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ABSTRACT

Title: Impact of Magnetic Field on Hybrid Nanofluid Flow in the Presence of Convective

Boundary Conditions

This study aims to examine how the presence of an electrically conducting hybrid nanofluid
affects the flow when the fluid is flowing over a porous surface. The study also takes into
consideration the convective boundary conditions. The governing equations for the
conservation of mass, momentum and energy for the hybrid nanofluid flow over the
exponentially stretching surface are introduced. By employing the similarity transformation
approach, the set of partial differential equations are transformed into a set of non-dimensional
ordinary differential equations. The bvp4c method is utilized to solve these governing
equations in order to obtain velocity and temperature profiles. The results indicate that
solutions exist for cases involving the assisting and opposing flows. The study presents the
findings of a boundary layer analysis considering different volume fractions of composite
nanoparticles, suction/injection parameter, magnetic parameter, Eckert number and Biot
number. The outcomes demonstrate that the presence of nanoparticles has a notable influence
on drag force and Nusselt number within the boundary layer. Additionally, the study establishes
the relationship between the variations in surface skin friction and heat transfer for both

assisting and opposing flow scenarios.
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CHAPTER 1

Introduction

1.1 Hybrid nanofluid

A designed fluid or suspension that blends two or more different kinds of nanoparticles
with a base fluid is known as a hybrid nanofluid. Colloidal suspensions of tiny particles (also
known as nanoparticles) spread in a base fluid, usually water or oil, are known as nanofluids
in general. By adding nanoparticles with various compositions or qualities to produce particular
desired traits or capabilities, hybrid nanofluids take this idea a step further. A few instances of
hybrid nanofluids and their uses can be found in multifunctional fluids, biomedical
applications, optical properties, energy storage and conversion, catalysis and environmental
applications. A nanofluid is a liquid involving a base fluid with nanoparticles dispersed in it,
and the nanoparticles are typically made of metallic elements, iron oxide, silicon carbide, etc.
These fluids are created by adding engineered ionic concentrations of nanomaterials to the base
liquid. Nanocrystals have unique properties that make them potentially useful in various
thermal transfer applications, like nanoelectronics, pharmaceuticals, fusion motors, motor
thermodynamic efficiency, household fridges, cooling systems, heat transfer, milling and
machine tools. They offer better thermal conduction and convective heat transport than the base
liquid. In 1995, Choi [1] was the first person to analyze the heat transfer capabilities of
nanofluids and presented his research at the Argonne National Laboratory. This discovery led
to the belief that nanofluids could be the next generation of heat transfer fluids, as they offered
intriguing opportunities to enhance performance. This sparked the interest of many scientists
who engaged in experimental and numerical discussions about nanofluids. However, modern
times require enhanced thermal conductivity, leading to the development of hybrid nanofluids,
which are currently undergoing intense investigation. These fluids have been proven to

outperform traditional nanofluids in terms of effectiveness by adding two distinct nanoparticles



into water or kerosene liquids, which improves their thermal conductivities. Hybrid nanofluids
showcase some of the outstanding characteristics of nanomaterials and have considerable
potential for a wide range of heat exchangers, including coolants, generators, machinery, drug
reduction and electronic systems. They are a synthetic mixture of ferrous, plastic, or non-
metallic micro power with conventional fluids, aiming to increase the rate of heat transmission
in various applications. Several researchers have shown physically and numerically that certain
hybrid nanofluids have a higher rate of heat transmission compared to traditional working
fluids. In terms of efficiency, experiments have shown that hybrid nanofluids perform better
than nanofluids. The hybrid nanofluid brings out some remarkable properties of nanomaterials.
Hybrid nanofluids have been around since the last decade [2, 3], and several studies have been
conducted in the recent years to provide insight into their creation and application. Entropy
formation of nanofluids and hybrid nanofluids in various thermal systems under various
boundary conditions and physical circumstances was examined by Huminic et al. [4]. Entropy
generation in mini-channels, entropy generation in macro-channels, and entropy generation in
cavities were the three categories into which the pertinent publication was divided. Analysis
was done on the impacts of temperature, flow regime, nanoparticle concentration and viscous
dissipative, stream-wise, electromagnetic effects on entropy generation. The magneto-
hydrodynamic flow of engine oil (base fluid) containing hybrid nanoparticles (MWCNT with
MoS,) and (SWCNT with Ag) was studied by Wagas et al. [5] with fluid flowing over a vertical
stretching cylinder. Additionally considered are the effects of thermal radiation and viscous
dissipation. To outline the physical issue, the Tiwari and Das [6] nanofluid model with the most
recent thermo-physical properties and hybrid nanofluid features were taken into consideration.
Moreover, contributions from numerous shape-factors were taken into account. The results of
the transformed system were numerically computed using a bvp4c solver (shooting technique)
in MATLAB.

1.2 Stagnation point

A point on the surface of a solid mass submerged in a stream of fluid where the stream
lines diverge and face the stream is referred to as stagnation point. Fluid dynamics,
aerodynamics, and engineering are just a few of the many domains where stagnation points
have significant applications. Few of which are in aerodynamics, aircraft design, wind tunnel

testing, heat transfer, jet engines, environmental fluid dynamics, hydrodynamics, ship design,



fluid measurement techniques and biomedical applications. The Naiver-Stokes equations
governing the stagnation point flow were first investigated by Hiemenz [7] who showed how
similarity transformation can reduced them to an ordinary differential equation of third order.
No analytical solution to the reduced differential equation exact due to its nonlinearities, hence
the nonlinear equation is often solved numerically under the guidance of two-point boundary
conditions, one of which is set at infinity. Fay and Riddell [8] derived the boundary-layer
equations for situations involving disassociated exterior flow. Specifically, the inclusion of
molecule recombination and diffusion effects in the boundary layer was considered. The
authors demonstrate that even if chemical reactions happen at a slow rate, preventing the
boundary layer from reaching thermochemical equilibrium, it is possible to accurately simplify
the equations at the stagnation point into a set of nonlinear ordinary differential equations.
These stagnation point equations were numerically solved using two different approaches,
equilibrium and non-equilibrium situation. The numerical outcomes were connected with the
parameters used in the quantitative framework to reduce dependence on particular
physiological hypotheses. Non-Newtonian fluids were a topic of discussion for many
researchers. Thus, among the non-Newtonian fluids, the solution of the stagnation point flow
for viscoelastic fluids has been given [9, 10]. Nath [11] examined the flow of a micro-polar
fluid in a continuous, constant and incompressible laminar boundary layer around an endless
wedge form and used fourth-order Runge-Kutta-Gill method numerically to solve the
equations. The results demonstrate the influence of coupling, micro-rotation and pressure
gradient parameters on the profiles of velocity and micro-rotation as well as the surface shear
stress. The study also explored how the standard length of the micro-polar fluid influences the
properties of the boundary layer. Hoogendoorn [12] investigated the effects of turbulence on
stagnation zone using circular jets for heat transfer. The research focuses on nozzle-to-plate
lengths that were close to zero. Liquid crystals had been used in a novel measurement method.
The equation explained how jet roughness affected heat transfer near the stagnation point of
cylinders, which is consistent with the established relationship found in the body of existing
research. It was demonstrated that the corresponding increase for impinging jets at the point of
stagnation was identical to that for cylinders in a stream free. Nazar et al. [13] investigated the
stagnation point flow of a non-Newtonian micro-polar fluid with zero vertical velocity at the
surface. Anuar et al. [14] quantitatively examined the impact of slip on stagnation point flow
and heat transfer over an exponentially stretching/shrinking sheet filled with Copper-
Alumina/water nanofluids and numerically resolved the system using MATLAB bvp4c

function. On the flow pattern and heat transmission, the impacts of the nanoparticle volume



fraction, slip parameter and stretching/shrinking parameter have been investigated. In the case
of a shrinking sheet, it was discovered that there are two possible hybrid nanofluid solutions.
Copper nanoparticles and the slip parameter both contribute to a wider spectrum of solutions.
In comparison to viscous fluid and other types of nanofluid, hybrid nanofluids transfer heat
more quickly. The first solution was linearly stable and physically feasible, according to a
stability analysis. Khashi’ic et al. [15] described the Cu-Al.Os/water hybrid nano-fluidic
stagnation point flow with convection driven by a plate Riga. The Riga plate's electromagnet
hydrodynamic (EMHD) force had an impact on the efficiency of heat transport and could be
used to postpone boundary layer separation. To simplify the governing model, similarity
transformation was applied and MATLAB software's bvp4c function was employed. In
contrast to the buoyancy assisting and also opposing flows, which have two similar solutions,
pure forced convection had a unique solution. The volumetric concentration of copper

increased, which increased Nusselt number for assisting and also opposing flows.

1.3 Magneto hydrodynamic

A multidisciplinary scientific subject called magneto hydrodynamics (MHD) combines
the principles of electromagnetism and fluid dynamics to explore how conducting fluids,
typically plasmas or ionized gases behave when exposed to magnetic fields. MHD has uses in
astrophysics, engineering, and plasma physics, among other fields. The main uses of magneto
hydrodynamics can be found in astrophysical phenomena, fusion research,
magnetohydrodynamic generators, plasma propulsion, geophysical phenomena, laboratory
experiments and nuclear reactor safety. In the analysis of heat transfer in hybrid nanofluid
flows, magnetohydrodynamics (MHD) plays a crucial role. The study done by Kandasamy et
al. [16] looked at how the shape of the nanoparticles affects the compressed MHD movement
of nanoparticles of metal in a solution made from water across a porous detector surface. In the
vast majority of important investigations, three different types of nanoparticle shapes were
taken into consideration. The results were determined by means of the RKF method through
shooting approach. Solid volume fraction and nanoparticle shape had been found to strongly
effect the squeeze flow phenomenon. When combined with a magnet field and thermal
radiation energy, the use of a cylindrical Cu-water nanoscale and a cylinder-shaped SWCNTs-
water nanoparticle enhances Nusselt number as compared to other tiny particles shapes in

various flow circumstances. Hussain et al. [17] explored the magnetohydrodynamic flow of a



hybrid nanofluid and also took into account the thermal radiation. The bvpdc MATLAB
programme was used to achieve the study's results, which involved both single- and multiwall
nanofiber materials. Khan et al. [18] introduced hybrid nanofluids as new fluid subclasses with
superior thermal properties that improve the performance of conventional fluids. The numerical
calculations were carried out using the shooting method and the built-in MATLAB bvp4c
function. The impact of non-linear radiation on the heat transfer characteristics of a rotating,
three-dimensional, as well as magnetohydrodynamic flow of hybrid nanofluid was examined
by Hassan et al. [19]. This flow model's surface is capable of both directions stretching. The
increased energy transportation properties of hybrid liquids over mono-fluids were described
by Babu et al. [20]. These fluids are utilized in solar collectors as well as in some military
equipment’s due to their improved thermal conductivity. The heat source/sink effect was
discussed by Sulochana et al. [21] as well as regression modelling of hybrid nanofluid flow
across an expanding and contracting surface. The main objective of the theoretical work is to
identify the nanoparticle volume fraction that gives the highest heat transfer rate and best fits
the regression model for the Nusselt number, one of the crucial factors in understanding heat
exchange rate. The kinematics of a first-generation magnetohydrodynamic Ti0, and Ag hybrid
nanofluid flow across a porous medium were examined by Neethu et al. [22]. For the inquiry,

heat transfer through radiation, heat dissipation, and polymerization were considered.

1.4 Mixed convection

Mixed convection is a combination of free and forced convection. Mixed convection is
a type of heat transfer that occurs when both natural convection and forced convection are
present in a fluid flow. Mixed convection is often encountered in practical engineering
applications, such as in heat exchangers or electronic cooling systems. The characteristics of
mixed convection depend on the relative strengths of the buoyancy and forced convection
forces, as well as the geometry of the system and the properties of the fluid. In some cases,
mixed convection can lead to more efficient heat transfer compared to purely forced or natural
convection alone. However, the complexity of mixed convection can also make it difficult to
predict and analyze, requiring sophisticated modeling techniques to totally comprehend its
conduct. In a study, thermophoresis and Brownian motion were investigated in relation to the
separation of layer flow across an exponentially stretched surface under a convective condition

by Mustafa et al. [23]. Nadeem et al. [24] looked at the flow composed of water nanofluid in



three dimensions across a sheet that was geometrically extending. They discovered that the
Nusselt number was reduced by the temperature exponent restriction and convection
parameters increase the Nusselt number and temperature of nanofluids. Ghalambaz et al. [25]
investigated the flow and heat transfer properties of a hybrid nanofluid made up of Al,0; — Cu
particles in water over a plate that was vertical. Cu-Al,Oz/water hybrid nanofluid was the main
emphasis of Jamaludin et al. [26] and they studied the problem addressing conduction and
convection stagnation point flow and heat transfer across a porous extending/lessening surface
with the heat source/sink effects and magnetic field. The similarity transformations were used
to change the mathematical models of the problem into simplified equations and then the ODEs
were resolved precisely utilizing the MATLAB function bvp4c. Analysis of mixed convective
and magnetohydrodynamic flow over a porous vertical surface was done by Wahid et al. [27].
Two different kinds of nanoparticles, namely copper and alumina, were hybridized for the
study. With the help of the bvp4c scheme, the equation system was solved. In order to execute
their flow research, Khan et al. [28] looked into thin film flow and examined a stretched
surface. The major contributions of Marangoni convection, magnetohydrodynamics and
viscous dissipation changed the flow properties and assisted in producing the desired outcomes.

The flow assumptions result in improved heat transmission.

1.5 Thermal radiation

The thermal radiation is also termed as infrared radiation or heat radiation. It is
considered to be form of radiation that can a material can emit if it as at a temperature beyond
absolute zero. The thermal molecular motion can result into thermal radiation. It is a basic
concept in the field of physics and its applications can be observed in wide variety of areas like
engineering, environmental sciences or astronomy. Infrared thermography, infrared heating,
remote sensing, medical imaging, space exploration and environmental monitoring are a few
applications where thermal radiation can be seen. Yoo et al. [29] conducted a study on the heat
transfer properties of TiO2, Al,O3 and Fe nano-liquids, which revealed a notable enhancement
in the heat transfer properties when compared to the base fluids. In a rotating system between
two surfaces, Chamkha et al. [30] investigated heat transmission and MHD flow of a mixed
convective nanofluid. The structure's upper and bottom plates were thought to be permeable
and extensible. The significant effects of thermal radiation and Joule heating were taken into

account. The significance of a thermally radiative hybrid nano-fluid moving across an extended



sheet in relation to the impact of a heat source or sink was examined by Wagas et al. [31]. A
numerical description of a hybrid nanoparticle flow over a region that was enlarging and
contracting while heat radiation took place was found by Mahabaleshwar et al. [32].
Salahuddin et al. [33] used the implicit finite difference method to analyze the thermal radiation
impact of an incompressible hybrid nanofluid. The exceedingly difficult and nonlinear partial
differential system's numerical solution proved that hybrid nanofluid outperformed mono
nanoparticles in terms of thermal performance. Yasir et al. [34] looked at heat transmission as
well as the flow properties of a hybrid nanofluid created by an extending/lessening sheet.

