially. The repercussions of thermal radiation and 

viscous dissipation are also considered. The whole problem is modeled for different shape 

factors. With the assistance of the appropriate transformations, the momentum and energy 

equations translate into ODEs. Then, this model system containing ODEs is solved 

incorporating the bvp4c approach. The influence of pertinent parameters on velocity, 
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temperature, skin friction coefficient and Nusselt number has been evaluated by employing 

a graphical approach. 

Chapter. 6 constitutes the findings of the concluded study effort and recommends further 

projects.  
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CHAPTER 2 

2. LITERATURE REVIEW 

 2.1 Hybrid Nanofluid 

         Several researchers have demonstrated experimentally and numerically that the 

presence of nanoparticles can enhance thermal conductivity and convective heat transfer, 

due to which hybrid nanofluids typically have a greater heat transfer rate compared to pure 

fluids in various applications. Abbas et al. [27] addressed the flow of hybrid nanofluid 

passing over a nonlinear permeable stretched curved surface. Using bvp4c MATLAB, 

tables and graphs serve for showing the ramifications of relevant physical variables for 

temperature and velocity profiles. Based upon the findings from the study, in the case of 

injection, the temperature profile showed falling behavior with  improving solid 

nanoparticle concentration  values, whereas in the case of suction, the temperature profile 

enhances towards greater values of solid nanoparticle concentration. Adopting the 

Buongiorno model, Mishra and Upreti [28] scrutinized the effects of heat and mass 

transport of              /water-ethylene glycol hybrid nanofluid and Ag-MgO/water 

hybrid nanofluid with the effects of heat generation/heat absorption, viscous dissipation and 

chemical reaction. It has been noticed that when the values of the heat 

generation/absorption, viscous dissipation and thermophoresis parameters increase, the 

temperature profiles for both hybrid nanofluids escalate. In experimental investigation from 

Vinoth et al. [29], the heat transfer features of an oblique finned curved micro channel heat 

sink (MCHS) were investigated, utilizing multiple types of working fluids, specifically 

deionized water, nanofluid and hybrid nanofluid. The hydrothermal attributes of hybrid 

nanofluid (      ) flow over an expanding curved Darcy surface have been studied by 

Alrabaiah et al. [30]. The permeable surface provides the nanofluid flow through the 

Darcy-Forchheimer effect. The results demonstrated that the temperature decreases but the 
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velocity curve rises when the curvature component is taken into consideration. The analysis 

by Mandal and Pal [31] focused on the two dimensional, steady, MHD and Darcy-

Forchheimer flow and heat transfer behavior of a non-Newtonian hybrid nanofluid 

comprised of   /Kerosene oil and       /Kerosene oil passing through the permeable 

medium on a stretched sheet. The effects of quadratic thermal radiation, Ohmic heating and 

convective boundary conditions were imposed on heat transfer. Reddy et al. [32] 

contemplated the mass and heat transfer of an unsteady MHD hybrid nanoliquid flow 

across a shrinking/stretching surface incorporating slip effects, suction effects, chemical 

reaction and thermal radiation. The finite element method was employed for evaluating the 

numerical solution. A number of significant parameters' influences on the velocity, 

concentration and temperature profile of fluids were apprised and the findings were laid out 

through graphs. The primary objective of Yahaya et al. [33] work was to evaluate the 

stagnation point flow of a (            ) hybrid nanofluid over a radially 

shrinking disk under the presence of magnetic field, viscous-Ohmic dissipation and 

convective boundary conditions. Using various types of regulating parameters, the flow of 

hybrid nanofluid and heat transfer characteristics were investigated using the bvp4c 

approach. Along with the impact of viscous dissipation and Joule heating over a porous 

shrinking sheet, Rasool et al. [34] examined the steady MHD flow of (              ) 

hybrid nanofluid. The set of nonlinear ODEs was solved by MATLAB bvp4c method 

numerically. Based on the result, duality exists within a particular range of suction 

parameters. Lone et al. [35] investigated the mixed convective MHD micro polar hybrid 

nanofluid flow across a flat surface. Additionally, consideration was given to the impact of 

viscous dissipation, thermal radiation and Joule heating over a vertically positioned plate in 

a permeable medium together with suction and injection effects.  

 2.2 Magnetohydrodynamics (MHD) 

          Keeping in view, the industrial applications of magnetohydrodynamics (MHD), 

 The many researchers have contributed towards the research based on MHD.

characteristics of magnetohydrodynamics flow involving viscous fluids were studied by 

Ullah et al. [36]. While contemplating the impacts of viscous dissipation and Joule heating, 

they investigated the behavior of the fluid flow. Firstly using the shooting method, 

https://www.researchgate.net/profile/Gopinath-Mandal
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nonlinear first-order ODEs were reduced and then a numerical solution was obtained by the 

RK-4 method. For steady flow and heat transfer, Waini et al. [37] evaluated the nonlinearly 

stretching/shrinking hybrid nanofluid influenced by thermal radiation, MHD and suction. 

Bvp4c was adopted to solve the governing equations. Dual solutions occurred and the 

stability study revealed that the first solution was steady. Considering an exponentially 

expanding porous surface, Nandi et al. [38] evaluated the unsteady, MHD, radiative-

dissipative and free convective stagnation flow of a hybrid nanofluid through quadratic 

regression. To stimulate the flow of fluid, copper and alumina nanoparticles were 

incorporated to the base fluid (water). For a mixed convective 2D flow that consists of 

(   (30%) +    (70%),     and    ) hybrid nanofluid flowing across a curve stretched 

sheet, Sakkaravarthi et al. [39] inspected the effects of magnetohydrodynamics, heat 

generation, thermal radiation, Joule heating and viscous dissipation effects. Heat transfer 

rates can be improved when hybrid nanofluids were used in MHD flow over a stretched 

surface with variable viscosity. The investigation focusing on heat transfer characteristics 

and flow of (              ) hybrid nanofluid across a slick surface was conducted 

by Qureshi [40] with the focus on the shape factor of nanoparticles. The porous media, 

Cattaneo-Christov, magnetohydrodynamics (MHD), and thermal radiative heat flux were 

the additionally considered impacts. The Galerkin finite element method (FEM) was 

implemented to compute the constitutive equations numerically. Patel et al. [41] studied the 

MHD flows induced by a hybrid nanofluid (TiO-Ag/water) sheet, expanding or contracting 

exponentially due to heat transfer. Dual solutions were found by employing the numerical 

problem-solving method named as the MATLAB bvp4c tool. Dawar et al. [42] considered 

the flow of magnetically influenced and chemically reactive hybrid nanofluid over a curved 

surface. Additionally, the influence of the non-Newtonian heating, heat source, 

thermophoretic, Brownian motion and activation energy were also deliberated. 

Alqahtani et al. [43] assessed a spinning flow of electrically conducting hybrid nanofluid 

involving silver and gold nanoparticles while the fluid was flowing across two parallel 

surfaces. The first order set of differential equations were computed by employing a 

numerical approach referred as the parametric continuation method (PCM). It had been 

ascertained that the suction factor had an increasing impact on the radial velocity curve. 

