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Abstract

In this dissertation, higher order methods have been studied for finding multiple

roots of single variable non-linear equation. We have developed here third, sixth and seventh
order iterative methods for finding multiple roots of non-linear equation that may arise in mod-
eling of real world with non-linear phenomena. These multiple root finding methods are based on
the method developed by Thota and Shanmugasundaram [1] for determining simple roots. It

is observed that newly developed methods have good comparison with method of same order.

Their efficiency performance is tested on a number of relevant numerical problems.
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Chapter 1

Introduction

Nonlinear equations are essential in various scientific and engineering fields, and
their solutions often arise in practical problems. It can be difficult to find the roots of
such equations, especially when there are multiple roots involved. Traditional root-finding
methods, such as the Newton Raphson’s method [2], have been extensively employed to
solve single-root problems efficiently. However, when it comes to multiple-root problems,
these methods may exhibit slow convergence or even fail to find all the roots accurately.
To address these challenges, higher-order iterative methods have emerged as powerful tools
to tackle multiple-root problems. Higher order numerical methods are techniques used to
find the multiple roots of nonlinear equations with higher accuracy and faster convergence
rates compared to traditional methods. Higher order methods can be advantageous when
dealing functions that have multiple roots.

An iterative method is a mathematical technique used to find approximate solu-

tions to nonlinear equations. These methods are based on the idea of iteratively applying



a function to a starting value and then using the result as the new starting value in the
next iteration. The main advantage of these methods is that they can converge on the
solution much faster than traditional methods such as the bisection method or the Newton
Raphson’s method. In recent years, Newton’s method has been modified and generated for
multiple roots, and several iterative techniques have been developed for solving non-linear
equations.

In the last decades, many researchers have proposed less expensive and higher-
order multistep iterative methods for approximating multiple roots of nonlinear equations
using various approaches [3-6]. To avoid the necessity of computing derivatives, some
derivative free iterative methods [7-9] exist in the literature with smooth functions so that

derivatives can be properly approximated by finite differences.

1.1 Importance of the Study

The construction of higher order techniques for multiple roots of nonlinear equa-
tions is of significant importance in numerical analysis. It provides insights into the behavior
of the equations and helps in understanding the complex interactions of the variables. Mul-
tiple roots occur when a nonlinear equation has the same root repeated multiple times.
Efficiently finding these roots is crucial in various scientific and engineering applications.
Higher order methods, such as Newton’s method, secant method, or Brent’s method, can
converge faster to the roots, reducing the number of iterations required and improving com-
putational efficiency. Moreover, they provide better accuracy and stability when dealing

with complex functions or ill-conditioned problems.



By employing higher-order techniques, numerical analysts can handle a broader
range of nonlinear equations and solve them more reliably. These methods play a funda-
mental role in optimization, curve fitting, control systems, and various simulations that
involve solving nonlinear equations. Due to the lack of analytical methods for solving these
equations, it is only possible to get approximations of the answers by using numerical ap-
proaches based on iterative processes. The challenge of solving non-linear equations by
numerical methods has grown in relevance as a result of technological advancements in
computers. Derivative free methods are based on Steffensen’s method [10] as the first step
since multistep methods are typically based on Newton’s phases. Steffensen’s approach to
simple and multiple roots is the foundation for a number of derivative-free procedures. It

is for a family of such multiple root approaches and for simple roots.

1.2 Applications of Nonlinear Equations

A nonlinear equation is a mathematical equation that cannot be expressed in the
form of a linear combination of its variables. These equations are often more difficult to solve
than linear equations, and there different techniques to approximate their solutions. The
availability of powerful computational tools and new mathematical techniques have made
it possible to solve increasingly complex nonlinear equations, and this has led to many new
insights and advances in these fields. The solutions of nonlinear equations often have to be
approximated due to the difficulty of solving them, and the field of numerical analysis deals
with this problem.

Nonlinear equations are essential for addressing real-world situations that involve



nonlinearity and intricate relationships between variables. Many topics, including popula-
tion growth, economics, chemical reactions, celestial mechanics, nerve physiology, the begin-
ning of turbulence, heartbeat regulation, electronic circuits, cryptography, secure commu-
nications, and many others, are addressed by the theory of non-linear systems. In physics,
nonlinear equations are used to model complex phenomena such as fluid dynamics, wave
propagation, and quantum mechanics. For example, the Navier-Stokes equations, which
describe the motion of fluids, are nonlinear partial differential equations.

In engineering, nonlinear equations are used to design and analyze systems with
nonlinear behavior. This includes control systems, electrical circuits, structural analysis,
and signal processing. Nonlinear optimization techniques are also commonly used in engi-
neering to find optimal solutions to complex problems.