1.6 Contributions to the Thesis

In this thesis, a review study of Rehman et al. [80] has been presented and then the flow
analysis has been extended with impact of MHD on hybrid nanofluid flow with convective
boundary conditions. The main focus is the numerical analysis of MHD hybrid nano-liquid
flow via an exponentially extending surface in the presence of a convective boundary
conditions and magnetic field. Through the use of similarity transformations, the proposed
nonlinear PDEs are transformed into a system of ODEs. The MATLAB software is utilized to
construct the table and graphs which illustrate the numerical results. In-depth discussion is done
by the effects of dimensionless factors on f'(n), 8(n), f"(0) and 8'(0). Tables and graphs are

used to present the results.

1.7 Thesis Organization

The information below gives a quick summary of the thesis contents.

Chapter 1 is an introductory chapter and provides a brief overview of the important
concepts used in the thesis and the research carried out on these concepts.

Chapter 2 covers the existing literature available on the ideas and assumptions that are
a part of executed research work. This chapter delivers the previous studies done by the

researchers based on the necessary concepts used.



Chapter 3 provides some fundamental definitions, dimensionless parameters, which are

used during the research to obtain the numerical results of the flow problem.

Chapter 4 presents a complete review for the hybrid nanofluid flow via an exponentially
stretching sheet with a heat generation/absorption and thermal radiation. MATLAB, bvp4c

technique is utilized to find the numerical outcomes of the governing flow equations.

Chapter 5 extends the review work by considering the impact of magnetic field for
hybrid nanofluid flowing due to a permeable surface which is stretching exponentially. The
study has been performed by considering thermal radiation, heat sours/sink, convective
boundary conditions and stagnation point. By utilizing similarity transformations, the set of
governing nonlinear PDEs are transformed into the nonlinear ODEs. The results for various

parameters are discussed through graphs and tables.

Chapter 6 gives the final remarks about the whole research work and the future work

that can be performed from this research.

References consulted for this thesis are listed in the Bibliography.



CHAPTER 2

Literature Review

2.1 Hybrid nanofluid

When distinct nanoparticles are combined to form a hybrid nanofluid, a synergistic effect
occurs where the unigue qualities of the individual nanoparticles interact to produce improved
or customized properties. The production of solar energy, electronic gadgets, heating systems,
mechanical operations, etc. all benefits from the use of hybrid nanotubes. The numerical
solutions for Cu-Al,05/H, 0 oblique flow of stagnation-point across a contracting surface was
computed by Yahaya et al. [35] and the algorithm yields dual solutions utilizing the bvp4c
solver. The stability analysis indicated that the initial solution had positive smallest
eigenvalues, signifying stability. Furthermore, the introduction of Al,Oz nanoparticles into the
Cu-H20 nanofluid demonstrated a 4.798% increase in the local Nusselt number, while
concurrently reducing the skin friction coefficient by 37.753%. Hussain et al. [36] investigated
the flow's heat transmission characteristics. To achieve the desired results, a recently
discovered concept of hybrid nanofluid was used. The flow of hybrid base nanoliquid through
a rotating surface that was rapidly stretching was the subject of this work. The basic fluid is a
(50%/50%) combination of ethylene glycol and water and the discussion of thermo-physical
characteristics was executed. The analysis of related parameters reveals that hybrid base
nanofluid performs better than nanofluid but the right choice of composition was essential. For
TiO, and CuO-hybrid based fluid, graphical representation shows that the curve velocity
declines when the rotation parameter was increased. Othman et al. [37] described the flow and
heat transfer behaviors of a hybrid nanofluid with carbon nanotubes on a porous exponentially
shrinking surface. In addition to this, the influences of a heat source/sink and magnetic field
were examined. Employing a similarity solution to transform the PDEs model into ODEs and
using MATLAB's bvp4c, these equations were numerically resolved. Wahid et al. [38]
described a computational model and analysis used to examine the separation flow of a hybrid
nanofluid and heat transfer caused by an exponentially permeable extending/lessening curved

surface. The solution of ODEs was made easier by the bvp4c tool. The plots showing how
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certain parameters affect physical quantities were also included, along with a comparison of
the results for validation purposes. It was found that as the volume fraction coefficient for
copper and curvature parameters increased, boundary layer separation was extended. Dual
solutions were examined and the hybrid nanofluid flow's first solution was seen to be stable.
The knowledge of nanomaterials with steady thermal effects was familiarized by Chu et al.
[39]. For a two dimensional unstable flow caused by a porous extended sheet, the thermal
assessment of a hybrid nanofluid including four different kinds of nanoparticles, subjected to
inclined magnetic field and non-uniform heat source/sink had been numerically examined.
Copper, titanium dioxide, silver and aluminum oxide nanoparticles, as four varieties had all
been taken into account while using water as base fluid. The governing PDEs were transformed
into the ODEs with the usage of similarity conversion. A numerical method identified as the
KBM was utilized to solve these similarity equations. In general, the study of hybrid nanofluids

offer hypothesis that scientists and engineers can use to guide parameter adjustments in order
to meet their optimal goals for the relevant practical applications. Khashi'ie et al. [40] looked

at the electro-magneto-hydrodynamic (EMHD) and heat generation affected USSP flow on a
Riga plate. Al20s and Cu nanoparticles were also present in the fluid. The energy and
momentum equations constituted the flow model. The similarity variables were then used to
simplify these equations. The bvp4c function produces the numerical results, which were
displayed in graphs and tables. Through an exponentially permeable extended sheet, a
comparison was done for the flow of a Al,0;+ Ag /H,0 hybrid nanofluid with a Al,05-H,0
mono nanofluid based by Chakraborty et al. [41]. Under the influence of thermal radiations,
fluctuating magnetic flux and uneven heat generation, the sheet was submerged in a non-Darcy
absorbent medium. DTM was used to obtain the analytical solution, while fifth-order RKF with

shooting process generated the numerical solution.

2.2 Stagnation point

According to the principles of fluid dynamics, a stagnation point is a particular location
in a flowing fluid where the fluid's velocity falls to zero as a result of the opposing forces that
are driving its motion. It is where the fluid temporarily stops moving or becomes stagnant.
Stagnation points are frequently observed in the study of fluid flow around solid objects like
airfoils, automobiles, and ships, where it is necessary to comprehend the fluid flow to forecast

aerodynamic or hydrodynamic behaviors. Stagnation points are significant because they
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frequently coincide with regions of high pressure. Arani et al. [42] investigated the hybrid Ag-
CuO/water nanofluid stagnation-point flow across the lessening/extending surface. With
suitable transformation, the complicated equations were converted to ODEs. The DEs were
unraveled by means of the RKF45 method. This numerical investigation revealed the survival
of dual solutions, which were related toward the particular values of the shrinkage rate. The
study demonstrated that with the suction/injection parameter, the resistance factor of Ag/H.O

increased through around (35-50) %. According to time-dependent steadiness analysis, simply
the top branch of results was steady in real physics, whereas the lower branch was unstable.

According to Teh et al. [43] analysis, the hybrid nanofluid had a sizable number of real-world
applications. In comparison to nanofluids containing a single type of nanoparticle, hybrid
nanofluids had been discovered to have a superior capacity for heat transfer but with additional
physical presumptions surrounding the fluid flow, it might be possible to further investigate
the properties of heat transfer rate involving hybrid nanofluids in higher-dimensional space.
The Tiwari-Das model was used to investigate the three dimensional hybrid flow with spinning
extending/lessening sheets with the effects of magnetic field and joule heating. Abbasi et al.
[44] discussed and compared the results stagnation point flow for hybrid model and
conventional nanofluid model, improved hybrid nanoparticles heating. The thermal contrast of
three diverse types of nanoparticles, including Si0,,Al,05 and TiO, in suspension with base
liquid C,Hgz0,. The numerical Keller box outcomes were achieved and used to execute the
comparison. Algahtani et al. [45] explored the stagnation point flow and energy transport for
the nanofluid with the significant effect of magnetohydrodynamics and a nonlinear thermal
radiation. The Brownian motion and in addition thermophoresis phenomena for the nano-
fluidic model was a part of the study. The flow of ternary hybrid nanofluid for Homann
stagnation-point was inspected by Sarfraz et al. [46]. The fluid was moving over an over a

spiraling disk and the study was conducted with the effect of magnetic field.

2.3 Magneto hydrodynamics

MHD entails the investigation of the relationship between magnetic fields and ionized
fluids. It explores how the magnetic field can interact with the phenomena of fluid. The Lorentz
force, originates due to the moving charged particles and the magnetic field itself, thus giving
rise  to the significant magnetohydrodynamics. Aly et al. [47] described

magnetohydrodynamics, suction and radiation effects used to study the flow of Cu-TiO2/H20
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across a nonlinear stretched sheet. The flow controlling PDEs using the suitable similarity
conversions were converted to ODEs and a mathematical method, CPSDM was used to solve
these equations. The features of a two dimensional uneven nanofluid flow across a transparent
exponential elastic sheet were examined by Kumar et al. [48]. The effect of variables including
the magnetization parameter, thermal rays, and the presence of a random heat source or sink
was also investigated. The PDEs which are the dimensional equations were changed into ODESs
by utilizing the suitable transformations. The reframed ODEs were mathematically solved
using the computer programme MATLAB and the bvp4c package. The skin friction was found
to increase when the magnetic field parameter improved in an absolute sense. Cu-Fe30a
/C2HesO2 hybrid nanofluid flow across an elongating sheet with an angled thermal radiations,
partial slip and magnetic field was studied by Unyong et al. [49] to determine the effects of the
important parameters on the flow. A hypergeometric function was used to analytically solve
the dimensionless form of the fluid model. The main findings of research paper include that
the presence of inclined magnetic field can enhance the amount of heat conduction in Cu-
Fe;0, IC2HegO2 hybrid nanofluid. Joshi et al. [50] performed Cu-Ag /H,0-C,Hg0, hybrid
nanofluid MHD flow via a pliable surface in Darcy Forchheimer absorbent medium as well as
the mutual effects of heat radiation and suction/blowing were investigated. In the scientific
modelling of principal equations, the boundary layer approximation and Cartesian coordinate
structure were both employed and RKF technique was used to unravel the results. The graphs
were used to scrutinize the physical influence of relevant limitations on the flow. Khan et al.
[51] reflected the presence of two dimensional MHD, viscous dissipation, Joule heating and
slip condition for an incompressible non-liquids flowing towards a permeable stretched sheet.
The model also involved the utilization of the effects of convective conditions, mass suction
and heat suction/blower. Cu nanoparticles were combined with H2O to create the nanoliquid
and the solution was found using the bp4c scheme. Based on various estimates of the relevant
parameters, the various results the reduction of heat transfer rate with Hartman and Eckert
numbers. Babu et al. [52] studied cross nano-fluid's radiative mobility through an
exponentially stretchable sheet near the stagnation point through variable heat sources/sinks
and handled the presence of magneto-hydrodynamics. It was assumed that thermophoresis &
Brownian motion effects exist. The prevailing equations for this study were first transformed
via similarity transformation as a system of ODEs. The effects of a number of important
characteristics, such as regular profiles (temperature, velocity and concentration) were
explained using the RK 4th order mechanism. According to the performed investigation, the
magnetic field raised the temperature profile of the Cross nanofluid while lowering its velocity.
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2.4 Mixed convection

The significant phenomena of mixed convection can be seen in numerous scientific and
engineering applications. Its role in many purposes relates its thorough understanding for
optimizing the performance, safety and efficiency of innumerable systems. Ellater et al. [53]
addressed the continuous and mixed convective flow of hybrid nanofluid that conducts
electricity across a stretchable impermeable sheet. The properties of changing magnetic fields,
heat generation and chemical reactions were all taken into account in the flow distribution. In
order to increase the competence and effectiveness of thermal energy transmission for a
diversity of industrial and biotic reasons, a computational model was constructed. The working
fluid water contains Ag and MgO nanomaterials in the hybrid nanofluid. A system of PDEs had
been used to express the scenario which were then later simplified. The acquired first order
DEs were evaluated by means of the computing method PCM. Aimed at consistency and
validity checks, the results were compared to existing literature and the bvp4c package. Haq et
al. [54] described a Newtonian hybrid nanofluid flow containing Cu and Al, 05 nanoparticles
through a stretched surface and the flow had undergone mixed convection. Also taken into
account were the velocity and thermal slip conditions. The fluid flow had been examined in
terms of the effects of viscous dissipation, Brownian motion, thermophoresis diffusion, heat
absorption and thermal radiation for the intended outputs. To further control the flow stream,
a magnetic field was applied at an inclined angle. Hansda et al. [55] examined the involvement
of thermo-solute mixed convection and magnetic field applied at an angle for a hybrid
nanofluid flow. The flow was conducted in a wavy enclosure which was partially heated. A
compact scheme was established to model the governing equations and the outcomes were
shown as Sherwood number, Nusselt number and streamlines and the flow was studied for
numerous parameters. The entropy generation for mixed convective flow of hybrid nanofluid
was inspected by Mamun et al. [56]. The research was carried out by changing the magnetic
fields and the flow was considered to be moving because of the rotating cylinders. The fluid
comprises of water as base fluid and three different types of nanoparticles, Cu, SWCNT and
Al, 05 were employed and their effects on the flow was recorded. Lone et al. [57] depicted
mixed convection phenomena for hybrid nanofluid flow because of the rotating sphere with the
addition of thermal radiation effect. The model equations for the flow was solved analytically

via homotopy analysis method.
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2.5 Thermal radiation