Ouri et al. [44] examined the phase change processes and convective heat transmission for 

a hybrid nanofluid convection system with an L-shaped vented cavity having an inner 

rotating cylinder and a phase change material-packed bed (PCM-PB) system. An unsteady 

free convection flow of a hybrid nanofluid through a stretched porous sheet driven to a 
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uniform magnetic field was investigated in terms of heat transmission analysis by Mathew 

et al. [45]. Based on numerical findings from MATLAB bvp4c, it was noticed that the free 

convection parameter boosted the fluid temperature and velocity within both the nanofluid 

and hybrid nanofluid problems. Rafique et al. [46] investigated three-dimensional hybrid 

nanofluid with variable viscosity while flowing over a stretched sheet under the effects of 

the Smoluchowski temperature and Maxwell velocity slip boundary conditions. On 

increasing velocity slip parameter, flow rate increased and when the temperature slip 

parameter was increased, the temperature profile decreased. 

 2.3 Thermal Radiation 

The study of thermal radiation has its own major role in the literature. Abbasi et al. 

[47] performed comparative energy inspection of the stagnation point flow of three type 

of nanoparticles including titanium aluminum oxide, silicon dioxide nanoparticles and 

titanium dioxide with the base fluid (ethylene glycol) and the fluid flowed over a curved 

surface. The model is moreover modified by utilizing the thermal radiation impact. The 

numerical findings for the Keller box were obtained using the defined set of equations. 

Considering the significance of thermal radiation study, Alqahtani et al. [48] analyzed the 

friction drag, pressure gradient and heat transfer for the hydromagnetic, thermally radiative 

and 2D flow of a hybrid nanofluid centered on the viscous dissipation and Joule heating 

effects while the flow was over a curved surface. It was discovered that raising the radiation 

parameter and the Hartmann number leads to the decreasing and increasing rate of heat 

transfer, respectively. Sulochana and Prasanna Kumar [49] investigated boundary layer flow 

of hybrid nanofluid across a stretched surface having zero mass flux boundary condition. 

Investigating the effect of thermal radiation and electromagnetohydrodynamic of hybrid 

nanofluid involving silver and molybdenum disulfide nanoparticles was the major objective. 

Imran et al. [50] addressed the influence of velocity and thermal slip conditions on a 

hydromagnetic hybrid nanofluid flow across an oscillating stretched curved surface, in 

addition to thermal radiation impact. For obtaining the analytical solution of the derived 

flow equations by mean of convergent series solution, the Homotopy analysis technique 

(HAM) was utilized. In another study, Kho et al. [51] investigated the 

magnetohydrodynamic hybrid nanofluid flow (       /   ) over a permeable wedge. 
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The study considered the impact of viscous dissipation, thermal radiation and heat 

dissipation in the analysis. Aminuddin et al. [52] examined the hybrid nanofluid (non-

Newtonian) flow and heat transfer that incorporates          particles and ethylene glycol 

(  ) as base fluid. The study took into account the magnetic influence and effects of 

thermal radiation. The significance of the parameters on the temperature profile, velocity 

profile, the local Nusselt number, measurement of skin friction and the generation of 

entropy are elucidated and examined. The radially stretchable rotating disk induced 

incompressible flow of thermally radiative hybrid nanofluid and was investigated 

computationally by Vijay and Sharma [53] using entropy generation analysis. They also 

addressed the viscosity dependence on temperature of the hybrid nanofluid, chemical 

reaction, Joule heating and viscous dissipation effects. The two-dimensional flow of the 

hybrid nanofluid with thermal radiation and injection/suction effect over two horizontally 

placed parallel plates was inspected by Farooq et al. [54]. The findings showed that the 

temperature profile increased as the thermal radiation parameter's values were increased. 

Rashad et al. [55] aimed to build a mathematical MHD Eyring-Powell hybrid nanofluid 

model with mixed convection flow in the presence of heat source and thermal radiation for a 

porous medium. It has been found that on improving heat generation and thermal radiation, 

the transfer of heat was augmented. Saupi et al. [56] conducted a thorough analysis for the 

thermal radiation impact on the MHD hybrid copper-alumina nanofluid flow towards a 

permeable stretched sheet embedded in porous media.  

 2.4 Viscous Dissipation 

To evaluate the impact of higher order chemical reaction parameter on the radiative 

hybrid nanofluid flow across a shrinking curved sheet including viscous dissipation, 

Veeram et al. [57] accomplished a study. Using the appropriate similarity transformations, 

governing equations of flow were converted into nonlinear ODEs, and were then solved 

implementing the built-in MATLAB bvp4c solver tool. The major findings of the 

investigation were that fluid velocity alleviates with the curvature parameter and the Eckert 

number enhances temperature of the fluid. Alshehri and Shah [58] conducted a 

computational analysis to demonstrate the effects of the Darcy Forchheimer flow of single 

nanofluid and hybrid nanofluid over a slick nonlinear, non-uniform stretching surface. In 
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addition, the heat source/sink, thermal radiation and viscosity dissipation effects were given 

consideration as well. The effects of radiative flux and Cattaneo-Christov (C-C) heat flow 

were also reviewed. Taking advantages of the computational MATLAB’s bvp4c solver, the 

shooting approach for nonlinear system was numerically computed. To analyze the relative 

thermal efficiency of magnetic field flow of nanofluid and hybrid nanofluid synthesized by 

         and water, Khan et al. [59] considered viscous dissipation and combined 

convection over a stretching (λ >0) and shrinking (λ <0) wedge. The numerical analysis and 

mathematical representation for the hybrid nanofluid flow past a stretched curved surface 

with heat source and mixed convection was investigated by Haq et al. [60]. For a stretchy 

surface, velocity slip and convective conditions were implied. Following the analysis, 

elevating the base fluid's volume fraction enhanced the fluid's speed and temperature. The 

analysis by Lund et al. [61] was based on the 3D stable axisymmetric hybrid nanofluid 

boundary layer flow made of binary distinct nanoparticles and water as a base liquid with 

magnetohydrodynamics. The bvp4c MATLAB solver illustrated the effects of an escalating 

physical parameter on profiles of velocity and temperature with heat transfer rate parallel 

with skin friction in graphs. A study to investigate the viscous dissipation and thermal 

radiation effects on the MHD couple stress hybrid nanofluid flow over porous sheets was 

done by Mahesh et al. [62]. Hyper geometric functions were utilized to ascertain the 

analytical solutions of the modeled problem. Hayat et al. [63] discussed hybrid nanofluid 

(             ) flowing between two coaxial cylinders with a constant magnetic field. 