In economics, nonlinear equations are used to model the behavior of individuals
and markets. Economic models often involve nonlinear relationships between variables such
as supply and demand, production functions, and utility functions. Nonlinear optimization
methods are also used in economics to find optimal resource allocation and pricing strategies.

In computer science, nonlinear equations are used in fields such as computer graph-
ics, computer vision, and machine learning. Nonlinear optimization techniques are used to
train neural networks, solve pattern recognition problems, and optimize algorithms.

In mathematics, nonlinear equations play a crucial role in various branches such
as algebra, calculus, and differential equations. Nonlinear algebraic equations are used to
solve systems of equations that involve nonlinear relationships between variables. Nonlinear

differential equations are used to model a wide range of phenomena in physics, biology and



engineering.

These equations are used to model the behavior of economic systems, such as
supply and demand, and to predict the future behavior of these systems. They can also be
used to design optimal economic policies, such as tax policies and monetary policies.

Biological systems frequently involve nonlinear dynamics, such as in population
models, pharmacokinetics, and reaction kinetics in biochemical pathways.

Nonlinear equations are used in image enhancement, denoising, and edge detection,
as well as in processing various types of signals, such as audio and video.

Nonlinear optimization problems are prevalent in machine learning, control sys-
tems, and parameter estimation. Numerical techniques are employed to find optimal solu-
tions efficiently.

Quantum chemistry simulations and molecular dynamics often rely on solving
nonlinear equations to study molecular structures and properties.

Climate models involve complex nonlinear interactions between various atmospheric
and oceanic components, and numerical methods are essential to simulate and predict cli-
mate behavior.

Nonlinear control systems require solving equations to analyze the stability and
performance of robots and other automated systems.

In each of these applications, numerical methods play a crucial role in finding
solutions to nonlinear equations accurately and efficiently, making them indispensable tools

in scientific research and engineering.



1.3 Aim of the study

The research will focus on investigating the mathematical formulation of iterative
methods, computational efficiency, and convergence behavior of these advanced iterative
techniques. Additionally, practical implementation aspects, such as initialization techniques
and stopping criteria, will be carefully examined to ensure reliable and efficient root finding
in real-world scenarios. The findings of this research can have significant implications for
numerical analysts, scientists, and engineers who encounter multiple-root problems in their
work. Ultimately, the goal is to contribute to the advancement of numerical techniques
for nonlinear equation solving and pave the way for more effective and robust solutions in

various application domains.

1.4 Conceptual Framework

The main purpose of this research is to construct iterative technique that helps us
to find multiple zeros of non-linear equation. As discussed earlier in detail, it is necessary to
develop such technique in absence of analytical methods. The consequences of this concept

is as follows:

e First of all, basic concepts and definitions related to the topic presented in Chapter

2. These details will help us in understanding of next chapters.

e Chapter 3 is devoted for the literature survey. This chapter comprises two sections

which will provide detail study about single step and multistep methods.

e Chapter 4 covered review work about construction and convergence of single step



and multistep methods for finding multiple roots of non-linear equations.

e Chapter 5 is composed by modified one step and multi step iterative techniques
developed for finding multiple roots of non-linear equations through its convergence
analysis. Comparison of numerical solutions shows that newly modified methods are

comparable with the methods existing in literature.

e At the end, Concluding remarks and future directions are given in Chapter 6 which

helps us to carried out this research in further.



Chapter 2

Basic Concepts and Definitions

This chapter covered all introductory material that is necessary to understand the
modification of methods that will be presented in next chapters. This chapter comprises
three sections. In section 2.1, basic definitions of nonlinear equation, root and types of
roots, in particular multiple roots are given. Since, we are considering here numerical
method which provide us approximate solutions. In section 2.2, the detailed study about
iterative methods, its convergence order is provided. Thus, there is great importance of
understanding about errors which will be discussed in section 2.3.

Here, we present some basic definitions and concepts [2,11] which we will use

throughout the dissertation.



2.1 Basic Definitions

Nonlinear equation are those equations whose graphs are not straight lines. An

equation in single variable 7 in the form of

h(r) =0 (2.1)

where h(7) is nonlinear function called nonlinear equation. These equations can be catego-
rized as algebraic equations and transcended equations, where h(7) is a nonlinear algebraic

equations or transcendental function.

Algebraic Equation

An algebraic expression in mathematics is an expression which is made up of

variables and constants, along with algebraic operations (addition, subtraction, etc.).
AT + a1+ ay o2 4 . + a7+ a, =0; a, #0.

The equation (2.1) is called an algebraic equation if it is purely a polynomial in

2 07

7. eg.,

4577 =67 +3=0

is polynomial of degree three.