Thermal radiation is an important topic for the various fields including fluid dynaimcs.
Its study leads to advanced solutions for numerous tasks. Wang et al. [58] performed the
entropy-optimized analysis for thermally radiative Darcy-Forchhiemer nanofluid flow across a
permeable medium. The stretching of the surface is responsible for initiating the flow and heat
expression also included viscous dissipation. Si0O, and AIOOH are regarded as nanoparticles
and C;Hg0O, was regarded phase molten in this instance. Through the use of appropriate
dimensionless variables, nonlinear ordinary dimensionless form was created. The ND-solve
method was used to numerically solve the obtained dimensionless expressions. For Si0, &
AIOOH nanoparticles, Bejan number, temperature, velocity profile & graphical features of
entropy rate against flow variables were examined. The thermal transfer rate improved with an
increase in radiation. According to research completed by Zainal et al. [59], the focus was on
the flow near a porous extending/lessening Riga plate and Al,0;-Cu/H20 was the considered
nanofluid. The bvp4c procedure was used in the MATLAB system to solve the simplified

mathematical model. Once the appropriate assumptions were made, this solution technique can
generate several solutions. Wahid et al. [60] examined the Al,O3+Cu /H>O mixed convective

hybrid nanofluid flow via an angled lessening plate using thermally radiative magneto-
hydrodynamic (MHD) theory. The PDEs of the flow model were transformed into ODESs via
incorporating similarity revolutions. The mathematical solution of the mathematical model was
implemented using bvp4c. There were two conceivable solutions because of the plate's motion.
A stability investigation had determined that the first solution was stable. As a result, the first
solution can be used in real practical applications. Arif et al. [61] considered base fluid to be
engine oil and different nanoparticles exhibiting different shapes were dispersed, thus a tri
hybrid nanofluid was constructed. The Jeffery fluid was set to motion due to a vertical plate
within a rotating surrounding. The numerical results were gained using a Laplace transform

approach.
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Chapter 3

Basic Definitions and Equations

This chapter includes several common definitions and rules to help readers better

comprehend the analyses in the next chapters.
3.1 Continuum mechanics

A branch of mechanics that deals with the behavior of materials and fluids as continuous
substances, rather than discrete particles. It provides a mathematical framework for studying
the mechanics of deformable bodies and fluid flows by considering them as continuous media.
Continuum mechanics focuses on describing the macroscopic behavior of materials under the
influence of forces, including their deformation, motion, stress and strain. It involves concepts
such as stress, strain, conservation laws, constitutive equations and equations of motion, which
enable the analysis and prediction of the mechanical behavior of solids and fluids on a
macroscopic scale. Applications of continuum mechanics can be found in various fields,

including engineering, physics, materials science and geophysics. [63]
There are two types of continuum mechanics:
3.1.1 Solid mechanics

A branch of continuum mechanics that focuses on the analysis of the behavior of solid
materials under the influence of external forces. It deals with the analysis of the mechanical
properties, deformation, and response of solid objects to various types of loads. Solid mechanics
involves the study of stress, strain, elasticity, plasticity, fracture mechanics and the mechanical

behavior of materials. [63]
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3.1.2 Fluid mechanics

An important branch of engineering and physics that involves the behavior of fluids,
including liquids, plasmas and gases. It comprises study of fluid motion, forces acting on fluids,
and the physical properties of fluids such as density, pressure and viscosity. Fluid mechanics is
essential for understanding and analyzing the flow of fluids in various applications, ranging
from everyday phenomena like water flow in pipes to complex processes such as aerodynamics
and ocean currents. Applications of fluid mechanics can be found in a wide range of fields,
including aerospace engineering, civil engineering (for analyzing water flow in rivers and
pipes), chemical engineering, environmental engineering and meteorology. It is fundamental
for designing efficient systems, such as pumps, turbines and heat exchangers, as well as for

understanding natural phenomena like weather patterns and ocean currents. [63]

Fluid mechanics can be divided in to three categories:

3.1.2.1 Fluid statics

The well-known branch in fluid mechanics that is associated with fluids at rest, rather
than in motion. It is also known as hydrostatics and pressures while remaining stationary.
Another important concept in fluid statics is the hydrostatic equation, which relates the pressure
of a fluid at a certain depth to the weight of the fluid above that depth. This equation is
consequent from the law of conservation of mass and can be used to calculate the pressure at
any given depth in a fluid. Fluid statics has many practical applications, such as in the design
of dams, water tanks, and other structures that hold or transport fluids. It is also used in medical
applications, such as measuring blood pressure and monitoring intravenous fluid infusion rates.
[63]

3.1.2.2 Fluid kinematics

A significant branch of fluid mechanics concerning the fluid’s motion irrespective of
the forces responsible for motion. It is concerned with describing and analyzing the
characteristics of fluid flow, such as velocity, deformation and acceleration. One of the key
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concepts in fluid kinematics is the motion of a fluid particle. A fluid particle is a small volume
of fluid that moves with the fluid flow. By tracking the motion of fluid particles, insights into
the characteristics of the fluid flow can be gained, such as its velocity and acceleration. Fluid
kinematics is also related with describing the geometry of fluid flow including the shape and
size of fluid elements as they move through a flow field. This is important for analyzing the
behavior of fluids in different utilities such as in the design of hydraulic systems or the study

of ocean currents. [63]

3.1.2.3 Fluid dynamics

Fluid dynamics relates fluids in motion with the forces acting on them. It is the
analysis of fluids (liquids, gases, and plasmas) in motion. It is a sub-discipline of fluid
mechanics, a branch of physics dealing with the behavior of fluids either at rest or in motion as
well. It is an important field of study with applications in countless fields, including aerospace
engineering, mechanical engineering, chemical engineering, environmental engineering,
geophysics and meteorology, among others. The study of fluid dynamics involves
understanding the physical properties of fluids, such as viscosity, density and pressure and how
they behave in response to external forces such as gravity or fluid flow. Key concepts in fluid
dynamics include Bernoulli's principle, Navier-Stokes equations, Reynolds number, turbulence
and boundary layers. Applications of fluid dynamics range from the design of aircraft and
spacecraft to the study of ocean currents and weather patterns. Some common examples of fluid
dynamics in action include the flow of blood through the human body, the flow of water through
pipes and channels and the behavior of fluids in engines and turbines. [64]

3.2 Fluid

"Fluid" typically refers to a material that can flow and can attain the shape of its vessel.
It is referred to be a state of matter, distinct from solids and gases. Fluids can include liquids,
such as water, oil or milk, as well as gases, such as air or helium. Fluids possess unique
properties, including the ability to exert pressure evenly in all directions, known as hydrostatic
pressure. They also exhibit viscosity, which refers to their resistance to flow. Viscosity can vary
among different fluids, with some being more "thick™ or resistant to flow (high viscosity) and

others being more "thin" or easily flowing (low viscosity).
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Fluid dynamics is the observation that how fluids act and interrelate with forces, such as
when they flow through pipes or around objects. This field of study encompasses various
phenomena, including turbulence, Bernoulli's principle and the conservation of mass,
momentum and energy. Fluids have numerous applications in everyday life and various
industries, including transportation, engineering, medicine and meteorology. They play a
crucial role in hydraulic systems, cooling mechanisms, blood circulation, weather patterns and
many other processes. Liquids are a typical type of fluid that has possess fixed volume while
they have no permanent shape. They are almost incompressible and can flow easily, conforming
to the form of the container. Examples of liquids comprise of oil, water and blood. Gases are
another type of fluid that possess neither a certain shape nor a certain volume. They are
extremely compressible and can broaden to fill up their vessel. Examples of gases comprise of
helium, air and carbon dioxide. Fluids exhibit a variety of interesting behaviors, including
viscosity, surface tension and fluid flow. These properties are vital in numerous areas of science

and also engineering, comprising fluid dynamics, thermodynamics and materials science. [62]

3.3 Field

A field is a measurable characteristic that is assigned to a specific value at every point in
space and time. Fields are used to describe various types of physical phenomena, such as the
electric and magnetic fields, the gravitational field and the temperature field. Fields are often
represented using mathematical equations that describe how the field varies with respect to
position and time. For example, the electric field can be described by Coulomb's law, which
relates the electric field strength to the charge and distance between two objects. Fields are
important in many areas of physics, including electromagnetism, quantum mechanics and
general relativity. They are also used in engineering and technology, such as in the design of
electrical circuits, antennas and sensors. In addition to the physical fields, there are also abstract
fields in mathematics, such as vector fields, scalar fields and tensor fields. These mathematical
fields can be used to model and analyze physical phenomena in various fields of science and

engineering. [62]

There are three types of fields:
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3.3.1 Scalar field

A scalar field is a type of field in physics that associates a scalar value with each point
in space and time. A scalar quantity is a physical quantity that only has magnitude, such as
temperature, pressure or mass. In the context of a scalar field, these scalar values can vary
throughout space and time, creating a continuous distribution of the scalar quantity. This allows
for the representation and analysis of scalar quantities that change smoothly and continuously
across different points in a given region. A scalar field can be represented statistically using a
scalar-valued function that depends on the spatial coordinates of the points in the field. For
example, the temperature in a room can be described as a scalar field, with the temperature at
each point in space given by a scalar value. Scalar fields are also used in the study of particle
physics and cosmology. In particle physics, the Higgs field is a scalar field that is responsible
for giving mass to elementary particles. In cosmology, scalar fields are used to describe the
inflationary period of the early universe, where a scalar field caused a rapid expansion of space.
[62]

3.3.2 Vector field

A vector field is a concept in physics that assigns a vector quantity to each point in space
and time. Unlike scalar fields, which have only magnitude, vector fields have both magnitude
and direction. At every point in the field, there is a unique vector associated with it. The vectors
in a vector field can represent physical quantities such as velocity, force or electric field
strength. Vector fields are used to describe and analyze various phenomena in physics,
including fluid flow, electromagnetic fields and gravitational fields. They provide a way to
understand how these quantities change and interact throughout space and time. By examining
the behavior of vector fields, scientists and engineers can gain insights into the underlying
dynamics and properties of the systems they represent. A vector field associates a vector to each
point in a subset of space. A vector field can be represented mathematically using a vector-
valued function that depends on the spatial coordinates of the points in the field. For example,
the wind velocity at each point in the atmosphere can be designated as a vector field, with the
wind speed and direction given by a vector value. Vector fields are used in many areas of

physics, such as in the study of fluid dynamics, electromagnetism and gravitational fields. [62]
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3.3.3 Tensor field

A tensor field is a mathematical concept that assigns a tensor to every point within a
given space, e.g. Cauchy stress tensor. A tensor is a mathematical object that generalizes the
concept of a vector to multiple dimensions and it can represent various types of physical
quantities, such as stress, strain or curvature. Tensor fields can be represented mathematically
using a tensor-valued function that depends on the spatial coordinates of the points in the field.
Tensor fields are important in many areas of mathematics and physics because they provide a
powerful framework for representing and analyzing complex physical phenomena that involve

multiple dimensions and varying magnitudes and directions. [63]

3.4 Stress

Stress, in the context of physics and mechanics, refers to the internal forces or pressure
exerted within a material or object. It is a measure of the internal resistance to deformation or
change in shape. Stress can be caused by external forces applied to an object or by internal
forces within the material itself. Stress is typically described in terms of its magnitude and
direction. The direction of stress indicates the orientation of the internal forces within the
material. There are different types of stress, including tensile stress, compressive stress and
shear stress. Stress is an important concept in fields such as engineering, materials science and
structural analysis. The idea of managing stress within materials and structures is crucial for

designing safe and reliable systems. In mathematics, stress is given by

Force(F)

Stress(o) = Areald)”

(3.1)

where o, F and A is the stress applied, force applied and area of the force application. The Sl

units of stress are N/m2. [63]

The types of stress are:
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3.4.1 Tensile stress

Tensile stress is the term used to describe the external force applied to a material per

unit area, leading to the elongation or stretching of the material. [63]

3.4.2 Compressive stress

Compressive stress refers to the force exerted on a material that causes it to deform,

resulting in a reduction in the material's volume. [63]

3.5 Strain

Strain is a measurement of the extent to which a body deforms in the direction of an

applied force, expressed as the ratio of the deformation to the original dimensions of the body.

Change in length(6l)

3.2
Original length(L) ’ (3:2)

Strain(e) =

where €, §1 & L is the strain due to the stress applied, change in length and original length of
the material. [63]

The types of strain are as follows:

3.5.1 Tensile strain

Tensile strain is the term used to describe the elongation or deformation of a solid body
when subjected to a tensile force or stress. Essentially, tensile strain occurs when a body

undergoes an increase in length as external forces attempt to stretch it. [63]
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3.5.2 Compressive strain

Compressive strain refers to the deformation or change in shape of a solid caused by the
application of compressive stress. Simply, compressive strain occurs when a body experiences
a reduction in length as equal and opposite forces attempt to compress or squeeze it. [63]

3.6 Viscosity

Viscosity is a resistance of a fluid (liquid or gas) to a change in shape or movement of
neighboring particles relative to one another. The two ways of describing viscosity are as
follows. [65]

3.6.1 Dynamic viscosity (u)

The dynamic viscosity of a fluid is the measure of its resistance to flow when an external

force is applied.

shear stress

(3.3)

" velocity gradient’

The Sl unit designated for dynamic viscosity is % or can be expressed as %. [65]

3.6.2 Kinematic viscosity

The kinematic viscosity is defined as the absolute viscosity of a liquid divided by its

density at the same temperature.