Heat transfer analysis was characterized by viscous dissipation and thermal radiation. Yang 

et al. [64] research’s investigated the examination of heat transfer induced by a hybrid 

nanofluid (                 ) with a variety of shape forms namely blade, platelets 

and cylinder. The findings revealed that the heat rate for blade-shaped titanium oxide-

ethylene glycol decomposition was enhanced. For blade structure      nanoparticles, the 

wall shear force was minimized. In the presence of a heat source, magnetohydrodynamics 

and slip conditions and viscous dissipation, Jamaluddin et al. [65] focused on the heat 

transfer and flow properties of a (           ) hybrid nanofluid. Ghazwani [66] 

analyzed the time-dependent mixed convection flow with the effects of viscous dissipation, 

radiative heat flux and stagnation point and the fluid flowed by a moving Riga surface. The 

results of the calculations revealed that both the skin drag force and Nusselt number the 

declined in response to escalating unstable variable estimations. 
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The prior deliberate attempts and prominence of Darcy Forchheimer's hybrid 

nanofluid flow provides an inspiration for the researchers as they continue to investigate the 

fluid characteristics under different assumptions. To the author best understanding, no 

research has been conducted on the of Darcy Forchheimer flow of a hybrid nanofluid with 

various shape variables under the influence of MHD, viscous dissipation and thermal 

radiation where the flow is stimulated by a curved surface that stretches exponentially. The 

obtained governing equations are reduced into nonlinear ODEs through similarity 

transformations, and the bvp4c approach is then employed to numerically solve the fluid 

problem. The same approach is utilized for displaying the velocity and temperature profile 

graphs. It is anticipated that the current investigation will lead to beneficial outcomes with 

industrial and technical applications. 
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CHAPTER 3 

3. FUNDAMENTAL CONCEPTS AND BASIC LAWS 

The following chapter describes the explanation of a few fundamental laws, concepts, 

terminologies and definitions. 

 3.1 Fluid Mechanics  

The discipline of physical sciences known as fluid mechanics examines the behavior 

of fluids in static or dynamic conditions. It has separated into two branches that explore 

various fluid properties and the effects of different forces on them [67]. 

 3.2  Newtonian and Non-Newtonian Fluid 

           Newtonian fluid is a real fluid in which the shear stress and shear strain rate are 

directly proportional to each other [67]. 

 

 
 

 

 

 

 

 

 

 

 

 Figure 3.1: Applications of Newtonian Fluids 
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A real fluid is a non-Newtonian fluid in which the shear stress and shear strain rate 

are not directly proportional to each other [67]. 

  

 

 
 

 

 

 

 

 3.3  Types of Flow 

Fluid flow is characterized as "the motion of a fluid under the direction of unequal 

forces or stresses, given that the unbalanced force are applied and the motion continues." 

3.3.1 Laminar and Turbulent flow 
 

 

Laminar flow is demonstrated by fluid particles proceeding in a parallel line, but 

not always with the same velocity along each line. In a turbulent flow, the fluid's particle 

forces are no longer straight instead they are interfering, sinuous and crossing each other 

[68]. 

3.3.2 Steady and Unsteady Flow 

Steady flow is the rate of flow at which the fluid's physical characteristics, such as 

density, velocity and pressure remain constant over time at a specific point. On contrary, an 

unsteady flow is one whose flow does not change with time [68]. 

Figure 3.2: Applications of Non Newtonian Fluids 



16 
 

 

 

3.3.3 Incompressible and Compressible Flow 

Flow is considered to be incompressible if density variations are negligible; 

otherwise it is referred as compressible. The transport of gases is the most prevalent 

example of compressible flow, whereas the flow of liquids is generally regarded as 

incompressible [68]. Mathematically for incompressible flows,  

  

  
                    (3.1)                          

where   donates the fluid density and 
 

   
  the material derivatives given by 

 

  
 

 

  
       (3.2) 

In the previously mentioned equation, V dominates the flow velocity and 

                          . For compressible flows  

  

  
    (3.3) 

 3.4 Some Thermo-physical Properties of Fluid 

3.4.1  Density 

Density is expressed as the ratio of mass to one unit of volume. It is symbolized by 

  and mathematically, expressed as  

  
 

 
.       (3.4) 

The dimensions and SI unit of density are [    ] and       [68]. 

3.4.2  Pressure 

The most dynamic variable in fluid mechanics is pressure (P). The normal force 

produced by a fluid per unit area is generally referred to as pressure. Mathematically,  
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 ,      (3.5) 

where applied force and area of surface is symbolized by F and A, respectively. The SI unit 

is                   [68]. 

3.4.3 Shear Stress 
 

Stress is referred to as "the amount of force per unit area with a body due to shear 

force. Stress becomes shear stress when a force acts parallel to unit area of the surface. It is 

symbolized by τ. It is expressed as   and mathematically defined as 

   
 

 
 ,         (3.6) 

where V and A are shear load and unit area of surface, respectively. The SI unit of stress is 

     [68].  

3.4.4 Normal Stress 
 

The normal stress is a force acting normally to a material surface. It is expressed by 

  and mathematically defined as  

   
 

 
 ,         (3.7) 

 where P is the axial force and A is the cross-section area and SI unit is     [68]. 

3.4.5 Dynamic Viscosity 

The resistance to moving one layer of a fluid over another is known as dynamic 

viscosity. Mathematically: 

   
 

(
  

  
)
 ,         (3.8) 

where   is known as the coefficient of dynamic viscosity, shear stress is labeled as   and 

(
  

  
) be regarded as the rate of shear deformation. Its SI unit is       and dimension is 

[       ] [68]. 
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3.4.6 Kinematic Viscosity 

Kinematic viscosity is referred to as the viscosity-to-density ratio of a fluid, denoted 

by Greek letter  . Thus, mathematically, 

   = 
 

 
.        (3.9) 

The SI unit of kinematics viscosity is      and dimension is [     ] [68]. 

 3.5 Newton Law of Viscosity 

Shear stress varies linearly with deformation rate by Newton law of viscosity. 

Mathematically, it can be represented as  

  
  

  
,     (3.10) 

    
  

  
,     (3.11) 

where   is shear stress acting on fluid element and   is viscosity and (
  

  
) is deformation 

rate. Newtonian fluids are defined as those that follow the previous relation, while non-

Newtonian fluids are defined as those that do not [68]. 

 3.6 Specific Heat 

It evaluates the thermal energy per unit mass expected to increase the temperature by 

one degree Celsius.  The heat capacity of a material is the product (   ), which is 

frequently seen in heat transfer studies. The energy storage potential of a substance can be 

expressed by the specific heat (  ) and the heat capacity (   ). But    elucidate it per unit 

mass, whereas (   ) expresses it per unit volume.” 

Mathematically, 

   
  

  
,      (3.12) 

where    is quantity of heat added to increase temperature by     The SI unit and 

dimensions of specific heat is         and [            [68].  
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 3.7  Thermal Conductivity  

  The heat transmission rate across a material of a certain thickness having unit 

surface area per unit temperature difference is thermal conductivity. Mathematically, 

  
   

    
 ,     (3.13) 

where q is the heat flow through surface area A causing a temperature difference over a 

distance of   . The SI unit is      and dimension is [M
1
L

1
T

-3 -1
] [68]. 

 3.8 Thermal Diffusivity 

Thermal diffusivity is ratio of thermal conductivity divided by density and 

volumetric heat capacity at constant pressure. Mathematically, 

   
 

   
,     (3.14) 

 where k is thermal conductivity,    is specific heat capacity and   is density. The SI unit is 

     and dimension are [      ] [68].  