Transcendental Equation

The equation (2.1) is called an transcendental equation if it contains Trigonometric,

Inverse trigonometric, Exponential, Hyperbolic or Logarithmic functions. e.g.

e ar?+log (T —3)+eTsinT =0
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e 3r—cosT—1=0

As we have discussed in chapter no.1, that nonlinear equations has many appli-
cation in real life. But at the same time, it is known that no analytical and algebraic
formula/method does not exist to solve such a huge number of problem that we may face
in our practical life.

In this situation study of numerical analysis helps us to solve these problems
by providing approximate methods which work iteratively. In the problem of finding the
solution of an equation, an iteration method uses as initial guess to generate successive

approximation to the solution.

Root of an Equation

Consider h (7) = 0 is a nonlinear equation. When a real number 7 = t solves the
equation. It is referred as the root. For example 72 — 9 = 0 is an equation having root 3

and —3.

Distinct Root

Distinct roots refer to the individual and separate values that satisfy a given equa-
tion. In the context of polynomial equations, distinct roots mean that there are no repeated
or duplicated solutions.

In a quadratic equation of the form az?+bz+c = 0, the discriminant, A = b>—4ac,
determines the nature of the roots. If the discriminant is positive (A > 0), the equation has

two distinct real roots. If the discriminant is zero (A = 0), the equation has two equal real
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roots. And if the discriminant is negative (A < 0), the equation has two distinct complex
roots.

Similarly, in higher-degree polynomial equations, distinct roots mean that no two
roots have the same value. For example, a cubic equation may have three distinct real roots
or one real root with two complex roots.

When discussing distinct roots, it is important to note that even if the roots have
different numerical values, they may still have some algebraic relationships or symmetries

depending on the equation’s coefficients and structure.

Multiple Root

A multiple root also known as a multiple point or repeated root, is a root, with
multiplicity of m > 2, of (1) = 0. The given nonlinear equation (2.1) which has multiple

root t with known multiplicity m may be expressed as follows:

h(r)=(r-9"g(7)

As an illustration, 1 is a multiple (double) root of nonlinear equation (7 — 1)2 = 0.

In the polynomial (7 —1)(7 — 1)(7+2) , the factor (7 — 1) appears twice, the root
is multiple and one root is distinct at 7 = 5. It is also known as the double root because it
only happens twice. Just at the root, the graph of polynomials with a double root touches
along the T-axis before turning.

The shape of a polynomial’s graph depends on how many roots there are. Specif-
ically, the graph will cross along the 7-axis at the root if the multiplicity of a polynomial’s

roots is odd. When a polynomial’s root has an even multiplicity, the graph touches along
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the 7-axis there but is not extended beyond it. The graph flattens down more and more at

the root as the root’s multiplicity rises close to this root because it is not a simple root.

2.2 Iterative Method

An iterative method is a mathematical technique used in computational mathe-
matics to produce a series of improved approximations to a class of problems, where the
nt" approximation is generated from the preceding ones. The term "Iterative Method’ refers
to a wide range of techniques that use successive approximations to obtain more accurate
solutions to a linear system at each step. A mathematical approach to problem-solving
known as the iterative method produces a series of approximations. This approach can be
used to solve problems with a high number of variables that are both linear and nonlinear.
The approach of solving any issues of nonlinear system with consecutive approximations
at each step is referred to as iterative or iteration. Iterative methods are divided into two

categories: single step iterative methods and multistep iterative methods.

Single Step Method

In single step method, the solution is obtained using the solution at only one

previous point.

Multi Step Method

In multistep methods, the solution at any point “7 is obtained using the solution

at a number of previous points.
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A quadratically convergent method for finding simple and multiple roots of a
nonlinear equation is the Newton Raphson’s method (2.2). This method is based on the
idea of finding the root of a function by linearizing the function around a starting point then
finding the intersection of the linear approximation and the 7-axis. The Newton Raphson’s
method can converge to the root much faster than the bisection method, but it requires
that the function and its derivative to be known. Additionally, if the initial guess is not
close enough to the root, the method may not converge. Iterative algorithms at their core
operate on an approximation of the answer repeatedly until it converges to its exact value,
that is until it produces the desired result. This "convergence" happens when subsequent
approximations get closer and closer until they eventually reach the same value or values
very close to it, indicating that the solution to your problem has been discovered.

One of the most popular third order iterative technique is an extension of the
fixed-point iteration method, which is used to accelerate the convergence of fixed-point
iteration method [2]. The method can be used to find the root of a nonlinear equation
by using the function value at the current iteration and the function value at the previous
iteration to estimate the error. This third order iterative technique is known as Steffensen’s

method [10].