_ £
v = P (3.4)

The SI unit labelled for dynamic viscosity is ™. [65]
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3.7 Newton law of viscosity

The associated statement implies that exerted shear stress exerted on fluid is considered
to be directly and proportionally related to the velocity gradient. In other words, as the velocity
gradient increases, the shear stress on the fluid also increases in a linear manner. The

mathematical formula is stated as

du

T X —
dy'’

(3.5)

d

where T denotes shear stress applied on the fluid element. [65]
3.8 Newtonian fluid

A Newtonian fluid is a type of fluid that follows Newton's law of viscosity. The
Newtonian fluid is assumed as type of fluid in which the relationship between the shear stress
with rate of deformation (or shear rate) is linear and proportional. Most common fluids, such
as water, air and many oils, can be classified as Newtonian fluids. In these fluids, the viscosity
can be described by a single constant called the dynamic viscosity. The behavior of Newtonian
fluids is important to understand in many areas of engineering and science, as it is often
necessary to model or predict the flow behavior of these fluids in innumerable applications like
the behavior of Newtonian fluids is important in the design of pipes, pumps and other fluid-

handling equipment. [65]
3.9 Non-Newtonian fluid

This is the fluid which don’t observe the Newton’s law of viscosity. These fluids are the
fluids whose viscosity or flow behavior is not described by the classical laws of fluid mechanics
developed by Sir Isaac Newton. In other words, the relationship between the shear stress and
the rate of deformation of the fluid is not linear, as it is for Newtonian fluids. The conduct of
non-Newtonian fluids is additionally complex than that of Newtonian fluids and can differ

subjected to elements such as shear rate, temperature and composition. These fluids can reveal
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a kind of dissimilar behaviors, such as shear-thinning (where viscosity decreases with
increasing shear rate), shear-thickening (where viscosity increases with increasing shear rate)
and viscoelastic behavior (where the fluid exhibits both elastic and also viscous properties).
Examples of non-Newtonian fluids include suspensions, emulsions, gels and polymers. Non-
Newtonian fluids are commonly encountered in a variety of industrial, medical and biological
applications, such as in food processing, pharmaceuticals, cosmetics and biomedical

engineering. [65]

3.10 Flow

It is described as measure of fluid which passing a particular point per unit time. In fluid
mechanics, flow mentions to fluid’s movement, through a system or over a body. The study of
fluid flow is important in many areas of science and engineering, as it plays a critical role in a
wide range of processes and applications. The knowledge of fluid flow can help scientists and
engineers to design optimize systems and devices that involve fluid motion, such as pumps,
turbines, heat exchangers and aircraft. The study of fluid flow is a complex and fascinating field
that has applications in many areas of science and engineering and is essential for understanding

and optimizing the behavior of a wide range of systems and devices. [65]

3.10.1Compressible flow

This type of flow refers to fluid flow in which the fluid density changes significantly as
it flows through a system or over a body. In other words, changes in fluid velocity or pressure
are accompanied by changes in fluid density due to the compressibility of the fluid. It is
important in many fluid systems, particularly those involving high velocities or changes in
pressure or temperature. For example, compressible flow might be important in the design of
supersonic aircraft or rocket engines, where the flow velocities are very high and the fluid is
subjected to large changes in pressure and temperature. Compressible flow is more complex
than incompressible flow and it requires more sophisticated mathematical models to accurately
predict system behavior. The equations governing compressible flow take into account the
effects of fluid density changes and the associated changes in temperature and pressure that

occur as a result. [65]
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3.10.2 Incompressible flow

This category of flow refers to fluid flow in which the fluid density does not change
significantly as it flows through a system or over a body. In other words, the fluid can be treated
as having a constant density and changes in fluid velocity or pressure are not accompanied by
changes in fluid density. Incompressible flow is a common assumption made in the analysis of
fluid systems and it is often used in engineering and science as a starting point for more complex
analyses. For example, incompressible flow might be assumed in the design of a pump or a
turbine, where the fluid is flowing at low speeds and with small changes in density.
Incompressible flow is useful because it simplifies the mathematical equations governing fluid
flow, allowing engineers and scientists to make predictions about how fluids will behave in
different systems. However, it is important to recognize that many fluids are not truly

incompressible and that changes in density can be important in some cases.

In general, incompressible flow is a good approximation for fluid systems that are
flowing at low speeds or are subjected to small changes in pressure or temperature. For more
dynamic systems or systems that are subjected to large changes in pressure or temperature,
compressibility effects may need to be taken into account to accurately predict system behavior.
[65]

3.10.3 Steady flow

In this kind of flow, the velocity vector along with the other fluid’s features don’t alter
with time in a fluid. Steady flow refers to fluid flow in which pressure, velocity or other flow
features do not change with time or over time. In other words, the fluid is flowing at a constant
rate and with uniform characteristics in all regions of the flow and the flow properties remain
constant over time. Steady flow is a simplified and idealized model of fluid flow and it is often
used in engineering and sciences as a starting point for more complex analyses. For example,
steady flow might be assumed in the design of a pipeline or a duct system where the fluid is
flowing steadily and without significant changes in velocity or pressure. In general, steady flow
is a good approximation for fluid systems that are in equilibrium and are subjected to slowly
varying conditions. For more dynamic systems or systems that are subjected to rapid changes
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in boundary conditions, unsteady or transient flow models may be necessary to accurately
predict system behavior. [65]

v ap ) (3.7)
S, =0,5-=0,--=0.

3.10.4 Unsteady flow

The velocity vector and other fluid properties change with time in a fluid. Unsteady
flow refers to fluid flow in which the velocity, pressure or other flow properties vary with time
or over time. In other words, the fluid is not flowing at a constant rate or with uniform
characteristics in all regions of the flow and the flow properties are changing over time.
Unsteady flow can occur in many different contexts, such as in fluid systems that are subjected
to changes in boundary conditions or in natural flows that are affected by changing
environmental factors. For example, the flow of water in a river might be unsteady due to
changes in the water level or flow rate or the flow of air in a ventilation system might be
unsteady due to changes in temperature or humidity. The unsteady flow is important in many
areas of engineering and science, as it plays a critical role in the design and optimization of
many natural and engineered systems. Sophisticated mathematical and computational models
are often used to simulate and analyze unsteady flow, helping engineers and scientists to design

more efficient and effective systems. [65]

v  ap P (3.8)
E#:O,E#:O,E:#O.

3.10.5 Uniform flow

The density, velocity and pressure don’t change from one point to the other point in
the fluid. This flow refers to fluid flow in which the velocity, pressure or other flow properties
are constant throughout the flow domain. In other words, the fluid is flowing at a constant rate
and with uniform characteristics in all regions of the flow. Uniform flow can also be used as a
baseline for comparing the performance of more complex flows. For example, if a fluid is

flowing with non-uniform velocity or pressure, engineers might compare its performance to



27

that of a hypothetical uniform flow with the same average velocity or pressure. While uniform
flow is often an approximation of more complex flows, it can provide valuable insights into the
behavior of fluids and the performance of fluid systems. Engineers and scientists use
mathematical models and computational simulations to analyze and optimize uniform flow and

other types of fluid flows in a wide range of natural and engineered systems. [65]

v _ o _ 0P (39)
ox  'dx ox

3.10.6 Non-uniform flow

Non-uniform flow refers to fluid flow in which the velocity, pressure or other flow
properties vary spatially or temporally throughout the flow domain. In other words, the fluid is
not flowing at a constant rate or with uniform characteristics in all regions of the flow. Non-
uniform flow can occur in many different contexts, such as in natural flows like rivers or ocean
currents, in industrial processes or in engineering systems like heat exchangers or ventilation
systems. It can have significant effects on the behavior of the fluid and the performance of the
system in which it is occurring. For example, in a heat exchanger, non-uniform flow can cause
inefficient heat transfer, leading to hot spots or cold spots and reducing the overall efficiency
of the system. In a river, non-uniform flow can cause erosion or deposition of sediment,
affecting the ecology and changing the river's course over time. The non-uniform flow is
important in many areas of engineering and science, as it plays a precious role in the design and
optimization of many natural and engineered systems. Sophisticated mathematical and
computational models are often used to simulate and analyze non-uniform flow, helping

engineers and scientists to design more efficient methods. [65]

v  ap P (3.10)
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3.10.7 Laminar flow

A stream lines does not cross each other. Laminar flow refers to the motion of fluid

molecules in a smooth and ordered manner, following straight and parallel streamlines. It is
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typically observed in narrow pipes with low fluid velocity, high viscosity and is also known as
streamline or viscous flow. There are different types of laminar flow, including unidirectional,
pulsatile and oscillatory flow. Some examples of this flow are the oil flow via thin tube, the
blood’s flow via capillaries and also ascending movement of smoke in a straight line from a
stick. However, the smoke transitions into turbulent flow after rising to a certain height, as it
begins to move irregularly from its original path. [65]

Figure 3.1. Laminar flow

3.10.8 Turbulent flow

This type of flow is characterized by the irregular motion of fluid particles, resulting
in the formation of eddies that cause significant energy loss. This type of flow involves
constantly changing fluid speeds and directions and is typically observed in large-diameter
pipes with high fluid velocities. CFD analysis is a commonly used method for analyzing
turbulent flow. CFD or computational fluid dynamics, is a field of fluid mechanics that employs
algorithms and numerical analysis to solve problems related to turbulent fluid flows. Most CFD
codes are based on the Naiver-Stokes equation or simplified Reynolds-averaged Navier-Stokes
equations. The Reynolds number, a non-dimensional parameter is used to determine the type

of flow in pipe flow. [65]
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Figure 3.2. Turbulent flow
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3.11 Stream line

Stream line is an imaginary line that is drawn in to the fluid where velocity is along the
tangent. In fluid dynamics, the information of streamlines can provide valuable insights. The
curvature of a streamline is related to the pressure gradient that acts perpendicularly to the
streamline. The center of curvature of a streamline is oriented in the direction of decreasing
radial pressure. By knowing the density of the fluid, the curvature of the streamline and the

local velocity, the radial pressure gradient can be directly calculated. [65]

Figure 3.3. Stream lines

3.12 Heat source

A heat source refers to any factor that can cause an increase in temperature within a
spacecraft. These sources can originate from outside the spacecraft (external) or within the
spacecraft (internal). Examples of external heat sources include sunlight from the Sun, reflected
light from planets and moons, heating caused by friction while passing through an atmosphere
or gas clouds and released heat from planets. On the other hand, internal heat sources are often
generated by a spacecraft's propulsion or electrical systems and can also result from friction

when parts move against each other. [65]

3.13 Heat flow mechanism

The significant types of heat flow are mentioned as follows:
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3.13.1Conduction

The transfer of heat due to interaction of electrons or molecules is termed as conduction.
It is a method by which heat energy is transferred from one substance to another through
collisions between neighboring atoms or molecules. This is one of the three primary ways in
which heat can travel. Conduction is most efficient in solids and liquids, where the molecules
are closer together than in gases. A practical example of conduction can be observed while
cooking on a camp stove. The heat from the stove makes the molecules in the frying pan vibrate
faster and collide with their neighbors, thereby increasing the temperature of the pan. The
thermal energy is transferred through the rest of the pan through collisions between the
molecules. Many pots and pans come with insulated handles because some materials, such as

metals are better heat conductors than others, like air and water, which are insulators. [69]

3.13.2Convection

The transfer of heat by actual movement of molecules from hot place to cold place. It is
the transfer of heat energy by the movement of a fluid, such as air or water. It occurs when a
fluid is heated, causing it to become less dense and rise, while cooler, denser fluid sinks to take
its place. This creates a circular flow of fluid, with warm fluid rising and cool fluid sinking in
a continuous cycle. It is a natural process that occurs in many different contexts, from the
atmosphere to the oceans to the inside of our own bodies. For example, convection is
responsible for the circulation of air in a room when a heater is turned on, or for the movement
of ocean currents around the world. It is an important mechanism for transferring heat energy
from one place to another and it plays a key role in shaping our planet's climate and weather
patterns. It is also important in many industrial processes, such as cooling systems for
machinery and in cooking, where heat is transferred by the movement of hot air or liquids. [69]

3.13.3Mixed convection

The blend of free and forced convection is notified as mixed convection. It is a type of
heat transfer that occurs when both natural and also forced convection are present in a fluid

flow. In mixed convection, the fluid is driven both by the buoyancy forces resulting from
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temperature differences and by external forces, such as fans or pumps. It is often encountered
in practical engineering applications, such as in heat exchangers or electronic cooling systems.
The characteristics of mixed convection depend on the relative strengths of the buoyancy and
forced convection forces, as well as the system’s geometry and fluid’s properties. In some cases,
mixed convection can lead to more efficient heat transfer compared to purely forced or natural
convection alone. However, the complexity of mixed convection can also make it difficult to
predict and analyze, requiring sophisticated modeling techniques and experimental methods to

fully understand its behavior. [69]

3.13.4Free convection

The motion within a fluid caused due to density variations is referred to as free
convection, also known as natural convection. It is considered as a type of heat transference
that occurs in a fluid, such as liquids or can be gases, due to density differences caused by
temperature variations. It is driven solely by buoyancy forces resulting from these temperature
differences, without any external means of driving the fluid flow. In engineering applications,
free convection can be important in designing cooling systems and heat exchangers and in
predicting the performance of electronic devices or building ventilation systems. The free
convection is critical in many areas of sciences, as it plays a fundamental role in the transfer of

heat and mass in a wide range of natural and engineered systems. [69]

3.13.5Forced convection

It is a motion within a fluid caused due to external agent like pump for a liquid. It is a
type of heat transfer that happens if a fluid is forced to flow above a surface or through a channel
by an external means, such as a fan or a pump. The external force causes the fluid to move,
which enhances heat transfer by increasing the rate of fluid flow. In forced convection, the heat
transfer rate is considered proportional to the flow velocity of the fluid, which is controlled by
the external means. The quicker the fluid flows, the greater the transfer rate. Forced convection
is commonly used in many engineering applications, such as in cooling systems for electronics,
internal combustion engines and industrial processes. It is also used in heating systems, where

heated air or water is forced through ducts or pipes to warm up a space or a fluid. [69]
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3.13.6Radiation

The transfer of heat by infra-red radiation requiring no medium for their transmission is
termed to be radiation. Radiation discusses energy released by material as electromagnetic
waves or particles. There are many types of radiation, including electromagnetic radiation such
as radio waves, microwaves, infrared radiation, visible light, ultraviolet radiation, X-rays and
gamma rays, as well as particle radiation such as alpha particles, beta particles and neutrons.
Radiation is all around us and we are exposed to various forms of radiation every day. Some
radiation is naturally occurring, such as cosmic radiation from outer space and radiation from
radioactive elements in the Earth's crust. Other sources of radiation are man-made, such as
medical X-rays and nuclear power plants. While radiation can have many beneficial uses, such
as in medical diagnosis and treatment, it can also be harmful to human health. Exposure to high
levels of radiation can damage living tissues and increase the risk of cancer, radiation sickness
and other health problems. Therefore, it is important to limit our exposure to radiation and to

take appropriate safety measures when working with or around sources of radiation. [69]

3.14 Thermal conductivity

Thermal conductivity refers to the property of a material that determines its ability to
conduct heat. It describes how well a material can transfer thermal energy or heat through
conduction. It is a measure of how easily heat can flow through a substance. Materials with
high thermal conductivity allow heat to transfer quickly, while materials with low thermal
conductivity impede heat transfer. The concept of thermal conductivity of materials is crucial
in countless fields, such as engineering, building construction and thermal management. It helps
in designing efficient heat transfer systems, selecting appropriate insulation materials and
optimizing the performance of devices that involve heat transfer. The mathematical expression
for thermal conductivity is

k=2 (3.11)

T AAT!

where k is designated for thermal conductivity, Q response to heat flow per unit time, A is

associated with cross sectional area and AT symbolizes temperature difference. The SI unit

noted for thermal conductivity is 2. [69]
s3K
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3.15 Thermal diffusivity

Thermal diffusivity is a property that characterizes how quickly heat can spread or diffuse
through a material. It combines thermal conductivity, density and specific heat capacity to
describe the rate at which temperature changes occur within a substance. It quantifies the ability
of a material to conduct heat relative to its ability to store heat. Thermal diffusivity plays a
significant role in various applications, including heat transfer analysis, material
characterization and the design of thermal management systems. It helps in predicting
temperature profiles, evaluating heat conduction through different materials and optimizing
thermal performance in fields such as engineering, materials science and thermodynamics.