 3.9 Radiative Heat Flux 

        In contrast to convection and heat conduction, the radiative heat flow is a flux of 

electromagnetic radiation and can happen through a vacuum if there is no intervening 

material. The Stefan-Boltzmann law of radiation governs the rate of heat transfer by 

radiation emitted: 

  

  
      ,     (3.15) 

where A, T and σ = 5.67 × 10−8 J/s·   is surface area of the object, surface area of the 

object the Stefan-Boltzmann constant. The object's emissivity, which is a measurement of 

the efficiency with which it radiates, is denoted by the sign "e." The SI unit is W/  [68].  
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 3.10 Dimensionless Number 

3.10.1   Prandtl Number 
 

                The Prandtl number shed light on how momentum diffusion ( ) (also known as 

viscous effects) and thermal diffusion ( ) (also known as heat conduction) are relative to 

one another in a fluid. Mathematically,  

   
 

 
 

   

    
 

   

 
 ,     (3.16) 

where  ,    and k  represents dynamic viscosity, specific heat and thermal conductivity 

[69]. 

3.10.2  Reynolds Number 

     The Reynolds number indicates how important inertial forces (influenced by the 

fluid's density and velocity) are in comparison to viscous forces (which are influenced by 

the fluid's viscosity). Mathematically,  

   
  

 
.      (3.17) 

It aids in identifying the flow regime, whether laminar or turbulent, and analyses the 

transition between these flows [69]. 

3.10.3  Nusselt Number 

The Nusselt number tells us how much better convective effects affect heat 

transport than pure conductive effects. It is ratio of conductive heat transfer to convective 

heat transfer over a boundary layer. Mathematically, it is expressed as: 

   
  

 
,     (3.18) 

 where k, h, L are the thermal conductivity, convective heat transfer coefficient and 

characteristic length of the fluid respectively [69]. 
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3.10.4  Skin Friction Coefficient 

The dimensionless skin friction coefficient is a measurement of the degree of 

frictional drag that a fluid flow experiences along a solid boundary, like the surface of a 

body or a wall. Mathematically, 

   
  

 

 
   

        (3.19) 

where   stands for density,   for surface velocity and    for wall shear stress [69]. 

3.10.5  Eckert Number  

The significance of kinetic energy with convective heat transfer is expressed using 

the Eckert number. It conveys the kinetic energy ratio to a change in thermal energy. 

Mathematically,  

    
  

    
       (3.20) 

 where fluid flow velocity far from body is   ,    is specific heat capacity of fluid,    is 

the temperature difference [69]. 

 3.11 Some Basic Laws 

3.11.1   Continuity Equation 

 The conservation of mass for a fluid flow is given by the continuity equation, 

which is a fundamental principle of physics [70]. It can be shown mathematically as: 

  (  )  
  

  
   .     (3.21) 

For incompressible fluids,  

(   )   ,     (3.22) 
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where V is velocity profile and   is fluid’s density.  

3.11.2  Momentum Equation 

The momentum equation, which is a fundamental equation in fluid mechanics, 

determines how momentum is conserved for a fluid flow.  

Mathematically, 

  (   )            ,     (3.23) 

where V is velocity profile, p is pressure, b is body force,   is fluid’s density and   

viscosity of fluid [70].   

3.11.3 Energy Equation 

The conservation of energy in a system is described by the energy equation, 

commonly referred to as the conservation of energy equation [70]. 

(   )(   )         (   ),  (3.24) 

where  

               (3.25)  

The Cauchy stress tensor   for incompressible, viscous fluid denoted by 

         ,  (3.26) 

where T, k,  , L,    and I stands for temperature, thermal conductivity, rate at which heat 

is generated, rate of strain tensor of fluid, first Rivlin Erickson tensor and identity matrix 

respectively.  
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 3.12 MATLAB bvp4c 

The MATLAB bvp4c function, which stands for "boundary value problem 4th order, 

is a built-in solver. The bvp4c tool is a three-stage Lobatto IIIa computing approach.  It is 

used to solve boundary value problems (BVPs) for fourth order systems of ordinary 

differential equations (ODEs). The bvp4c is a versatile approach that can handle a variety 

of boundary value problems for systems of ODEs. It can solve problems that 

involve multiple equations, thus being useful for a wide range of technical and 

scientific applications [71]. To make use of this approach, operators must provide a set of 

initial estimations that includes the precise value of the border layer thickening 

parameter   . Assuming that the boundary conditions are satisfied asymptotically and that 

the MATLAB program has no errors, the desired outcomes can be generated with the 

required level of accuracy. The bvp4c utilizes adaptive mesh refinement to develop an 

appropriate mesh for solving the BVP. Having a lesser requirement for manual mesh 

specification and adjustment makes bvp4c very beneficial. Like all other programs, bvp4c 

also has some restrictions. While bvp4c is flexible, it may not be most appropriate 

for highly nonlinear systems or constantly shifting solutions. Accurate and sufficient 

initial and boundary conditions are required for the solver to converge and provide 

meaningful results.   
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Chapter 4 

Darcy Forchheimer Flow of Hybrid Nanofluid across a 

Curved Stretching Surface with Different Nanoparticles 

Shape Effects 

 Hybrid nanofluids are an emerging category of fluids that have appropriate thermal 

conductivity. This chapter investigates the incompressible, steady, two-dimensional flow of 

hybrid nanofluid for multiple shape effects across a curved stretched surface. It is assumed 

that the surface is porous and stretching exponentially. Darcy Forchheimer phenomena 

have been regarded as an influencing factor in heat transfer. The non-linear coupled 

differential equations with curvilinear coordinates are represented mathematically as the 

fluid flow problem. Employing the pertinent similarity transformations, the system of PDEs 

are transformed into a set of ODEs. The bvp4c approach is used to graphically inspect the 

velocity profile, temperature profile, skin friction coefficient and Nusselt number. 

 

 

 

 

 

 

 

 

 

Figure 4.1: Flow Configuration Model 
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 4.1  Mathematical Formulation 

The current model is based on the Darcy Forchheimer flow of a hybrid nanofluid 

containing aluminum oxide (     ) and copper (  ) with base fluid as water. The flow 

across a stretching curved surface is assumed to be two dimensional, viscous, 

incompressible and steady. While the fluid is developing a boundary layer, the surface is 

stretched along the s-direction having exponential velocity (    ( )     
 

 ) where    

is a constant (    ). The contour of a curved surface is determined by the distance of 

surface from the origin,     Therefore, for large values of   , the surface tends to be flat. 

Let    be surface temperature and is held constant at   (s) = 
  

 
 where A is a constant,    

being the fluid’s ambient temperature, such that      . The Navier Stokes equations, 

continuity equations, and energy equation respectively, constitute the governing equations 

for a steady incompressible flow and are expressed as follows:  

         (4.1) 

     (   )         (4.2) 

(   )   (   )         (   )    (4.3) 

 where  

          . (4.4) 

In above expressions, density is noted by  , velocity field by  ,      indicates hybrid 

nanofluid density, T symbolizes temperature of fluid,   stands for the heat flux,   

characterizes Cauchy stress tensor, thermal conductivity    represented by k.  