Taylor Series

Taylor series [2] can be used to approximate the behavior of physical systems in
the vicinity of a particular point. This can be useful in the design of control systems, where
it is important to know how a system will respond to small changes in input. In addition

Taylor series are also used in optimization problems, such as image processing and machine
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learning. Taylor series can be used to approximate the behavior of a function near a given
point, which can be useful for finding the best solutions to these problems. It is important
to note that the Taylor series only provides an approximation of the function, it is only valid
in a neighborhood of the expansion point, the Taylor series will converge to the function as
the number of terms increases.

In conclusion, Taylor series is a powerful tool in mathematics that allows for the
approximation of nonlinear functions in a neighborhood of a point. It is widely used in the
field of numerical analysis, physics and engineering, optimization problems and many more.
Taylor series can be used to approximate the behavior of physical systems, find approximate
solutions to nonlinear equations and optimize the performance of control systems. It is an
important to note that Taylor series only provides an approximation of the function and
it is only valid in a neighborhood of the expansion point. Given § (7), smooth function,

Expand it at point 7 = t then

k=0

” 9

This is called Taylor’s series of h at 't .

2.3 Study of Errors

Error is the difference between a true value and an approximate value in practical
Mathematics.
The concerns surrounding error correction and feedback, such as the causes of

errors, strategies for lowering error rates, and efficient techniques for providing feedback,
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are critical components of scientific research. These significant difficulties have been taken
into account by researchers throughout the previous few decades.

It can be seen that numerical approximate solution to mathematical problems
generally contains error. The study of an error is an important part of this coarse because
they help us to know how accurate are the numerical results. In numerical computation,
there are three basic types of errors. Mathematically error in the numerical computation
is the absolute difference between the actual solution of the problem and the approximate
solution.

en=Tn—t

where e =absolute error, T =approximate solution, t = exact solution.

Types of Error

There are three types of errors.
i. Inherent error
ii. Truncation error

iii. Round off error

i. Inherent Error

When the mathematical model equation is developed. These are the mistakes that
are present in the problem statement. The numerical analyst may be presented a problem
that already contains certain data. Inherent errors are mistakes that are present just by

reading the problem description.
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Let 1/3 and 7 be two exact numbers and their approximate numbers are 7 = 0.3333
and y = 3.1416. The algebraic operation can be performed in between these two approximate

numbers, according to this the error will introduce in the final result.

ii. Truncation Error

These errors are the result of trying to solve the problem via an estimate rather
than the exact one, finite number of values can be taken for the term 7, the error get
introduced for not considering the remaining terms.

This error usually occurs when the mathematical functions be like

2 7_3 L

-
T=1 —+ =+ ... — .
e +7‘—|—2!+3!+ +n+ 00

whose infinite series expansion exist, are used in calculations for calculating the
value of the function.
It . r g2 B B*
we want a number that approximate e” = 1+ 8+ 55 + 5 + ... +.7r t+ E,

k41
where F = % + ... is the truncation error introduced in the calculation.

iii. Round-off Error

The numbers that involved infinite number of digits in the decimal expressions is
used in the calculations. The round-off error is the discrepancy between a number’s approx-
imate value and its exact (right) value when it is employed in a calculation. The discrepancy
between the true value of an irrational number and the value of rational expressions. For

example, the rational numbers like 1/3,22/7,8/9 etc is round-off error in numerical analysis.
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Errors Measurement

There are following ways to measure errors
i. Absolute Error
ii. Relative Error

iii. Percentage Error

i. Absolute Error

The difference between the actual value t and the approximate value 7 is known
as absolute error At.

At = |t —T]

ii. Relative Error

The ratio of absolute error and relative error of the measurement. where, At is
absolute error and t is the actual error. The relative error is represented by 0t and is called
_ 1Ay

the relative error in dt BT

iii. Percentage Error

It is the difference between estimated value and the actual value of and in com-

parison of actual value and can be expressed in the form of percentage

St% = HMT' % 100

The percentage error in t is 100 times its relative error and can also be written as

percentage error in t = §t x 100%.
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Local Error

This is the error after " step. where i =0,1,..n — 1
€ =T — t

The Local error is the error introduced during one operation of the iterative process.

Global Error

The error at n'* step e, = 7, — t is called global error which is the accumulation

error over many iterations.

Accuracy

Accuracy means how close are our approximations from exact value.