Mathematically,
where a, denotes thermal diffusivity, p is density and c,, represents specific heat capacity. The

Sl unit for thermal diffusivity is mTZ [67]

3.16 Dimensionless numbers

3.16.1Reynolds number

The phenomena was first investigated in the 1880°s by Osbourne Reynolds in an
experiment which has become classic in fluid mechanics. Reynold number indicates the

important correspondence of the inertial and viscus effect in a fluid motion. In mathematical

form,
o — Inertial force (313)
viscus force
ie.,
2
pv /
vl
Re L_VvL (3.14)
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where p is symbolized for density, v for mean velocity, L for characteristic length, u for

dynamic viscosity and v for kinematic viscosity.

At low Reynolds number, the viscous effect governs resulting the fluid motion to be
laminar while at enhanced number, the inertial effect directs turbulent flow. Reynolds number

establishes an important criteria of kinematic and dynamic similarity in heat transfer. [65]

3.16.2 Prandtl number

Prandtl number is the ratio of kinematic viscosity to thermal diffusivity of the fluid. In

terms of mathematical formula,

kinematic viscosity
Prandtl number = T — (3.15)
thermal diffusivity

U
C
Przlzk/p =”k—p, (3.16)
(Xf /,Dcp

where v is noted for kinematic viscosity, ay for thermal diffusivity, k for thermal conductivity

and c, for specific heat.

It can be observed that when the Prandtl number Pr is much lesser than 1, then thermal
diffusivity plays a prevailing part. Conversely, when the Prandtl number is much superior to 1,
then the momentum diffusivity takes precedence. The Prandtl number has a significant impact
on the associated thickness of boundary layers. When the Prandtl number is higher, indicating
larger values of kinematic viscosity, the momentum boundary layer is thicker compared to the
thermal boundary layer. [68]

3.16.3 Grashof number

It is named after Franz Grashof, and is a dimensionless quantity that compares the

influence of buoyancy to the effect of viscosity on a fluid within the velocity boundary layer.
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In natural convection, it plays a parallel role as Reynolds number’s role in forced convection.
Thus

bouyant force
Grashof number = ,y—, (3.17)
viscus force

_ gﬁ(Twall_Too)L3
Gr = S

(3.18)

where g is denoted to be the acceleration due to Earth’s gravity, § to be coefficient of thermal
expansion, T,,,;; to be wall temperature T, to be , bulk temperature, v to be kinematic viscosity
and L to be vertical length. [68]

3.16.4 Eckert number

It is a dimensionless number used in fluid dynamics to describe the ratio of kinetic
energy to enthalpy (flow energy) difference of a fluid. The Eckert number is often used to
characterize the behavior of compressible fluids, such as those found in supersonic flow. In
these situations, the Eckert number can be used to determine the effects of heat transfer on the

fluid flow. The formula for this number is:

2

Ec =

- ]
cpAT

(3.19)
where u is represented for velocity of considered fluid, c,, for specific heat capacity at constant
pressure, T for fluid’s temperature of the fluid

A low value of Eckert number designates that the thermal energy is better than Kinetic energy,
while a high value of Eckert number notifies that the kinetic energy is much superior to the
thermal energy. [70]

3.16.5 Skin friction coefficient

The skin friction coefficient refers to the form of friction generated when a fluid and a

solid surface are moving in relation to each other. The expression for skin friction is
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C. =
f /]
% it (3.20)

where 1, is symbolized for shear stress, p for density u for velocity. [70]
3.16.6 Nusselt number

The Nusselt number is a dimensionless quantity that quantifies the proportion of heat
transferred through convection compared to heat transferred solely through conduction.
Relationships describing convective heat transfer are commonly expressed in terms of the
Nusselt number, which depends on the Reynolds number and the Prandtl number. Therefore,

Nu; = -
L™ Conduction heat transfer

_ h(Ty—Te) _hL
T k(T,-To)/L  k

Convection heat transfer
l, (3.21)

uy,

where L is denoted to be characteristic length, k to be thermal conductivity, h to be heat transfer
coefficient. [70]
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Chapter 4

The Hybrid Nanofluid Flow via an Exponentially
Stretching Sheet in the Existence of an Uneven Heat

Sink/Source and Thermal Radiation

4.1 Introduction

In this chapter, an analysis is conducted on a laminar, two-dimensional, incompressible,
viscous and Newtonian fluid flowing over the exponentially shrinking surface. The study takes
into account the influencing effects of uneven heat generation/absorption and also the thermal
radiation. By means of seemly similarity transformations, the nonlinear ordinary differential
equations are assimilated from the principal partial differential equations. The numerical
method, bvp4c is employed using MATLAB software to solve these complicated equations.
The study scrutinizes the effects of numerous parameters on the considered flow and also heat
transfer consequences graphically. In addition to this, the fallouts for skin friction coefficient
and also Nusselt number at the wall are explored for the considered fluid. The obtained results
are matched with earlier works to verify their accuracy and they are found to be in good
agreement. This chapter provides a detailed review of the research paper Rehman et al. [80].

X
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Figure 4.1. Flow configuration model
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4.2 Mathematical formulation

An incompressible, steady, laminar and viscous liquid towards a surface which is
stretched exponentially is considered. Thermal radiation and the presence of an uneven heat
sink/source are taken into account during the flow inquiry. The Cartesian coordinate i.e., X, y
system has been appraised. The following is a description of the boundary layer flow's
prescribed velocity pattern:

V = [u(x,y),v(x,y),0]. (4.1)
The continuity, momentum and energy equations are as follows:

V.V=0, 4.2)
DV

—=V. 4.3

p Dt T+b, (4.3)

b 04, +q" 4.4

Peopp = ~diva -5 +47, (4.4)

where

q = —kgradT. (4.5)

The Cauchy stress tensor for the incompressible viscous fluid is:

T=—pl+uA,, (4.6)
in which p, V, T, q, Cpi T, q", q., k, |, and A4 is denoted to be density, velocity field, fluid’s
temperature, heat flux, specific heat at constant pressure, stress tensor, non-uniform heat
source/sink, radiation heat flux, thermal conductivity, unit tensor and first Rivilin-Erickson

tensor which is given by:

A;=L+LN 4.7)
Through
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u  ou 0 du dv 0
[695 ay ] dx 0x
L =grad V= |6v LAY and LT =(grad V)'= [0 av ]. (4.8)
l dy J dy 0y
0 O 0 0 O
Thus
92 92
[V.7]= ——+ u(2 —+—”+$), (4.9)
9%u 0%y
[V.T]y= ——+ (axz 5%0y + Zﬁ . (4.10)
Further
62
divg = —k (axz = =) (4.11)

The heat flow arising from radiation can be represented as follows using the Roseland

approximation

_ 4o 6T4
4 =—22 2 (4.12)

The Stefan-Boltzmann constant is represented through o, while the absorption coefficient is
represented by the symbol k*. Using Taylor's series, the temperature is expanded as T* around

the reference temperature T,, to give the following expression:

T* = 4T, 3T — 3T,.*. (4.13)
Differentiating Eq. (4.13) with respect to y,

oT* _ 3 a_T
oy 4T, 2y (4.14)
And
160Ts> 0T
qr = —TE (415)

The boundary layer approximations (i.e., x = O(1); u = O(1); y = O(6) and v = O(6)), and the
equations (4.6) — (4.11) and (4.15) results in the following equations.
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a + 5 =0, (416)
Ju ou Jue (P.B)hnf
uaﬁ'va—ueg_i'ﬁhnfa_yz_i_ P (T - Tw)g, (4.17)
oT  oT knng 02T 1 agq, q"
0x ay (pcp)hnf yz (,D P)hnf (pcp)hnf
The boundary conditions for the flow are
v=0 u=wu, T=T, at y=0
u-u, T->T, as y = © } (4.19)

n

The characteristics and references of g'"’ (the non uniform heat source or can also be sink) are

given in [75]

4" =" oy (T, — Ta)f + 6o(T — T, (4.20)

The values of ¢; & ¢,determine whether heat is being generated or absorbed inside a space.
When ¢; and ¢, > 0, heat is being generated and ¢; and ¢, < 0, heat is being absorbed. ¢; and

¢, are the heat source or sink in terms of space and temperature respectively.

Substituting Eq. (4.20) in Eq. (4.18),

oT T _
+v

aT aT 160Ts >\ 02T kpnfuw G1 (Tw - TOO)f, (4-21)
u ox ay (pcp)h nf (khnf + ) +

sk Joy? - 2tvp(pep) o L +6,(T — To) I

The expression includes several variables and terms that describe the behavior of a surface
under certain conditions. The term g refers to the volumetric thermal expansion coefficient.
The function u,, = vye¥*/Lrepresents the velocity of a surface that is being stretched, with
vy > 0 is exponentially assisting surface, v, = 0 is static sheet and v, < 0 is exponentially
opposing surface. The function u, = uye™*/L represents the velocity (free stream) with u, is
a source speed. The surface temperature is given by the function T,, = T., + T,e*N*/L which

depends on the ambient temperature T, a reference length L, and an initial temperature T,.

The fit transformations are

Nx Nx T-Tw
n=y /ZV e Y =2ugyrl fez,  0(n) = —",

N . (4.22)
u=ugetf'(m), v=-N / eZL[f(n)+77f ml )
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The governing Eq.(4.16) is satisfied and Egs. (4.17, 4.19, 4.21) are transformed when the
similarity variables are included, as well as when data from Tables 4.1 and 4.2 are used.

Uhnf (pﬁ)hnf
D ff”’(n) +NfFf"(m) — 2N(f' (n)) +2N+2—F—— (pﬁ)f ————16() =0, (4.23)
Pr pf
khnf
N S .V >9" +¢,0(] + NF ()6’
Pr (pcy), < k3 ) + 4= ( )hnf [61f" + 6201 + NfF(m)6' ()
128 e,

—4NO(m)f'(n) = 0. (4.24)
The refurbished boundary restrictions:

f(0) =0, f'(0) =¢, 6(0) = 1,}
f'() =1, 0 () = 0. :

is signified as Prandtl number, R = p= k°°
f

. . . ToL G
parameter, ¢ = 2 is the velocity ratio parameter, A = 257t — G
u 2 Rey?

0 Uo X

(4.25)

(u p)f
k

Here, Pr = is denoted as thermal radiation

is the assisting and

Nx 2Nx
9BfToL3e L
2

opposing parameter, Re,* = ”°1L/e " s symbolized as Reynolds number and Gr,, = »
f f

is noted as local Grashof number.

The following expression provides the skin friction coefficient and also Nusselt number:

([75], [79], [84]).

(2Re)) 2Cp, = - Ly o) (4.26)
(%)_E Nu, = — <kZ"f + §R> 6'(0). (4.27)
f
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4.3 Numerical simulation

By employing the similarity variable n and incorporating the data from Tables 4.1 and
4.2, the nonlinear ODEs Eq. (4.23) and Eq. (4.24) are obtained. Subsequently, these ODEs are
numerically solved using the bvp4c-solver, a computational tool provided by the MATLAB
software program. The boundary conditions Eq. (4.25) are also solved alongside the ODEs.
Shampine et al. [72] formed the bvp4c tool, which utilizes a 3-stage Lobatto I1la computational
method. To utilize this method, operators are obliged to supply a set of initial estimates that
encompass the precise value of the border layer thickening parameter n,, . Assuming that the
boundary conditions are met asymptotically and there are no errors in the MATLAB program,
the desired results can be obtained with the prescribed level of accuracy. Additionally, users
may need to engage in a process of trial and error to determine the appropriate initial estimates
in order to achieve the desired results. Yahaya et al. [71] & Waini et al. [73] have both published
papers that discuss the use of the bvp4c method for solving time-independent fluid flow
problems. In order to solve Egs. (4.24) and (4.25) subject to the conditions (4.26), it is necessary
to simplify the given equations.

f=yQ), f'=y2), f"=y3), f"=y®), )

Phnf (B hnf

|
y(#) = =~y (DY) + 252y (@) - 2 - 2222y (5) } (4.28)
uy of J
6 =y(5), 6'=(6), 6" =y(7),
(FECP)};nf / khnf \ 499
y(7>=Prﬁk Y(Y(©) + 4D - £k — (y<2)c1+y<s>cz>) - 429
v+§R W

and the boundary conditions are

Va(2) — €,  ya(1), va(®) -1,  y»Q2)—-1,  y,(5). (4.30)
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4.4 Result and discussion

The extensive computational calculations have been performed to generate detailed
graphical outcomes related to the problem. The system of ODEs, specifically Eq. (4.24) and
(4.25), subjected to the boundary conditions defined in Eq. (4.26), is investigated by the use of
bvp4c package available in the software MATLAB. The values of the problem parameters
including the fractional sizes of nano-molecules of Al2O3 ( ¢;) and Cu ( ¢,), as well as the well-
known Prandtl number (Pr), the opposing & assisting parameter (1), velocity ratio parameter
(¢), parameters related to the temperature ¢;, radiation parameter R and space-dependent heat
source/sinks ¢, are considered for numerical analysis. Table 4.1 and 4.2 are presented to show
the thermo-physical features of the nanoparticles and the fluids, which are needed to execute
the study. Table 4.3 to Table 4.6 show an excellent agreement of the obtained values for the
present study and the already found values in the literature. Table 4.5 contains a summary of
all the parametric values used in the study. The impacts of specific factors on f'(n) and 8(n)
are illustrated in figure 4.2-4.13. The flow profiles eventually converge to the free-stream

equations Eq. (4.24) and Eqg. (4.25) asymptotically.