The constitutive equations in curvilinear coordinates have been reduced by 

employing boundary layer approximation [72]. 
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According to the problem, the corresponding boundary conditions are 

    ( )     
 
                 

  
              

    
  

  
                 . 

(4.9) 

 The velocity components are represented by u and v in the s and r directions, respectively, 

   is denoted by curvature radius, p refers to pressure,      denotes for hybrid nanofluid’s 

density,   is for porosity permeability and   
  

 √  
 is the uniform inertia coefficient, 

where    is the drag coefficient. The similarity transformation is 
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(4.10) 

For the continuity equation, Eq. (4.5) is instantly valid. The nonlinear PDEs in Eqs. (4.6) to 

(4.8) along with Eq. (4.9) which are the boundary conditions are subjected to Eq. (4.10), the 

similarity transformation. As a result, following ODEs have transformed as: 
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where  
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 Pressure can be calculated employing Eq. (4.12), as follows: 
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Table 4.1: Thermo physical properties considered nanofluid and hybrid nanofluid [73]. 

Properties Nanofluid Hybrid Nanofluid 

Density  

 

    (   )           (    )[(    )         ]   

      

Heat capacity 

 

(   )   (   )(   )   (   )   (   )     (    )[(    )(   )  

  (   )  ]    (   )    

Viscosity 

 

    
  

(   )          
  

(    )   (    )     

Thermal 

Conductivity 

 

   

  
 

   (   )   (   ) (     )

   (   )    (     )
  

 

    

   
 

    (   )    (   )(       )  

    (   )      (       )
  

where  

 
   

  
 

    (   )   (   )(      )  

    (   )     (      )
 

 

Table 4.2: Thermo physical properties of hybrid nanofluid (         and    )[74].  

Properties Water          
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By computing the derivative of Eq. (4.12) w.r.t.   and utilizing Eq. (4.11), we may remove 

pressure from Eq. (4.12) and get,  
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(4.18) 

The boundary conditions after utilizing transformations are 
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(4.19) 

In the relationship discussed above, Pr,  , Fr and B refers to the Prandtl number, porosity 

parameter, Forchheimer constant and curvature parameter. The dimentionless quantities 

include the  variables mentioned as 
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(4.20) 

The physical quantity that relates the friction drag and role of heat transfer is the skin 

friction coefficient    and local Nusselt number    . 
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 The heat transfer    and wall friction     [75] along s direction is defined as: 
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)            (4.22) 
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utilizing the terms defined in Eq. (4.22) and Eq. (4.23)  in Eq. (4.21). 
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where local Reynolds number is represented by     
    

  
. 

 4.2 Numerical Stratagem 

Making use of bvp4c package in MATLAB software, the governing flow equations 

(ODEs) are sorted out. As a norm the acquired equations are higher order differential 

equations (DE). The primary phase involves the reduction of these higher order differential 

equations into first-order differential equations. Then to work out on these arising first-

order differential equations bvp4c is implemented. 

      (4.26) 
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with boundary conditions 

  ( )      ( )      ( )      ( )      ( )      ( )   .   (4.34) 

 

 4.3 Graphical Analysis and Discussion 

Concerning different parameters, the graphical findings for velocity, temperature, 

drag force and Nusselt number are attended to in this portion of the chapter. With the aid of 

a hybrid nanofluid applied to a surface that is curved, the influence of multiple range of 

spherical nanoparticle shape is observed. The essential flow characteristics in the r and s 

directions together with the heat transfer are obtained numerically. Graphical plots are 

developed for spherical nanoparticles featuring different shape variables including bricks, 

cylinder, platelets and blades. A comparison of spherical nanoparticles for various shape 

factors is one of the key area of concentration in the study. The variation in velocity profile 

  ( ) for particular values of               over stretchable surface are illustrated in 

Figure 4.2 to Figure 4.5. Figure 4.2 depicts the influence of the curvature parameter (B) on 

the velocity profile   ( ). It shows that when the curvature parameter increases, the fluid 

flow improves correspondingly. Physically, the curve surface facilitates in the fluid 



30 
 

 

 

movement overhead. As the value of B rises, radius of the curved surface decreases which 

reduces the area of contact between the solid surface and fluid. Thus the fluid flow 

improves correspondingly. Figure 4.3 illustrates the Forchheimer parameter (Fr) impact on 

  ( ). This phenomenon takes place due to the inertial effect that drags the fluid backward. 

Due to this inertial force, the fluid's speed decreases, leading to a decline in the velocity 

profile. Any modification to the fluid's characteristics on the stretched surface assists in 

decreasing the fluid’s flow. Turning attention to this figure additionally reveals that for 

certain variables relative to others, the velocity decline is considerably more apparent. 

Figure 4.4 exhibits that the velocity reduces when the local porosity parameter ( ) 

escalates. This is generally due to the local porosity field that increases fluid flow 

resistance. From this figure, it is assumed that   ( ) declines in prominently for shape 

factors. Figure 4.5 illustrated graphically the impact of volumetric fraction    on velocity 

when different shapes factors are observed. The velocity curve displays a decline in 

behavior as the value of    increases. The subject of stretching channels emphasizes the 

effect of           and   for temperature profile which is clearly demonstrated in 

Figure 4.6 to Figure 4.10. Moreover each graph illuminates four distinct shape factors. 

Figure 4.6 investigates the impact of temperature exponent (A) on  ( ). As illustrated in the 

figure, the increase in A on the stretching surface leads the fluid to decelerate, resulting in 

the reduction of the temperature profile. Figure 4.7 shows the impact of the curvature 

parameter (B) on temperature profile  ( ). The fluid is decelerated by the curvature 

parameter which diminishes the temperature profile. As curvature parameter B increases, 

the fluid’s temperature falls. As B increases, the stretching surface becomes more flat. 

Increasing the flatness of the stretching surface leads to increase in flow velocity and 

lowers temperature profile due to reduced resistance between fluid layers. This behavior is 

observed for different shape effects of the nanoparticles. The blade shaped nanoparticles 

shows increasing behavior in temperature profile as compared to cylinder, platelets and 

bricks shaped nanoparticles as shown in Figure 4.6 and Figure 4.7. Figure 4.8 shows 

the Forchheimer parameter (  ) influence on temperature profile  ( ). The 

aforementioned results indicate that when    raises, the temperature rises simultaneously. 

The greater conduction causes raised temperature and conduction effects are greatly related 

to values of   . Similarly, blade shaped nanoparticles have the greatest temperature while 

bricks shaped nanoparticles develop the temperature distribution at the lowest. Figure 4.9 

represent the impacts of local porosity parameter ( ) on temperature distribution   ( ). 
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When the surface temperature exceeds the ambient temperature, a greater amount of heat 

from the surrounding air travels towards the fluid, thus expanding the thickness of the 

thermal boundary layer and the temperature as a consequence trends to enhance. Figure 

4.10 illustrates the manner in which volumetric fractions (  ) impacts the temperature. It is 

to be noted that the thickness of thermal layers and temperature rise by rising the values of 

   . This is because    slows fluid movement, which indirectly raises temperature. Equally 

noteworthy is that the brick-shaped nanoparticles preserve lower temperature than the 

blade-shaped hybrid nanofluid nanoparticles, which exhibit higher temperature. 