Order of Convergence

Let {76, T1,...,Tn, ...} be a sequence of iterates converging to t and e, = 7, — t be
the n'” iterate error. If there exists a real numbers p € RT — {0} such as the following error

equation holds [4]

ent1 = (el + O (ebth)

then p is called order of convergence, where ¢ or || is called the asymtotic error constant.
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Asymptotic Error

Let h(7) be a real function with a simple root "t" and let {7} be the sequence of

real numbers that converge towards t. The order of convergence p is given by [9]

lim 7Tn+1_t =(#0

n—oo (Tn — t)p

where ( is the asymptotic error constant and p € RT — {0}.

Efficiency Index

Let k£ be the number of functional evaluations used to proceed an iterative method.
The efficiency of the iterative method is measured by the concept of efficiency index and it

is defined as [9]

S

E=p

where p is the order of convergence of the iterative method.

Error Equation

Let t be a solution of an equation b (7) = 0, 7, and 7441 be any two subsequent
numerical iteration that are close to the root t, e, and e,4; be their coincidence errors, i.e.

en = Tn — t be the n'" step error. The error equation [11] usually given as:
eny1 = Cel + O (ebth)

This given equation describe that the numerical algorithm has order of convergence p. A
sequence {7,} is linearly convergent if p = 1, quadratic order if p = 2 and is order of
convergence p if

Ent1 N 6%
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Stopping Criteria of Numerical Method

The stopping criteria of a numerical method are conditions that determine when
to halt the computation and consider the solution to be sufficiently accurate. These criteria
depend on the specific method used and the problem being solved.

Here are some commonly used stopping criteria:

1. Convergence of the solution: Many numerical methods aim to converge to an
exact solution or to a solution within a specified tolerance. The stopping criteria may
be based on a predetermined tolerance level, where the computation is stopped once the
solution is within the desired tolerance.

2. Maximum number of iterations: Some numerical methods involve iterative
processes that repeat until a solution is found. In such cases, a maximum number of
iterations may be defined as a stopping criterion. If the solution has not converged within
the specified number of iterations, the computation is terminated.

3. Residual error: The residual error is a measure of how much the computed
solution deviates from satisfying the governing equations. A stopping criterion based on
the residual error can be used, where the computation is halted once the residual falls below

a specified threshold i.e.,

Ih(a)| <e

4. Change in the solution: Another stopping criterion is based on monitoring the
change in the solution between consecutive iterations. The computation can be stopped if

the change in the solution falls below a certain threshold, indicating that the solution is not
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significantly changing anymore.,

Tn — 7—n—1| <e

5. Physical bounds: In some numerical methods, the solution variables may have
physical constraints or bounds. A stopping criterion can be based on checking if the com-
puted solution violates any of these bounds. If a violation occurs, the computation can be
halted.

It is important to choose appropriate stopping criteria that balance accuracy and
computational efficiency. The criteria should be tailored to the specific problem being solved

and take into account any constraints or requirements of the problem.

Computational Order of Convergence

The sequence {74}, is defined as the computational order of convergence and is

defined by [34]

_ Infeny1/en

" Inlen/en-1|’

where 7,_1, T, and 7,41 are three iterations near the exact root t and e, = 7 — t.

Iterative Methods for Nonlinear Equations

The root-finding process the Newton’s method in numerical analysis, which pro-
duces progressively improved approximations to the numerous roots of a nonlinear equation,
is given by

Tt = @ (Tn)
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An example of iterative method for finding roots of nonlinear equation (2.1), is Newton

Raphson’s method that is given as

b (Tn)
b (1)

(2.2)

Tat1 = Tn —

Using consecutive approximations, Newtons’s method is a method for resolving equations of
the form (2.1). The goal is to choose an initial guess 7, that is relatively close to zero of h(7)
can be acheived by using famous theorem of real analysis "Root location Theorem" [12].
Then, at a new and better prediction of 71, we determine the equation of the line tangent

toy=h(r)at 7 =7,.
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Chapter 3

Literature Study

As we are focusing on iterative methods for finding multiple roots of nonlinear
equation (2.1). Thus we shall study literature accordingly. A large number of different
iterative methods for finding multiple roots of nonlinear equations [4,5,8,9, 18,19, 22,23,
27,30,31] exist in the literature either finding the roots one at a time. Most of them yields
accurate results only for small degree or can treat only special polynomials, e.g. polynomials

with real or complex roots.

3.1 Single Step Iterative Methods

Single Step Newton’s Method

e In existing literature, there are different methods for computing a multiple zero of a
nonlinear equation (2.1) the most very well known of these methods called the classical

Newton’s method. The well -known Newton’s method for finding multiple roots [2] is
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given by

Tatl :Tn—m:/((:I;)),n:O,l,Q... (3.1)

that under certain conditions have quadratic convergence.