The figure 4.2 displays that changing impact of volume fraction coefficient for Al,05
nanoparticles ¢, in terms of velocity profile f'(n) for the assisting and opposing flows, i.e.,
A =1,—1 and the result indicates that the velocity and momentum boundary layer thickness
increases as ¢, reduces for A = 1 and opposite trend appear for A = —1. Figure 4.3 show the
velocity sketch for different volume fraction coefficient’s ¢, values and it is obvious that f'(n)
increase on changing values of ¢, for A =1 and also for A = —1 and momentum layer
thickness upturns as ¢, increases for both cases. The impact of the radiation parameter R on
f'(m) is visible in figure 4.4 for both assisting and opposing cases. It is perceived that the f' (1)
rises with growing values of R for A = 1, indicating a rise in momentum border layer thickness.
On the contrary, for A = —1, the ' (n) decreases with growing values of R implying a reduction
in momentum border layer thickness. Figure 4.5 illustrates the impact of the velocity ratio
parameter € on f'(n) for A =1 and A = —1 flows. The observation indicates that f'(n) rises
with growing values of ¢, indicating an upsurge in momentum border layer width for 4 =1
and A = —1. Figure 4.6 exemplifies the profile of f'(n) for different values of Prandtl number
Pr. The velocity f'(n) rises with growing values of Pr for 2 = —1, but opposite inclination

appear for A = 1. Consequently, the momentum layer width rises for the value 4 = —1 and



44

declines for the value 2 = 1. Figure 4.7 depicts how the variation in values of ¢; alter the
velocity profile. It has been noted that boost in the parameter ¢; displays to grow the profile
f'(m) when A = 1, while it tends to decline the profile f'(n) when 2 = —1. This consequences
the growth and reduction in the thickness of the momentum boundary for A =1 and A = —1.
Figure 4.8 depict the variation in the value of ¢, and its impact for velocity. The boost in the
parameter ¢, results to grow the velocity f'(n) when A = 1, while it shows a decline for
velocity f'(n) when A = —1. Figure 4.9 is sketched to find impact of volume fraction
coefficient ¢, on temperature profile for both the flows. It is perceived that the 6(n) rises with
growing values of ¢; for A =1 and A = —1, indicating a rise in thermal boundary layer
thickness. Figure 4.10 demonstrates the impact of volume fraction coefficient ¢p, on velocity
profile for A = 1 and 1 = —1 flows. The profile 6(n) rises with growing values of ¢, for A =
1and A = —1, and thus the thermal boundary layer thickness also augments. Figure 4.11 shows
the temperature profile 6(n) in terms of enhancing values of R and it is noted that with the
increasing values of radiation parameter R, the temperature profile amplifies for both assisting
A =1 and opposing 1 = —1 flows. Figure 4.12 is indicated for the temperature profile 6(n)
and the profile increases with increasing values of e for both assisting A = 1 and opposing A =
—1 flows. Figure 4.13 explain the temperature profile 8(n) for different values of the Prandtl
number Pr and the temperature profile 8(n) decreases for both cases of A = —1 and 4 =1,
indicating that thickness of heat boundary layer also condenses. Figure 4.14 depicts the
variation in thermal profile for various value of ¢; and the figure clarifies that the upturn in the
parameter ¢, leads to a augmentation in profile 8(n) when A = 1 and also for A = —1. Figure
4.15 describes the variation in ¢, and the resulting temperature profile and it has been apparent
that an intensification in the parameter ¢, clues towards a surge in the profile 6(n) when 1 =1
and A = —1.

The plots shown in Figure 4.16 illustrate the impact of parameter A and ¢, on the drag
force represented by f''(0). The observations indicate that f''(0) rises as ¢, and A rise for
both assisting and opposing flows. Figure 4.17 displays the variation of € and ¢, for the drag
force, f"(0). The result reveals that £ (0) decreases as ¢, and ¢ are tended to increase for the
considered cases. Figure 4.18 is depicted for the impact of the radiation parameter R and ¢,on
the drag force factor f'(0), for assisting A = 1 and opposing A = —1 flows. It is observed that
increasing the value of size ¢, led to an increase in the skin friction coefficient f''(0) for

assisting and opposing flows. However, the effect of R was different for the two types of
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considered flows. The impact of the ¢; and ¢, on the skin friction factor is illustrated in figure
4.19 for both assisting 4 = 1 and opposing A = —1 flows and the sketch predicts that the skin
friction coefficient £ (0) is increased with the growing ¢, values regardless of whether the
flow is assisting or opposing. However, the impact of ¢; is different. In the case of an opposing
flow, £"'(0) is slightly reducing with the increasing value of ¢;, while in the case of an assisting
flow, it amplifies. Figure 4.20 elucidates the impact of temperature reliant heat generating
(sinking) coefficient ¢,, along with the parameter ¢, on the skin friction factor for assisting
note by A =1 and opposing noted by A = —1 flows. The skin friction coefficient f''(0)
increased with increasing value of ¢, and ¢, in both assisting and opposing cases. Figure 4.21
clarifies the impact of A and ¢, on the Nusselt value 8(0) and the Nusselt number sketch
decreases as ¢, increases, but it increases as A increases. Figure 4.22 spectacles the effects of
e and ¢, on Nusselt number 6'(0) and the Nusselt number decreases as ¢, increases but
increases as ¢ increases. Figure 4.23 depicts the impact of the radiation parameter R and the
parameter ¢, on Nusselt value 68'(0) has an enhancing effect for assisting (A = —1) flow.
However, it has a reducing impact for the growing value of R for both types of flows. The
impact of the space-dependent heat source coefficient ¢; and the parameter ¢, on Nusselt
number is illustrated in Figure 4.24 for both assisting A = 1 and opposing 1 = —1 flows. It is
observed that the Nusselt number lessened with aggregated values of ¢; and volume fraction
¢, for both assisting and opposing flows. Figure 4.25 explains the impact of temperature reliant
heat generating (sinking) coefficient ¢, and the parameter ¢, on the Nusselt number for
assisting (A = 1) and also opposing (1 = —1) flows. The Nusselt number shows a reduction

with increasing values of both the parameters ¢, and ¢, for assisting and opposing flows.

Table 4.1: Thermo-physical appearances of nanoparticles and water.
Waini et al. [73], Devi, & Devi [74], Polu & Reddy [75].

Thermo-physical appearances Base fluid Nanoparticles
H,0 AL, 0, Cu
p(kg/m?) 997.1 3970 8933
Cp () /kgk) 4179 765 385
k(W /mK) 0.613 40 400
B x 1075 21 0.85 1.67

Prandtl Number 6.20 - -
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Table 4.2: Thermo-physical phases of nano-fluid and hybrid nano-fluid.
Yahaya et al. [71], Waini et al.[76], Waini et al. [77].

Thermo-physical

Nano-fluid Hybrid nano-fluid
phases
Density Pnr = (1= @1)ps + P1pm Prng = (1 = @2)pns + $2Pn2
L . _ Uy _ HUnf

Dynamic viscosity — uny = A= p)2s Unnf = A= )25(1 = g5
Thermal expansion  (pB)ny = (1 — 1) (pB)f + PP nng = (1 — $2)(pB)ns +

$1(0B)n1 $2(pB)n2

. (pcp)nf = (1 - ¢1)(pcp)f + (pcp)hnf = (1 - ¢2)(pcp)nf +

Heat capacity

1 (PCp)nl b2 (pcp)nz
Thermal kng _ knit2kp—2¢:(kr—kn1) knng _ Kkna+2kng=2¢2(kns—kn2)

kf kn1+2kf+¢1(kf_kn1) knf kn2+2knf+¢2(knf_kn2)

conductivity

Table 4.3: Comparative values of f"(0) for different e when ¢p2= A =R=¢1=¢2=0,Pr=
6.2.

Values of f"(0)

€ ¢, Bachoketal. Waini et al. Rehman et al. Present Values
[78] [79] [80]
—0.5 0 2.1182 2.1182 2.1182 2.118169
0 0 1.6872 1.6872 1.6872 1.687218
0.5 0 0.9604 0.9604 0.9604 0.960416

Table 4.4: Comparative values of 6'(0) for various amounts of e when g2 =A=R=¢1=¢2 =
0,Pr=6.2.

Values of 6'(0)

€ b1 Waini et al. Rehman et al. Present Values
[79] [80]
—0.5 0 0.0588 0.05687 0.058787
0 0 2.5066 2.5066 2.506625
0.5 0 4.0816 4.0816 4.081572
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Table 4.5: Comparative values of f"' (0) & 8'(0) for different ¢oand A at Pr=6.2, A=R =
¢1=¢2=0.

Cu/water (¢, = 0)
Waini et Rehman et Present Waini et Rehman et Present
¢, A al [79] al. [80] Values al. [79] al. [80] Values
f'(0) £'(0) £'(0) 6'(0) 6'(0) 6'(0)

0 0 1.6872 1.6872 1.687218 2.5066 2.5066 2.506625
002 0 1.8630 1.8630 1.863005 2.6390 2.5246 2.638967
004 O 2.0387 2.0387 2.038680 2.71677 2.5357 2.767735
004 -1 1.6229 1.6002 1.622894 2.6330 2.4050 2.632998
0.04 —-0.5 1.8345 1.8235 1.834463 2.7031 2.4732 2.703140
004 1 2.4291 2.4291 2.429107 2.8838 2.6474 2.883847

Table 4.6: Comparative values of /' (0) & 6'(0) for different poand 1 at Pr=6.2, A=R =
¢1=62=0.

Cu — Al,05/water (¢, = 0.1)
Waini et Rehman et Present Waini et Rehman et  Present

o, A al [79] al. [80] Values  al.[79] al. [80] Values

f7(0) f1(0) f1(0) 6'(0) 6'(0) 6'(0)

0 0 2.1930 2.1930 2.192963 2.9655 2.9655 2.965516
002 0 2.3781 2.3781 2.378071 3.1050 3.1050 3.104963
004 O 2.5657 2.5657 2.565729 3.2426 3.2426 3.242618
0.04 -1 2.1500 2.1500 2.149957 3.1183 3.1183 3.118294
0.04 —-0.5 2.3607 2.3607 2.360691 3.1825 3.1825 3.182453
0.04 1 2.9613 2.9613 2.961257 3.3531 3.3531 3.353054
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Table 4.7: Parametric values involved in the present analysis.

Parametric Values References
Symbols
Pr 5.0,6.2,7.0 Wainietal. [76], Waini et al. [77]
b1 0,01 Waini et al. [79]
¢, 0,0.02,0.04 Wainietal. [79]
—81t06 Waini et al. [79]
R 0,12 Waini et al. [78]
¢1 —0.5,0,0.5 Wainietal. [79], Polu and Reddy [75] and Waini et al. [73]
¢y —0.5,0,0.5 Wainietal. [79], Polu and Reddy [75] and Waini et al. [73]
€ —0.5,0.5,1 Wainietal.[79]
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Figure 4.2. Conduct of ¢1 in terms of f'(n).
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Figure 4.20. Conduct of ¢2 and ¢ in terms of £ (0).
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Chapter 5

The Analysis of Magnetohydrodynamic Flow for a
Hybrid Nanofluid Flowing across a Stretching Surface

with Convective Boundary Conditions

5.1 Introduction

This study examines the characteristics of a steady flow for a two-dimensional, laminar,
viscous, incompressible hybrid nanofluid moving over a surface. The surface exhibits stretching
behavior described by an exponential function and the flow is influenced by various effects,
including magneto hydrodynamics (MHD), permeability and convective boundary conditions.
The assumed model is obtainable as the form of a system of partial differential equations. This
complex system of PDEs is a modified into system of ODEs via using transformations. A
numerical method is utilized for attaining major results from the study. These results are
presented graphically as velocity and temperature profiles. The impact of different parameter
are also obtained for friction drag and Nusselt number. The existing study is authenticated

through a comparison study with the published literature.

X
|
i
7.
U, B, I
—1
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0w,
1
i
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Figure 5.1 Flow configuration model
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5.2 Mathematical formulation

The investigation involves a steady flow of hybrid nanoliquid towards a sheet which is
permeable and is stretched exponentially. The flow enquiry is supported through consideration
of thermal radiation, magnetic field, heat source/sink and convective boundary conditions. A
perpendicular magnetic field associated with strength B, is assumed for the flow. The surface
stretches in the x direction with a surface velocity denoted as u,, = voe™*/t and u,(x) =
uyeN*/L characterizes free stream velocity. The surface temperature is T,, (x) = T, + Toe?NV*/E

where T,, denotes the ambient temperature and T,, corresponds to the initial temperature.

The velocity pattern of the boundary layer flow is specified as follows:

V = [u(x,y),v(x,y),0]. (5.1)
The continuity, momentum and energy equations are as follows:

V.V=0, (5.2)
pZ—Z=V.r+]xB, (5.3)
DT . aqr "r
pepp, =—divg == +q", (5.4)
With
T=—pl+uA,, q= —kgradT, (5.5)

inwhichp,V,c,, T,q,t,q", k, q, 1, A;, J and B is designated as density, as velocity field,
the specific heat (at constant pressure), as fluid’s temperature, as heat flux, as stress tensor, as
heat source/sink, as thermal conductivity, as radiation heat flux, as unit tensor and as first

Rivilin-Erickson tensor, as electric current density, as total magnetic field. Thus

A;=L+1T, (5.6)
ou Jdu ou OJv
[a o © % o5 0
L =grad V=av v 1 and L' =(grad V)'= [ou v [, (5.7)
[69( dy dy dy
0

ox @5

ou ou v ]
ov n u 2 2 OJ_ (5.8)

|

000J 0 0
|
|
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The electromagnetic force is expressed as [85]

JxB= ¢(E+VXB) XB, (5.9)
B = [0, By, 0]. (5.10)

So
J X B = —0B,?V, (5.11)

where By is denoted for applied magnetic field (in the y-direction), ¢ for electrical conductivity

and E for electric field which is neglected. Further

. 2T = 92T 5.12
divq = _k(ﬁ-l_a_yZ)' (5.12)

With the help of Roseland approximation,

_ _soort (5.13)
qr - 3k* ay’

where ¢ stands for the Stefan-Boltzman constant and k* represents the absorption coefficient

while
T* = 4T,,°T — 3T,,*. (5.14)
Differentiation of Eq. (5.14) gives
aaﬂ = 4T, 3 Z_;- (5.15)

Using Eq. (5.15) in Eq. (5.13) results in the following expression

_ _ 1607w’ T (5.16)

Qr 3k* ay

The non uniform heat source (or can be sink) is identified by [75] as

q" = e (T, = T f + 6o (T — Top)], (5.17)

ZLVf

where ¢; < 0 (space dependent) and ¢, (space dependent) > 0 respond to generation of heat
while ¢; and ¢, < 0 is associated with heat absorption.
Substituting the Egs. (5.6)—(5.12) and (5.16) in the governing equations,

ou v
=t =0 (5.18)
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i) oue (PB)hn Ohn
u—+v—;l U, 61; +thf( )+ h f(T Too)g—h—fﬁoz(u—ue), (5.19)

ox Phn Phnf
oT oT 160Teo >\ 02T Khnfuw . '
u— + v —(pcp)h - (khnf e )m + —ZLVf(PCP)hnf [61(Tyw — To)f' +
; (5.20)
T — To)] + —=L— Bo% (u — u,)?.
CZ( )] (pcp)hnf ﬁO ( e)
The boundary conditions for the flow are
v=1, U=1U,, khnfa =h(T, —T) at y= O} (5.21)
U->U, T->Ty as y—> ©

The function u,, = voe™*/Lrepresents the velocity corresponding to stretching of sheet, with
v, > 0 being exponentially assisting surface, v, < 0 being exponentially opposing surface. The
function u, = uy,e™*/L represents the free stream velocity and the surface temperature is given

as T,, = Te, + Toe?N*/L, T, is the ambient temperature, L is reference length, T, is an initial

Nx
temperature, v,, = —N fungeZS, S is the suction/injection parameter while suction

corresponds to S > 0 and injection corresponds to S < 0.