The study of friction drag is needed in many industrial purposes. Stretching channels 

induce the    to move rapidly over the surface. Figure 4.11 and Figure 4.12 highlights the 

specified patterns for skin friction. Figure 4.11 is drawn to understand the effect of Fr and 

   on the friction drag and it represents the decreasing manner in which Forchheimer 

parameter (  ) affects skin friction coefficients. Similar decreasing behavior is experienced 

for   . With raising porosity parameter ( ), a reverse relation is shown in Figure 4.12 for 

skin friction which is plotted for the influence of   and   . In Figure 4.13–4.15, the effects 

of distinct factor values on the local Nusselt number     are evaluated as functions of 

various considered parameters. The increasing values of    are labeled along the horizontal 

axis. Figure 4.13 is displayed to observe the  Nusselt number for influencing values of 

temperature exponent (A) along with     Nusselt number may be demonstrated to be 

decreasing with expanding values of A and an improvement was observed with   . 

Furthermore, the rate of heat transfer for blade shaped nanoparticles seemed to be highest. 

The effect of curvature parameter B and nanoparticle volume friction    on the Nusselt 

number is illustrated through Figure 4.14. The curvature parameter and the volume fraction 

presents opposite trend for Nusselt number. Figure 4.15 represents the varied values of 

porosity parameter ( ) and depicts decreasing behavior with rising   but shows elevated 

trend for   . Recurrently, it has been verified that blade shaped nanoparticles can transmit 

heat far better than nanoparticles composed of platelets, cylinders or bricks.  

Table 4.1 and Table 4.2 are displayed for the thermo-physical characteristics of the 

nanofluids and hybrid nanofluids. The data shown in these tables are used to perform the 

analysis for the considered fluid model.  
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Figure 4.2: Influence of curvature parameter (B) on velocity profile   ( ).

    Figure 4.3: Influence of Forchheimer parameter (Fr) on velocity profile   ( ) 
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Figure 4.4: Influence of porosity parameter ( ) on velocity profile   ( ) 

Figure 4.5: Influence volume fraction (  ) on velocity profile   ( )  
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Figure 4.6: Influence of temperature exponent (A) on temperature profile  ( )  

Figure 4.7: Influence of curvature parameter (B) on temperature profile  ( )  
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         Figure 4.8: Influence of Forchheimer parameter (Fr) on temperature profile  ( ) 

Figure 4.9: Influence of porosity parameter ( ) on temperature profile  ( ).  
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Figure 4.11: Influence of Fr and    on Skin friction. 

Figure 4.10: Influence of volume fraction (𝜙 ) on temperature profile 𝜃(𝜉)  
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Figure 4.12:  Influence of   and    on Skin friction. 

Figure 4.13: Influence of A and   on Nusselt number. 
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Figure 4.14: Influence of B and    on Nusselt number. 

 

Figure 4.15: Influence of   and    on Nusselt number. 
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5. Chapter 5 

Impact of Magnetohydrodynamic and Thermal Radiation on 

Hybrid Nanofluid Flow over a Curved Stretchable Surface  

This chapter deals with the hybrid nanofluid (            ) flow over a 

curved surface that is stretched. The study is performed for containing multiple shape 

factors when Darcy Forchheimer effect is implicated. In the fluid model, the flow is 

investigated with the substantial effects of magnetohydrodynamics, viscous dissipation and 

thermal radiation. By implementing appropriate similarity transformations, the system of 

nonlinear partial differential equations are transfigured into a system of nonlinear ordinary 

differential equations. The resultant equations can be solved computationally with the 

bvp4c approach, and variations in notable parameters have impact on the temperature and 

velocity profiles in conjunction with the skin friction and Nusselt number. 

 5.1 Problem Formulation 

The current model is built up on the flow of a hybrid nanofluid containing copper and 

aluminum oxide, with water serving as the base fluid while multiple shape factors are 

considered. It is assumed that the curved surface undergoes exponential stretching for a two 

dimensional, steady, viscous, incompressible and MHD flow. The curved surface is 

stretched with velocity (    ( )     
 

 ),  in which     is a constant (    ). The s 

represents the arc length coordinate in the direction of a sheet and the coordinate r is taken 

normal to any tangent on the s-axis. The distance of the surface from the origin,     

specifies the radius of a curved surface. The radial direction receives exposure to a constant 

magnetic flux, resulting in electrically conducted fluid having magnetic field strength   . 
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By taking into account the low magnetic Reynolds number, the induced magnetic field's 

impact can be evaded. Let   =  
  

 
  be the temperature of curved surface with a constant A 

and        . Along with the Darcy Forchheimer flow, the consequences arising from 

viscous dissipation and thermal radiation are also emphasized and considered. The 

governing flow equations for the flow employing the boundary layer approximation are 

[72]: 
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 The nonlinear radiative heat flow,     in Eq. (5.4), may be determined employing 

Rossland's approximation [76] and is given as 
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where    and    is the Stefan Boltzmann coefficient and the mean absorption coefficient. 

By omitting higher order terms and employing Taylor's expansion of    about    given by 
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Differentiating Eq. (5.6) 
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Putting Eq. (5.7) in Eq. (5.5), we obtain 
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The sufficient boundary conditions are as follows in the problem: 

    ( )     
 

                 
  

            , 

    
  

  
                  . 

(5.10) 

 In the above expression, u and v are represented for velocity components in the s and r 

directions, respectively, pressure signified as   ,      is denoted by hybrid nanofluid 

density,    for curvature radius,   
  

 √   is the uniform inertia coefficient,    is the drag 

coefficient and    for porosity permeability.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The suitable similarity transformations for the above mentioned system is 
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Figure 5.1:   Flow Configuration Model 
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Table 5.1: Thermo physical properties considered of nanofluid and hybrid nanofluid [77]. 

Properties Nanofluid Hybrid Nanofluid 

Density  
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Electrical 

Conductivity 
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    (   )      (      )
(  )       

    (   )    (   )   (       )

    (   )       (       )
 (   )  

Table 5.2: Thermophysical properties of nanofluid and hybrid nanofluid (      

      ) 

Properties Water          

  (     ) 997.0 3970 8933 

  (     ) 4180 765 385 

 (    ) 0.6071 40 400 

 (   )   5.5x     36x    59.6x    

Pr 6.2 - - 

Table 5.3: Nano particle shape factor [78]. 