Single Step steffensen’s Method

e The Newton’s method has been modified in a number of ways to avoid the use of deriv-
atives without affecting the order of convergence. Used (3.1) replace the derivative

with forward approximation

b (Ta+bH(ma) —b(a)

s0, (3.1) becomes

Tl = Ty — h(Tn)2
" " b (Tu+b(ma)) = b (7a)

(3.2)

is known as Steffensen’s method [10]. This method has quadratic convergence instead

of derivative free and used two functional evaluations per step.

Newton Type Method

e In 2009, Homeier H.H.H. [3] obtained a Newton Type Method. It is well known
method of multiple zeros t of nonlinear equation of the form (2.1) which has locally
cubic convergence which is modification of Newton’s method (3.1). The modified

linear function is as follows:

b B (7 rars)
e R T

(3.3)

Qupe(r)=7—c

Following theorem shows that the method given in (3.3) has convergence order three

with the given values of parameters a,b and c.
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Theorem: Let h: 7 — (7 —t)"exp (g (7)) be a real or complex function of a single
real or complex variable 7 with multiple zero t, of order m that is sufficiently smooth

such that for

a # 0,—m,
1 a\m a?
b= b(a)_a(l m) a+m
m
and ¢ = c(a):g(QQ—a—m)

the iteration function (3.3) is three times continuously differentiable in some neigh-

borhood of the zero x, such that for ‘CI)”’ (7’)‘ < M for some constant M in that

a,b,c

neighborhood. Then, the iterative scheme 7,11 = @, p(q),c(a) (Tn) converges cubically
to t in a neighborhood of t and for the errors e, = 7,, — t, we have

_ 1(m+a)?g”(0) + (A2 — 2A — 3m) (¢ (0))®
Ty mZ (A + m)

es +0 (ei).

e In 2012, Janak Raj Sharma and Rajni Sharma. [13] considered the Chebyshev-Halley

type method [14]

L (Tn) :| b (Tn) a €R, (3.4)

Tot1 = Tn ™ [1+ 1—aL(7n> []/(Tn),

where, L (1) = %T:()Z") This method is of third order of convergence for simple

roots and satisfies the following error equation

ent1 = [(2 —aA - Ag)] e34+0 (ei) , where A, = 1

Sharma and sharma using (3.4) generated new iterative method using (3.4) as

follows:

¢(r) =1~ [5 +1 jLa(LTE;n)] b (7n)
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Following values of parameters are obtained through errror analysis method by setting

the coefficients of different powers of e,, as zero.

2m
“F aor
g = 5 (am—1? —2m(m-3)),
7= platm—1)-2m)?,

and the author obtained the error equation as follows:

am+1)2—2m(m+3) ., Ao
om2(a(m—1)—2m) ' m

Entl = es 4+ 0 (eﬁ) ,

Then the modified method for finding multiple roots of nonlinear equation will be as

follow:

B 2 (Qm - 1)2L (Tn)2 h(Tn)
e [1 TEO G ) o (2 4m+1>L(Tn>] |

Derivative Free Iterative Method for Finding Multiple Roots

e In 2008, Parida and Gupta [15], proposed a new transformation of iterative method
for finding multiple roots of nonlinear equations of the form (2.1). The proposed
method is based only function values as well as derivative free which overcomes the
difficulties of finding derivative of nonlinear functions is given as which is continuous
differentiable for an equation h(7) = 0, on a given interval (a,b) for any 7 € (a,b).

Parida and Gupta [15] presented a transformation of nonlinear function as follows:

(7)? -
FE e 1) A0

G(1) = (3.5)

0, if h (1) =0
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where § = sign{h (r + b (7)) — b (7)}h (1)?, which reduces the multiple zero t of b ()
to simple zero of G (7). Then a quadratically convergent modified Steffensen’s method
is used which is as follows:

G (Tn)2
aG (12)2 + G (Th + G (1)) — G (1)’

Tn+l = Tn — n = 0,

where the parameter o should be chosen such that the denominator is non-zero. To
overcome the problem of existing transformation mentioned above, Beong In Yun [7]

proposed a new transformation of b (7) for e > 0 in 2009, as follows:

eh (1)*
b(r+eh(r)—h(r)

H. (1) =
which also reduces the multiple zero to simple zero.

In 2022, Himani Arora et al. [8] presented a single step derivative free iterative method

of optimal second order family of Steffensen’s method (3.2) for m > 2, as follows:
T+l =Tn —mH (s,), n=0,1,2,.., (3.6)

where s,, = b[hu(:jvbf)n} sy = Tn+ab (Tn),0p = Tp—ab (1) ,a € Rya # 0, As H (s) is

h(7)

ok In following theorem Himani Arora illustrates

that the scheme (3.6) attains its maximum second order of convergence for all a € R, o # 0.