The required transformations are expressed as

Nx

Nx Nx T—To
n=y et ¥ =2l fmen, 00 = 7=,

u=ueTF ), v=-N L)+ )

(5.22)

The continuity Eq. (5.18) is satisfied via the transformations and Egs (5.19), (5.20) and (5.21)

after employing the transformations become

Hhnf (B hnf \
" " ’ 2 (B
mrar @) + NF(DF" () = 2N (f' ()" + 2N + 2~ 2.6(1)
Pf pr
s s, (5.23)
— s M) - 1) =0,

pr J
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i 1 knns é " / _ / )
Lo (24 2R) 67 () + NF (6 () — 4NOGDF ')
(pcp)f
‘Thnf khnf . (5.24)
+ 7 MEC(F (1) = 1)? + = G — ~[5f' () + 500 =
Pf (pCP)f )

The needed boundary restrictions are

! ! k .
fO=s  fO=¢ 6'(0) = —K;Bl(l —6(0)), (5.25)
() =1, 6(c0) = 0.
3
Here, Pr = (“;—”)f is denoted for Prandtl number, R = 4Z*Tk°° for thermal radiation
f f
Vo . . ngToL er — .
parameter, & = —= for velocity ratio parameter, A = S T o2 for assisting and opposing
0 0 X
Nx , 2Nx
T L
parameter, Re,” = ”"ie ~ for local Reynolds number, Gr, = W% for local Grashof
f f
up?

2
number, M = 29769 for magnetic parameter, Ec = ————
Prue (Tw_Too)(Cp)f

h
kf / vk o3 for Biot number.
f

The skin friction coefficient and thus the Nusselt number are illustrated through the

for Eckert number, Bi =

following mathematical expressions. [75], [79], [84]

(2Re,) 2Cpy = “Z;f £"(0), (5.26)

1

(%) 7 e = = (£ +2R) 0°(0). (5.27)

2

5.3 Numerical simulations

The Bvp4c technique by means of MATLAB software is adopted to find solutions for the
less difficult system of ODEs but these differential equations are in general higher order

differential equations and initially a scheme is devised to revise these higher order ODEs as a
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system of first order ODESs. This serves the purpose to initiate this numerical technique. In order
to solve the system of ODEs, the model equations are simplified as.

f=yQ), f'=y@), f"=y@3), f"=y4) )
(B hnf
g | 2V @Y =Ny (DY) = 2N =24 Py (5)
y(4) = ﬂhnf o—,mf o § (5.28)
i \ + ok M(y(2) — 1)
P J
6 =y(5), ' =y(6), 6" =y(7)
khnf
(0cb)ny I/ 4Ny(5)y(2) — Ny(1)y(6) — (pcp) - 0@ +y(5)c2)\|
y(7) = Pr (kf,i?)f y | our & | - %)
\ ~ o ) ~MEc(y(2)y(2) -2y +1) /
(pcp)f J
Along with the conditions
Ya(D) =S, .2 =€, y,(2)—1, y,(5), ya(6)+:l_£f3i(1_ya(5))- (5.30)

5.4 Result and discussion

The velocity derivative f'(n) and the temperature distribution 8(n) are affected by the
different parameters as shown in Figures 5.2-5.23. Equations (5.28) and (5.29) that reflect the
free-stream conditions and equation (5.30) that specifies the boundary condition gradually

match up with the flow patterns.

Tables 5.1 and Table 5.2 are illustrated to mention the thermo-physical required
properties for the analysis. The comparative study for the skin friction and Nusselt number
values are elaborated in Tables 5.3 to Table 5.6. The comparison executed is in decent

agreement with the exiting work.

The figures 5.2 exhibit volume fraction coefficient for Al,0; nanoparticles ¢, affecting
the velocity profile in both assisting A = 1 and opposing flows A = —1 for ¢, = 0.04, € = 0,
R=0.1,¢, =-0.5,¢,=-05Pr=62 N=05M=05,5=0.5,Ec =0.3and Bi = 1.
After ¢, increases, the velocity and hence momentum boundary layer thickness decline for both

the assisting and opposing flows. Figure 5.3 display how alterations in the volume fraction



67

coefficient for Cu nanoparticles ¢, affect velocity profiles in both assisting and opposing flows
for¢; =01,e=0,R=0.1,¢ =—0.5, ¢; =—05 Pr=62,N=05 M=0.5,5=0.5,
Ec = 0.3 and Bi = 1. The increase in ¢, is associated with increased velocity and momentum
boundary layer thickness accordingly for both the considered cases. Figure 5.4 depict the
influence of changes in the radiation parameter R on the velocity profile f'(n) for both assisting
(A=1) and opposing (4 = —1) fluid flows, assuming ¢; = 0.1, ¢, = 0.04, e =0, ¢; =
-0.5, ¢, = =05, Pr=62, N=0.6, M =0.5, S =0.5 Ec = 0.3 and Bi = 1. The results
indicate that when 2 = 1, an increase in R leads to an amplified velocity profile f'(n) and
subsequently an increased momentum layer thickness. Conversely for A = —1, the momentum
layer thickness cuts down as R increases. Figure 5.5 demonstrate the impact of the velocity ratio
parameter e on the velocity profile f'(n) for both assisting (A = 1) and opposing (1 = —1)
fluid flows. The tentative values involve ¢, = 0.1, ¢, = 0.04, R = 0.1, ¢; = 0, ¢, = —0.5,
Pr=62, N=0.5 M =0.5, S=0.5 Ec=0.3 and Bi = 1. The results indicate that an
proliferation in e leads to an rise in the velocity profile f'(n) and the thickness of the momentum
boundary layer for both A = 1 and 2 = —1. Figure 5.6 display the velocity profile f'(n) for
Prandtl numbers Pr with given values, ¢; = 0.1, ¢, = 0.04,¢e = 0,R =0.1,¢; = —0.5,¢, =
—0.5, N =0.5,M =0.5, S = 0.5, Ec = 0.3 and Bi = 1. The results indicate that when A =
—1, the growth in Pr leads to an augmentation in f’(n) and a corresponding increase in the
thickness of the momentum boundary layer. On the other hand, for A = 1, f'(n) decreases and
the momentum layer thickness also decreases as Pr increases. Figure 5.7 demonstrate the
influence of the parameter ¢, on the velocity profile f'(n), assuming ¢; = 0.1, ¢, = 0.04, € =
0.2,R=01,¢; = —0.5¢,=—-05Pr=62,N=0.5M=05,5=0.5 Ec=0.3andBi =
1. The results indicate that an increase in ¢; leads to an augmentation in f'(#) and the thickness
of the momentum layer for 1 = 1. However for A = —1, f'(n) decreases and the momentum
boundary layer thickness falls out as ¢, increases. Figure 5.8 present the impact of the magnetic
parameter M on the velocity profile f'(n) for both assisting 2 = 1 and opposing 1 = —1 fluid
flows. The experimental values encompass ¢, = 0.1, ¢, =0.04, e =0, R=0.1, ¢; =
-0.5,¢, = —0.5,Pr=6.2,N =0.3,5 = 0.5, Ec = 0.1 and Bi = 1. The upshots specify that
an escalation in M points towards an augmentation in the velocity profile f'(n) and the
thickness of the momentum layer for both A = 1 and A = —1. Figure 5.9 depict the impact of
the suction/injunction parameter S on the velocity profile f'(n) for both assisting A = 1 and
opposing A = —1 fluid flows. The experimental values consist of ¢; = 0.1, ¢, = 0.04, € = 0,
R=01, ¢ =-05, ¢, =—05, Pr=6.2, N=0.5 M =05, Ec=0.3 and Bi = 1. The
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results indicate that an increase in S leads to an enhancement in the velocity profile f'(n) and
the thickness of the momentum layer for both A =1 and also for A = —1. Figures 5.10
demonstrate the control of the Eckert number parameter Ec on the velocity profile f'(n),
assuming ¢, = 0.1, ¢, = 0.04, e =0, R = 0.1, ¢; = —-0.5, ¢;, = —0.5, Pr=6.2, N = 0.5,
M =0.5, $=0.5 and Bi = 1.The results indicate that an increase in Ec leads to an
amplification in f'(n) and the thickness of the momentum boundary layer for A = 1.
Conversely for A = —1, f'(n) decreases and the momentum boundary layer thickness decreases
as Ec increases. Figure 5.11 show the outcome of varying parameter Bi on the velocity profile
f'(n). The experimental considered values are ¢p; = 0.1, ¢, = 0.04, e =0, R =0.1, ¢; =
—0.5,¢, = —05,Pr=6.2,N =05, M =0.5,S = 0.5and Ec = 0.3. The results indicate that
for A =1, an increase in Bi leads to an augmentation in f'(n) and the thickness of the
momentum boundary layer. However for 1 = —1, f'(n) decreases and the momentum
boundary layer thickness decreases as Bi increases. An increase in volume fraction coefficient
¢, causes both opposing and aiding flows 2 = 1, —1 flows to have increased temperature
profiles, which in turn causes the thickness of the heat boundary layer to grow for both types of
flows, as shown in Figure 5.12 for ¢, = 0.04, ¢ =0, R = 0.1, ¢; = —0.5, ¢, = —0.5, Pr =
6.2, N=0.5,M =0.5 5S=0.5 Ec =0.3 and Bi = 1. Figure 5.13 examines how a rise in
volume fraction coefficient ¢, causes both opposing and aiding A = —1 and 4 = 1 flows to
have higher temperature profiles, which in turn causes the thickness of the heat boundary layer
to rise for both kinds of fluids for ¢, = 0.1,e =0,R = 0.1, ¢; = —0.5, ¢, = —0.5, Pr = 6.2,
N =05 M=0.5,5S=0.5 Ec=0.3and Bi = 1. Figure 5.14 inspects that an increase in R
causes an elevation in the temperature profile 8(n) for both assisting (A = 1) and opposing
(A = —1) fluid flows assuming ¢p; = 0.1, ¢, = 0.04,¢ = 0,¢; = —0.5,¢, = —0.5, Pr = 6.2,
N =06, M=0.5 §S=0.5 Ec=0.3 and Bi = 1. This finding aligns with the physical
observation that higher R values correspond to an increase in the thickness of the heat boundary
layer. Figure 5.15 reviews that an increase in ¢ results in a decrease in the temperature profile
6(n) forbothA =1andA = —1,with¢, = 0.1, p, = 0.04,R =0.1,¢; = 0,¢, = —0.5,Pr =
6.2, N=0.5 M =0.5S=0.5 Ec=0.3 and Bi = 1. Figure 5.16 is sketched to assess the
results for both A = 1and A = —1, and an increase in Pr results in a shrinkage in temperature
profile 8(n) and a reduction in the thickness of the heat boundary layer as well for ¢, = 0.1,
¢, =004, =0 R=01, ¢, =—05, ¢, =—0.5 Pr=6.2, N=0.5 M =0.5 S =0.5,
Ec = 0.3 and Bi = 1. Figure 5.17 explores that an increase in ¢, results in an elevation of the

temperature profile 8(n) for both A =1 and A = —1. The values consist of ¢, = 0.1, ¢, =
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0.04,e=04,R=01,¢;,=0,Pr=62,N=05 M =0.5,5§=0.5 Ec=0.3and Bi = 1.
Figure 5.18 investigates that an increase in M causes a decrease in the temperature profile 6(n)
for both A =1 and 2 = —1 involving ¢, = 0.1, ¢, = 0.04,e =0,R =0.1,¢; = —0.5, ¢, =
—0.5,Pr=62,N=05,M =0.5,5 = 0.5, Ec = 0.3and Bi = 1. Figure 5.19 illuminates that
an increase in S also causes a reduction in the temperature profile 8(n) forbothA =1and 1 =
—1, while covering ¢, = 0.1, ¢, = 0.04,¢ =0, R =0.1, ¢; = —-0.5, ¢, = —0.5, Pr = 6.2,
N =05 M=0.5 S=0.5, Ec =0.3 and Bi = 1. Figure 5.20 is plotted to confirm that an
increase in Ec results in an elevation of the temperature profile 8(n) for both A =1 and 1 =
—1, while ¢, = 0.1, ¢, = 0.04, e =0, R = 0.1, ¢; = —0.5, ¢; = —0.5, Pr = 6.2, N = 0.5,
M = 0.5, S=0.5 Ec =0.3 and Bi = 1. Figure 5.21 depicts the Bi values effect on the
temperature profile and an increase in Bi corresponds the temperature profile 6 (n) for both 1 =
1 and A = —1 in different ways. An amplified profile is depicted for assisting case while for
the opposing flow, the reverse is seen for ¢, = 0.1, ¢, = 0.04,e =0, R = 0.1, ¢; = —0.5,
¢, =—05Pr=62,N=05M=0.5,S=0.5Ec=03and Bi = 1.