Type of Nanoparticle Shape Factor 

Bricks n = 3.7 

Cylinder n = 4.9 

Platelets n  = 5.7 

Blades n  = 8.6 
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Eq. (5.1) is instantly verified by Eq. (5.11). While the Eqs. (5.2), (5.3) and (5.9) together 

with Eq. (5.10) are reduced to the following expressions via use of (5.11) similarities.  
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From Eq. (5.13), the pressure may be expressed as follows: 
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By computing the derivative of Eq. (5.13) w.r.t.   and utilizing Eq. (5.12), the pressure 

from Eq. (5.13) may be removed 
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The amended boundary conditions are mentioned as 

                      

                           
   (5.22) 

The significant parameters are specified to be the Prandtl number (Pr), porosity parameter 

( ), Forchheimer constant (  ), magnetic paramter (M), curvature parameter (B) and 

Eckert number (Ec) in the relationships discussed above. The above variables include the 

following: 
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 The skin friction coefficient     and local Nusselt numBer     are the prominent physical 

attributes and are expressed as 
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where    and     are  rate of heat transfer and wall shear stress [75].  
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Thus Eq. (5.24) becomes 
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 here local Reynolds number is expressed by      
   

  
. 

 5.2 Numerical Stratagem 

The governing flow equations are sorted utilizing MATLAB's bvp4c tool. Higher 

order differential equations are usually acquired. Initially, these higher order partial 

differential equations can be converted into system of ordinary differential equation. 

Subsequently bvp4c is implemented to resolve these evolving first-order differential 

equations. 

      (5.29) 
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 While the boundary conditions are   

 ( )      ( )      ( )      ( )      ( )      ( )   .   (5.37) 

 5.3 Graphical Results and Discussion 

The Darcy Forchheimer flow of hybrid nanofluid flowing over a stretching 

curved surface has been analyzed for multiple shape factors. The fluid model is examined 

in the presence of magnetohydrodynamics, viscous dissipation and thermal radiation. The 

effects of several relevant variables concerning heat transfer rate, skin friction, temperature 

profile and velocity profile are displayed in this section. Figures 5.2–5.6 demonstrate the 

velocity profile for different shape factors. For each graph, four shape factors including 

bricks, cylinder, platelets and blades are shown.  Figure 5.2 illustrates influence of 

curvature parameter (B) on the velocity profile. Whenever the curvature parameter is 

increased, the fluid flow and boundary layer thickness simultaneously expand. As B 

increases, the radius of the curved surface reduces which corresponds to a reduction in the 

area of contact between the fluid and the solid surface. Therefore   ( ) enlarges. For 

velocity profile, bricks shaped nanoparticles have high velocity as compared to cylinder, 
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platelets and blade shaped nanoparticles. Figure 5.3 shows the influence of Forchheimer 

parameter (  ) on velocity profile. The increment in Forchheimer parameter decreases 

fluid velocity because an increase in Forchheimer value signifies a larger nonlinear 

resistance to fluid flow in porous media. Physically, the Darcy number inhibits the increase 

in Darcian drag force resulting in improved fluid flow permeability while minimizing fluid 

velocity. Figure 5.4 displays the velocity profile   ( ) with larger assumptions of the local 

porosity parameter ( ). The Decline in   ( ) is induced by higher values of  . Rising 

permeability enables the particles' internal resistive force to rise, thus lowering the fluid's 

velocity. Furthermore, hybrid nanofluid having blade shaped nanoparticles have the 

lowermost velocity but brick shaped nanoparticles correspond to comparatively higher 

velocity. Timofeeva et al.'s [79] experimental research defends up the aforementioned 

findings. They discovered that the flow rate of nanofluids is highest when the dispersed 

nanoparticles are brick shaped, because the flow resistive capacity of nanofluids is least in 

this situation also brick-shaped hybrid nanofluid possesses a lower dynamic viscosity, it 

ultimately elevates the momentum boundary layer. Figure 5.5 demonstrates the relationship 

between magnetic parameter (M) and velocity profile. The velocity of fluid declines as M 

increases. The Lorentz force becomes more significant as M increases, due to which this 

force may act against the motion of the fluid causing velocity decline. Figure 5.6 depicts the 

increasing behavior in velocity profile under the influence of volume fraction   . The 

reason is that the velocity with hybrid particles is much higher than that of single particles. 

This is primarily because the density of the nanofluid with hybrid particles is more 

extensive than the density of the nanofluid with single particles. In this figure, brick shaped 

nanoparticles once again shows higher velocity than other shape factors. Figures 5.7 to 5.14 

depict the temperature profile  ( ) of hybrid nanofluid for numerous parameters like 

                        and for each graph, the four shape factors are also plotted. 

The variation in the temperature profile with the alterations of temperature exponent ( ) is 

illustrated in Figure 5.7.  A declining role of  ( )  for   is seen through the figure and any 

adjustments in the fluid’s temperature exponent ( ) on the stretched surface cause the fluid 

to decrease in velocity. Figure 5.8 depicts that when the curvature (B) of surface grows 

larger, there is simultaneous decline in temperature profile. The resistance lessens between 

the fluid layers for increased B. In temperature profile, blade shaped nanoparticles have 

higher heat transfer rates than bricks, cylinder and platelets shaped nanoparticles. In Figure 

5.9, it is perceivable that Forchheimer’s term (  ) causes the temperature field to grow. 
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The blade shaped nanoparticles have been apparent to be superior in transferring heat than 

nanoparticles based on platelets, cylinders or bricks shapes.  Figure 5.10 illustrates the 

effects of porosity parameter ( ) on the temperature profile. Basically, the porosity term 

boosts the extending surface area’s length and kinetic viscosity causing increase in fluid’s 

temperature. The relationship between volumetric fractions     and temperature profile is 

seen in Figure 5.11. With an increase of   , it is anticipated that the thickness of the 

thermal boundary layer and temperature boundary layer will rise as well. Incorporating 

nanoparticles with different volume fractions values increases the temperature of the fluid. 

The base fluid water has considerably greater specific heat capacity than aluminum and 

copper oxide, thus incorporating nanoparticles to water reduces their ability to absorb heat, 

causing excessive heat generation in the fluid. This figure additionally demonstrates that 

hybrid nanofluid based on brick-shaped nanoparticles have the lowest temperature but 

blade shaped nanoparticles particularly correspond to high temperature. Figure 5.12 

demonstrates that when the value of Eckert number (Ec) increases, the fluid’s kinetic 

energy and boundary layer thickness are elevated, reinforcing the thermal field. As a result, 

higher Ec directly relates to the temperature of the fluid. Highly stable fluid particles are the 

cause of this phenomenon and blade shaped nanoparticles possess higher heat than other 

shape factors. Figure 5.13 depicts the variation of the magnetic parameter (M) on 

temperature profile  ( ). In this case, it is figured out that larger M values lead to a rise in 

thermal boundary layer. It follows that when the value of M increases, the Lorentz force 

(resistive force) also increases, causing raise in the temperature of hybrid nanofluid. Brick-

shaped nanofluid nanoparticles possess the least temperature magnitude while blade-shaped 

nanofluid nanoparticles achieve their highest temperature. Figure 5.14 exhibits the effect of 

the radiation parameter (Rd) on the temperature profile  ( ). The increase in radiation 

parameter’s values maximized the temperature of the hybrid nanofluid. Physically, as Rd 

expands, the radiative heat flux increased which raised the fluid's temperature.  