Theorem: Let us assume 7=t (say) as multiple zero of multiplicity m > 2 of the

analytical function 7 : k C C — C, being k a neighborhood of t. Then above scheme has

the second order of convergence, when H (0) = 0, H' (0) = 1,|H"” (0)| < oo and satisfies the

error equation as given by

1 H"(0) » 3
i1 = [ =A — — .
€n+1 (m 1 om > €n + O (en)
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3.2 Multistep Iterative Methods

In this section, multi step iterative methods for finding multiple roots of nonlinear
equations will be studied. A multi step method finds solution of a nonlinear equation using

solution at a number of previous points.

e In 2011, Li et al. [16] proposed a fifth order iterative method for finding multiple roots

of nonlinear equation h (7) = 0 by using following transformation from [17]

by i BT #0

f(r) = (3.7)
0 if h(r)=0
given as
Yn = Tn ff/((:.:))a
S (o} &9
Tn4+1l = Zn — ff/((z:));
where
f ) e Lo T 2 1) (39
and
f' (zn) = £ [To,yn] + f [20,70, Tn] (20 — W) » (3.10)

Rahma Qudsi et al. modified method (3.8) by using transformation (3.7) of given
nonlinear function and approximations of derivatives as central difference instead of

forward differences as given below:

b (1a) = — , (3.11)
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The modified method for finding multiple roots of nonlinear equation using (3.7) and

(3.11) is presented by Rahma Qudsi [9] as follows:
_ _ 2f2 (Tn)
L Y [ ()

_ _ 2f(7a)f(yn)
0= Y T S (e )) (e (7))

f(zn)D
Tn4l = ”n — (E') s

(3.12)
where, C =2 (zn = 7a)” f () (F (20) = f (yn)) + 22§ (70) ( (20) = § (7))

— (20 = 70) F (70 + §(T0) = F (70 — F (7)) (20 — yn)2 )

| D =2(0 — ) (20— 70)? f (Tn)

The error equation given below shows that the method [9] has order of convergence

six i.e.,
eni1 = %Ai‘ (A2 + (A = 2A2) m + (2A% —4A2) m®) €8 + O (ef) .

e In 2015, Hueso José L et al. [18] proposed another multistep iterative method for new

families of nonlinear equations of the form (2.1) as follows:

—b h,(Tn) ,
o'(Ta) (3.13)

Tn+l = Tn — (51 + s2b (yn, Tn) + s3b (Tm yn) + s4b (yna Tn)2> f;)/((::))a

where b (74, yn) = ;,((Z‘L)) ,and b, 51,52, 53,54 € R. They proved the following error equa-

tion satisfy the two step iterative method (3.13).

1
= ——(128m + 288m? + 352m? + 368m* + 312m° + 178m°
ent1 3m5(2+m)5( m + 288m” + 352m*° + 368m” + 312m° + 178m

+62m7 + 12m® + m? — 19254)A% — 3m* (2 + m)° A1 Ay

+3m8 (2 + m)® Azel + O(ed).
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This error equation shows that the method (3.13) has optimal order of convergence,

i.e four.

In 2009, Shengguo Li et al., [6] consider following iteration function for investigating

the multiple roots of nonlinear equation,

Yn = Tn — eun
(3.14)
_ BY’ (1) +7b’ (yn)
Totl = Tn = Gl 5350 Ta) U

(ra)

where u, =

=
—~
5
3
3
~

The method (4.24) works as an iterative method for finding simple zero, if the values

of parameters used as follows:

0 = %, 8 = —%, v = —% and 6 = —3. which is the jarratt fourth order method.
Shengguo found another set of values of parameters 6, 3, and § which enables (4.24)

to find multiple roots of nonlinear equations as follows:

2m m \ " m? Im(m—2)
L S (L =™ nd oy = M= 2)
’ <m+2> 518 2 ana vy 92 ( m )m

m—+42

Thus the modified multistep iterative method having fourth convergence order given

as:

2m
Yn = Tn = (myz)Uns

dm(m=2)(525) " ()= % (70)
b/(Tn)*(mLH)imhl(yn) v

The error equation of method (4.24) is given by author as follows:

(3.15)

Ta+l = Tn —

ens1 = Kqet +0 (ed) .

m3+2m2+2m—2A3_ A Ao " mAs
3m4 (m + 1) ' mm+1)%(m+2) (m4+1)(m+3)(m+2)°
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Shengguo’s method is considered to be more efficient than Newton’s method because
it requires fewer function evaluations per iteration. While Newton’s method requires
one functional evaluation and two first-order derivatives per iteration, Shengguo’s
method only requires two first-order derivatives and one functional evaluation per
iteration. The efficiency index of an iterative method is given by p'/*, where p is the
order of convergence and w is the number of function evaluations per iteration. In
this case, Shengguo’s method has an efficiency index of /4 which is approximately
1.578, while Newton’s method has an efficiency index of v/2 which is approximately
1.414. Therefore, Shengguo’s method is considered to be more efficient than Newton’s

method in terms of the efficiency index.

e In 2018, Fiza Zafar et al. [19] presented the following root finding using weight func-

tions H, P, G and L :

;

Yn = Tn — m‘é)/((q;l))a m > 0,

H(Tn)

"(Tn)?