The research investigates the impact of A and also ¢, on the drag force coefficient f"(0)
and the findings are presented in Figure 5.22, based on experimental values set as ¢; = 0.1,
€=01,R=0.1,¢ =-05¢,=—-05Pr=62,N=0.5M=0.1,5=0.5 Ec = 0.3 and
Bi = 1. Itis observed that the drag force f"(0) increases as both A and ¢, values increase. In
Figure 5.23, the impact of € and ¢, on the drag force coefficients f"(0) is examined. The
parametric value are ¢, = 0.1, R =0.1,¢; = —0.5,¢, = —0.5,Pr=6.2, N = 0.5, M = 0.1,
S =0.5Ec =0.3and Bi = 1. It is suggested that as the values of ¢, and € increase, the drag
force coefficients decrease for € and increase for ¢,. Figure 5.24 display the outcomes obtained
by varying the values R and ¢,. Specifically, the effects of the parameters while keeping ¢p; =
0.1,¢ =0.1,¢; = —0.5,¢, = —0.5,Pr = 6.2, N = 0.5,M = 0.5,5 = 0.5, Ec = 0.2 and Bi =
1 are seen. The results indicate that as ¢, increases, there is an observed increase in the skin
friction coefficient for both assisting and opposing flow. Figure 5.25 depict the influence of the
skin friction factor with respect to the coefficient ¢; associated with the spatially dependent heat
source or sink. This analysis considers both assisting flows 2 = 1 and opposing flows 1 = —1,
while maintaining the parameters ¢, = 0.1, e =0, R = 0.1, ¢, = —0.5, Pr=6.2, N = 0.5,
M = 0.5, S =0.5 Ec=0.3and Bi = 1. As ¢, increases the skin friction coefficient f"(0)
shows an increase for both aiding and opposing flows. Furthermore, increase in ¢; shows that
the skin friction coefficient f"(0) rise for assisting flow but the opposite trend for opposing

flow. Figures 5.26 show the results obtained by varying the values of M and ¢,. For ¢p; = 0.1,
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€e=01,R=01,¢ =-05, ¢, =—-05Pr=62,N=05,5=0.5 Ec=0.1and Bi =1,
the findings indicate that the drag force coefficient increases with increasing values of ¢, and
M for both assisting and opposing flow conditions. Figures 5.27 display the results obtained by
varying S and ¢, when¢, = 0.1, e =0, R =0.1, ¢; = -0.5, ¢, =—0.5, Pr=6.2, N =
0.5, M = 0.5, Ec = 0.3 and Bi = 1. The outcomes indicate that the drag force coefficient
increases with increasing values of ¢, and S for both flow conditions. Figures 5.28 demonstrate
the results obtained by varying the values of Ec and ¢, parameters. With the values ¢p; = 0.1,
€e=01,R=01¢ =-05¢,=—-05Pr=62 N=0.5M=0.1,S=05and Bi = 1, it
is vibrant that the drag force coefficient grows with aggregated values of ¢, for both assisting
and opposing flow conditions and with the raised values of Ec, the skin friction increase for
assisting flow and opposite trend is observed for opposing flow. Figures 5.29 sightsee the results
obtained by varying the values of Bi and ¢, parameters with ¢p; = 0.1,¢e = 0.1,R = 0.1,¢; =
-0.5,¢, =—=05,Pr=6.2,N =0.5M =0.1,S = 0.5and Bi = 1. The drag force coefficient
increases with increasing values of ¢, for both assisting and opposing flow conditions and with
the larger value of Bi the skin friction increase for assisting flow and declines for opposing
flow. Figure 5.30 discover the impact of 1 and ¢, on the Nusselt value 8'(0). The values are
setas ¢; =0.1,e =0.1,R=0.1,¢; = —-0.5,¢, =—0.5,Pr=62, N=05 M =0.1, S =
0.5, Ec = 0.3 and Bi = 1.lt is observed that the Nusselt value 6'(0) decreases with an increase
in ¢, and A is associated with the opposite phenomenon. In Figure 5.31, it is observed that the
Nusselt number decreases with an increase in ¢, and €. The suggested values are ¢; = 0.1,
R=01,¢ =-05¢,=—-05Pr=62,N=05M=0.1,S =05, Ec=0.3and Bi = 1.
Figure 5.32 demonstrate the outcomes obtained by varying the values R and ¢,, while ¢, =
0.1,e =0.1,¢; = —0.5,¢, = —0.5,Pr=6.2,N = 0.5,M = 0.5,5S = 0.5, Ec = 0.2 and Bi =
1.When ¢, and R are increased under both flow conditions, the Nusselt value 6'(0) decreases.
Figure 5.33 display the findings obtained by varying the values of ¢, and ¢, = 0.1, € = 0.1,
R=01,¢,=-05Pr=62, N=0.5 M =0.55S=0.5 Ec =0.3 and Bi = 1.The results
indicate that as ¢, increases, there is an observed decrease in the Nusselt number for both
assisting and opposing flow conditions. Figure 5.34 show the results obtained by varying the
values of M and ¢, for ¢, = 0.1, = 0.1, R = 0.1,¢; = —0.5,¢, = —0.5, Pr = 6.2, N = 0.5,
S =0.5, Ec = 0.1 and Bi = 1. The findings indicate that the Nusselt number 8’(0) decreases
with increasing values of ¢, for both assisting and opposing flow conditions and opposite result
is gained for M. Figure 5.35 spectacle the results obtained by varying the values of S and ¢,
and ¢, =0.1, e=0.1, R=0.1,¢; = —0.5, ¢, = —0.5, Pr=6.2, N = 0.5, M = 0.5, Ec =
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0.3 and Bi = 1. The Nusselt number 8'(0) decreases with increasing values of ¢, for both
assisting and opposing flow conditions. Figures 5.36 reveal the results obtained by changing
the values of Ec and ¢, for ¢, = 0.1,e =0.1,R =0.1,¢; = —0.5,¢, = —0.5,Pr=6.2, N =
0.5,M = 0.5,5 = 0.5and Bi = 1. The Nusselt number 8’(0) decreases with increasing values
of ¢, for both assisting and opposing flow conditions. Figures 5.37 present the outcomes due
to variable values of Bi and ¢,.with¢p, = 0.1,¢ = 0.1, R =0.1,¢; = —0.5,¢, = —0.5, Pr =
6.2, N=0.5, M =0.5, S=0.5 and Ec = 0.3. It is indicated that Nusselt number 6'(0)

increases with increasing values of Bi for both assisting and opposing flows.

Table 5.1: Thermo-physical physiognomies of nanoparticles and water.
Waini et al. [73], Devi and Devi [74], Polu and Reddy [75], Rehman et al. [80].

Thermo-physical characteristics  Base fluid Nanoparticles
H,0 Al, 04 Cu
p(kg/m?) 997.1 3970 8933
Cp () /kgk) 4179 765 385
k(W /mK) 0.613 40 400
B x 1075 21 0.85 1.67
o(s/m) 5.5x 1076 36.9 x 106 59.6 x 106

Prandtl Number 6.20 - -
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Table 5.2: Thermo-physical traits of nano-fluid and hybrid nano-fluid.
Yahaya et al. [71], Waini et al. [76], Waini [77], Rehman et al. [80].

Thermo-physical

Nano-fluid

Hybrid Nano-fluid

traits

Density Pnr = (1= @1)ps + P1pm Prng = (1 = @2)Pns + $2Pn2
L . Uy HUnf

Dynamic viscosity — uny = A=) Hpnp = A= 6)25(1 = ¢,)2%

Thermal expansion

Heat capacity
¢1 (.Dcp)nl

Thermal

PBIng = (1 =) (B + d1(PBn1

(pcp)nf = (1 - ¢1)(pcp)f +

kng _ knit2kp—2¢1(kr—kn1)

(pﬁ)hnf =(1- ¢2)(pﬂ)nf + &2 (0B)n2
(’Dcp)hnf =1- ¢2)(pcp)nf +

¢2 (pcp)nz

khnf _ kn> +2knf_2¢2 (knf_knz)

kf  kni+2kp+d(kp—kn1)

conductivity

Electrical Onf _

On1+205—2¢1(0f—0n1)

kng kna+2knf+¢a(knr—kn2)

Ohnf _ On2+20nf—2¢(0nf—0n2)

of On1+20f+¢1(0f—0on1)

conductivity

Onf On2+20nf+¢2(0nf—on2)

Table 5.3: Comparative values of f"(0) for different ¢p1 and € when Bi — oo, Pr = 6.2, ¢

=Ec=M=¢1=¢2=S=R=1=0.

Values of f"(0)

€ ¢, Bachoketal. Waini et al. Rehman et al. Present Values
[78] [79] [80]

—-0.5 0 2.1182 2.1182 2.1182 2.118169
0.1 2.7531 2.7531 2.753091
0.2 3.5372 3.5372 3.537175
0 0 1.6872 1.6872 1.6872 1.687218
0.1 2.1929 2.1930 2.192963
0.2 2.8174 2.8175 2.817522
0.5 0 0.9604 0.9604 0.9604 0.960416
0.1 1.2483 1.2483 1.248301
0.2 1.6039 1.6038 1.603819
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Table 5.4: Comparative values of 8'(0) for different ¢1 and € when Bi — oo, Pr = 6.2, ¢
=Ec=M=¢1=¢2=S=R=1=0.

Values of 6'(0)

€ b4 Waini et al. Rehman et al. Present Values
[79] [80]

-05 0 0.0588 0.05687 0.058787
0.1 0.4439 0.443804
0.2 0.7636 0.763593
0 0 2.5066 2.5066 2.506625
0.1 2.9655 2.965516
0.2 3.4292 3.429219
0.5 0 4.0816 4.0816 4.081573
0.1 4.6637 4.663649
0.2 5.2726 5.272613

Table 5.5: Comparative Values of /"' (0) & 8'(0) for different ¢, € and 1 at Bi — oo, Pr =
6.2, Ec=M=¢1=¢2=S=R=0.

Cu/water (¢, = 0)

Waini Rehman Present Waini Rehman Present

o, A etal.[79] etal.[80] Values etal.[79] etal.[80] Values

m

f7(0) £'(0) £7(0) 6'(0) 6'(0) 6'(0)

0 1.6872 1.6872 1.6872 2.5066 2.5066 2.5066
0.02 0 0 1.8630 1.8630 1.8630 2.6390 2.5246 2.6390
0.04 0 0 2.0387 2.0387 2.0387 2.7677 2.5357 2.7677
004 -1 0 1.6229 1.6002 1.6229 2.6330 2.4050 2.6330
004 —-05 O 1.8345 1.8235 1.8345 2.7031 2.4732 2.7031
0.04 1 0 2.4291 2.4291 2.4291 2.8838 2.6474 2.8838
004 -1 -—-05 18484 1.8484 —0.1818 —0.1818
004 -1 05 0.8452 0.8452 4.2931 4.2931
004 -1 1 —0.2616 —0.2616  5.5633 5.5633
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Table 5.6: Comparative Values of f” (0) & 8'(0) for different ¢2, € and A at Bi - oo, Pr =
6.2, Ec=M=¢1=¢2=S=R=0.

Cu/water (¢; = 0.1)

Waini Rehman  Present Waini Rehman  Present

¢, A etal.[79] etal.[80] Values etal.[79] etal.[80] Values

m

f'(0) f7(0) f7(0) 6'(0) 6'(0) 6'(0)

0 2.1930 2.1930 2.1930 2.9655 2.9655 2.9655
0.02 0 0 2.3781 2.3781 2.3781 3.1050 3.1050 3.1050
0.04 0 0 2.5657 2.5657 2.5657 3.2426 3.2426 3.2426
004 -1 0 2.1500 2.1500 2.1500 3.1183 3.1183 3.1183
004 -05 O 2.3607 2.3607 2.3607 3.1825 3.1825 3.1825
0.04 1 0 2.9613 2.9613 2.9613 3.3531 3.3531 3.3531
004 -1 -05 25678 2.5678 0.3209 0.3209
004 -1 05 1.1384 1.1384 4.9085 4.9085
004 -1 1 —0.2698 —0.2698 6.3035 6.3035




Table 5.7: Parametric values were used in the present analysis.
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Parameters Symbols Values References

Prandtl number Pr 56.2,7 Waini et al. [76], Waini et al. [77]

Volume friction ¢4 0,0.1 Waini et al. [79]

coefficient

Volume friction o, 0,0.02,0.04 Wainietal. [79]

coefficient

Assisting and opposing A —8106 Waini et al. [79]

parameter

Radiation parameter R 0,12 Waini et al. [77]

Space dependent ¢1 —0.5,0,0.5 Waini et al. [73], Reddy and Reddy

coefficient [75] and Waini et al. [79]

Temperature dependent ¢y —0.5,0,0.5 Waini et al. [73], Reddy and Reddy

coefficient [75] and Waini et al. [79]

Velocity ratio parameter € —0.5,05,1 Wainietal. [79]

Magnetic parameter M [0,0.5] Sarfraz et al. [82] and Wahid et al.
[60]

Suction/ blower S [-5,5] Wahid et al. [60]

parameter

Eckert number Ec [0.1,0.3] Ahmad et al. [83]

Biot number Bi [1,10] Alarifi et al. [81], Sarfraz et al. [82]

and Wahid

et al. [60]
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Chapter 6

Conclusion and Future work

6.1 Concluded points

The applications and utility of hybrid nanofluids is manifested in numerous fields. The
flow of a hybrid nanofluid flowing due to surface in light of magnetohydrodynamics is explored
during the study. In order to further enhance the characteristics of flow model, the factors of
uneven heat source/sink and thermal radiation are introduced. Initially, the adopted similarity
transformations modifies the momentum and energy equations into ODEs. The deliberate
solutions to the reformed ODESs have been revealed using the bvp4c. The upshots are obtainable
as graphs for f', 8 as well as for "(0) and 6'(0) using various values of the governing physical
parameters. The study points towards useful results after the complete analysis of the considered
flow. The velocity distributions is comprehended to upsurge with the elevated values of
¢, and ¢ and the reverse drift is documented for the raised values of ¢, while considering the
supposed cases of opposing and also assisting flows. The assisting as well as the opposing flows
reveal contrary trend for the boosted values of R, Prand {;. The velocity profile intensification
is recorded as M values augments for the assisting and opposing flow case. The velocity also
upturns for A = 1 and also for A = —1, as the suction parameter S shoots up. The mounted
values of Ec shows opposite trend for the considered cases. A =1 corresponds to an
enhancement whereas a decay is confirmed for A = —1.The same behavior is noted as the Bi
values are chosen to rise. The elevated values of the parameters ¢, ¢,, R and ¢, supports the
temperature distribution for assumed flow cases. The temperature declines with the rising
values of M for A = 1 and 4 = —1. The temperature profile falls as the S values boost for both
considered cases but while considering the boosted Ec values, the converse phenomena is
prominent. The improved Bi values have an association with enhanced temperature profile for

assisting and also opposing flow kinds. The drag force and also Nusselt number is affected due
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to the variation in considered flow parameters. As M values increases, the drag force factor
also surges, while the heat transfer rate reduces with both considered flows. The enlarged values
of S escalates the drag force factor, however reduces the Nusselt number during both flow
categories. The outcome of boosting Ec is dissimilar for the drag force factor in assisting flow
and in addition opposing flow, while the Nusselt number cuts down in both cases. As the Bi
values upturns, the drag force factor is augmented in assisting flow but declined in opposing
flow, the Nusselt number instead amplified in both considered flow cases.

6.2 Future work expectations

The results of employing magnetic field and also thermal radiation for a hybrid nanofluid
flowing with respect to a surface which is both permeable and stretching in an exponential trend
are displayed in the inquiry. The substantial system of equations expressing the flow model is
sought out using bvp4c tool through MATLAB software. The investigation points towards
exciting upshots, however, there is still space to extend the current analysis and sightsee

advanced results. Few of the thinkable researches are stated below.

e The heat and also mass transfer study for hybrid nanofluid moving due to curved surface.

e The radiative flow of viscoelastic hybrid nanofluid flowing over a rotating sphere by means
of Cattaneo Christov model.

e The examination of double stratification for mixed convective flow of hybrid nanofluid

moving over circular cylinder.
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