Figure 5.15-5.17 depicts the impact of Fr,   and M on skin friction    with     

Figure 5.15 illustrates the effect of the Forchheimer parameter (Fr) on      in association 

with   . It has been shown that skin friction decreases with Fr and increasing behavior is 

seen for   . A rise in the Forchheimer parameter (Fr) may minimize skin friction in some 

extremely porous media with unique topologies, such as open-cell foams or specific types 

of filter media. This is because, regardless of the presence of nonlinear effects, the 
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medium's structure may promote favorable flow patterns or lessen resistance. Figure 5.16 

reveals that when the porosity parameter ( ) increases, there is a lower resistance to fluid’s 

movement, leading in reduced   .  This is due to the fact that there are less solid barriers or 

surfaces for the fluid to come into contact with a highly porous medium. The reverse 

behavior is shown for    .The influence of the magnetic parameter (M) on the skin fraction 

along with    can be observed in Figure 5.17. The skin friction coefficient drops as the 

magnetic field expands due to the reduced velocity of the flow while increasing behavior is 

seen for   . Figure 5.18-5.20 demonstrates the relation between Nusselt number     and 

different parameters including       and B with variability in    values. Fig 5.18 shows 

the effect of Eckert number on     along with   . The Nusselt number and the Eckert 

number are mutually exclusive. The temperature rises as viscous dissipation expands, while 

    declines when Eckert number (Ec) improves and reverse trend is followed for   . The 

numerical results for the     for the radiation parameter (Rd) are depicted in Figure 5.19. 

Nusselt number shows increasing behavior with an increase in Rd and same trend is seen 

for parameter   . The reason for this is that elevating the values of the radiation parameter 

helps to improve the rate of heat transfer and as a consequence, a rise in     is obtained. In 

Figure 5.20, the curvature parameter (B) improves the     , and the 

parameter    experiences a similar behavior. It seems that blade shaped nanoparticles 

achieve their greatest temperature in contrast to other nanoparticles. 

Tables 5.1 and 5.2 show the thermo-physical properties of the nanoparticles and 

base fluid necessary for the investigation. Table 5.3 displays the shape factor for various 

nanoparticles under consideration. Table 5.4 spectacles significant coherence between the 

values obtained for the current investigation on hybrid nanofluid model and the previously 

found values in the literature. 
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         Figure 5.2: Influence of curvature parameter (B) on velocity profile   ( ). 

          Figure 5.3: Influence of Forchheimer Parameter (Fr) on velocity profile   ( ). 
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Figure 5.4: Influence of porosity parameter ( ) on velocity profile   ( )  

Figure 5.5: Influence of magnetic parameter ( ) on velocity profile   ( )   
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Figure 5.6: Influence of volume fraction (  ) on velocity profile   ( )  

      Figure 5.7: Influence of temperature exponent (A) on temperature profile  ( ) 
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      Figure 5.8: Influence of curvature parameter (B) on temperature profile  ( )  

  

Figure 5.9: Influence of Forchheimer parameter (Fr) on temperature profile 𝜃(𝜉)     
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          Figure 5.11: Influence of volume fraction (  ) on temperature profile  ( )   

Figure 5.10: Influence of porosity parameter (𝜆) on temperature profile 𝜃(𝜉).  

(𝜆) 𝜃(𝜉)
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Figure 5.12: Influence of Eckert number (Ec) on temperature profile  ( )  

 

Figure 5.13: Influence of magnetic parameter (M) on temperature profile  ( )  
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     Figure 5.14: Influence of radiation parameter (Rd) on temperature profile  ( )  

 

Figure 5.15: Influence of Fr and    on Skin Friction. 
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Figure 5.16: Influence of   and    on Skin friction. 

                      

Figure 5.17: Influence of M and    on Skin Friction. 
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Figure 5.18: Influence of Ec and    on Nusselt number. 

 

Figure 5.19: Influence of Rd and    on Nusselt number. 
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Figure 5.20: Influence of B and    on Nusselt number. 

 

Table 5.4: Comparison table of temperature gradient   ( ) for different   when    

     and      [80, 81, 82].  

  Iqbal et al.[80]  Hayat et al. [81]  Ullah et al. [82]  Current results 

0.2 0.5673 0.5673 0.56731 0.567316 

0.4 0.3403 0.3403 0.34030 0.340302 

0.6 0.4413 0.4413 0.44130 0.441307 

0.8 0.1282 0.1282 0.1282 0.12825 
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6. Chapter 6 

Conclusion and Future work 

 6.1 Conclusion Remarks 

In the current investigation, the relationship that exists between Darcy Forchheimer 

and the magnetohydrodynamics flow of a hybrid nanofluid (            ) was 

addressed. Moreover additionally considered effects are the viscous dissipation and thermal 

radiation. Hybrid nanofluids have several potential applications in various industries due to 

their enhanced heat transfer capabilities and improved performance. The considered hybrid 

nanofluid is flowing over a curved stretching surface and the problem involves multiple 

shape factors. The systems of equations are shown in terms of PDEs, which are 

subsequently transformed into ODEs for further simplifications using similarity 

transformations. The problem’s numerical analysis yields the considerable results. The 

velocity distribution exemplifies a growing drift under the influence curvature parameter. 

The raise in values of magnetic parameter, Forchheimer constant and porosity parameter 

induces a decline in velocity of the hybrid nanofluid. The nanoparticles having blade shape 

have the least velocity, however brick-shaped nanoparticles have unusually high velocity. 

The temperature distribution reduces down for the improved values of parameters 

temperature exponent and curvature parameter. Any change in the fluid’s curvature on the 

stretched surface causes the fluid to decelerate and raise temperature. With increasing 

values of Forchheimer constant, magnetic parameter, porosity parameter and Eckert 

number, the temperature distribution lifts up. Furthermore, blades shape nanoparticles in 

hybrid nanofluid have higher thermal conductivity than bricks, cylinder and platelets shape 

nanoparticles. The Nusselt number rises for higher values curvature parameter and radiation 

parameter, and similar trend is noticed for   . The Nusselt number is affected by higher 

values of               , causing drop in the rate of heat transfer.  The skin friction 
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coefficient is another crucial factor during the study of fluid flow problems. It is imperative 

in the design and examination of aerodynamic surfaces and its correct assessment is 

essential for predicting drag forces and boosting the performance of vehicles and other 

objects moving through fluids. For magnetic parameter, Forchheimer constant and porosity 

parameter the skin friction lessens and reverse trend is noticed for   .  

 6.2 Future Work 

In the present investigation, with few rigorously examined assumptions, the influence 

of thermal radiation and viscous dissipation for hybrid nanofluid passing over a curved 

surface stretching exponentially with a presence of magnetohydrodynamics have been 

analyzed. Yet, the conducted research paves a path towards further intriguing works. Here 

are some fascinating studies that hold the potential to be captivating in the future. 

 The unsteady hybrid nanofluid flow across a curved surface influenced         

by inclined magnetohydrodynamics and thermal slip. 

    The numerical simulation of hybrid nanofluid flow with mixed convection and 

Newtonian heating. 

 The effect of Arrhenius activation energy on hybrid nanofluid flow over a permeable 

surface accompanied by viscous dissipation. 

 Heat and mass transfer of hybrid nanofluid flow due to nonlinearly stretching surface in 

the presence of stagnation point. 
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