Zn = Yn — MunH (uy)

B=2

Tatl = 2Zg — Ug P (un) G (vn) L (wy) D700

where the weightfunctions P,G and L, H : C — C are analytical functions in a

1 1 1
neighborhood of 0 with u, = (gg:;)m ,and v, = <Zgz:§>mand Wy = (,?Ei:%)m .

Eighth order of convergence is obtained and it satisfies the error equation as given
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below
ent1 = =mPA1 (A3 (m — Hy +9) — 2mAy) [(14m® — G3L,P, (Hz — 9)°
—m? (G3L,P, + 12Hy — 144) + 2m(161 — 48Hy + 3H2 + 4H3 — 9G3L,P,
+G3H3LoP,)) A} — (4m12m? + G3 (Hy — 9) L,P, — m (=72 + 6 Hy + G3L,P,))A2 A5
+4m? (6m — G3LoP,) A3 + 24m3A 1 Aglel 4+ O () .

(m+n)
where A, = (m%'n),th)(t(;), n=12,3...and e, =1, — L.

e In 2011, Xiaojian Zhou et al. [20] proposed two step higher order iterative method

_ _ h/(yn) h(T")
T+l = To = Q (h'(n)> b ()

As « is the parameter and the function Q (.) € C? (R). Let D) — 4 + v, where

b’ (7x)
w = p™ ! where p = 1 — < and v = ;’,((TT:)) — u has same order of e,. The error
equation can be written as
h/(yn)> h(7n)
e = ey — ,
e i) e
_ Q(u) 1 (ma+ 7 —2m)au™) , 2
eny1 = (1 i @Q(u) - 2 (1) Q' (u) | Aves

+ (p1A1 + p2As) € + O(ep).
The order of convergence is four and efficiency index is 43 = 1.587.
e In 2015, Munish kansal et al. [21] considered the following iterative schemes

Tn+1l = Tn — mr?/((q;z))a

1) 2G)

Tn+l = Tn — (m - 07 (7n)’
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To present the modified iterative method. By taking arithmetic mean of above ex-

pressions, we get

S SN TGO PN TG
Tntl = Tn = 5 (mh, () + (m 1)mb, (m)) , (3.16)

The modified technique has quadratic convergence and satisfies the next error equation

Aqe?
€pi1 = m1_€nl +O(ef’l).

The author also supposed a quadratically convergent technique

b’ (1)
b” (Tn)’

Tpy1 = Tn — (m—1)

and well-known schroder method for multiple roots

Tn+l = Tn —

Again taking arithmetic mean of above both equations,

=7, — 1 _ h(Tﬂ) h (Tn
Tn+l1 = Tn 9 <(m 1) b’(Tn) + []/2 (Tn) _

T |~

which satisfied the next error equation

_ Asep, 3
En+1 = m + O (en) .

The author also proposed a family to construct a multipoint methods of third order

method free from second order derivative,

— 1 b(7n) 2m(m—1)h(7s)
Tntl =Tn =3 (mh’(Tn) + (m+2)(b’(7n)*h/(yn))> ’
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and satisfies the error equation given below

e 1:1 1+ 21+ m)m
T e ) e )

In order to improve the order of convergence, Munish put free disposable parameters

en+ O (eﬁ).

a1 and as and obtain,

Tndl = Tn —

1/ ab(ra) Bm (m —1)b (1)
2 (m 0(ra) | (m+2) (0 (r) — Y (ym) !

By solving through Mathematica 9, It is cubically convergent and satisfied the error

equation
m
2 (—1 + (L> ) A?
Zm el +0 (64)

AT e e (AT O
e A CON)

g = —(aw) " Em(ets)" (14 (55)")
4(—14m)

for

2

The author also discussed frequently used iterative methods for solving single variable

non-linear equations.

_ 2m_ b(Tn)
Yn = Tn — mi-ianh’(Tn)’

_ 1 | aimh(rn) 2aam(m—1)h(7n) b’ (yn)
Tutl = Tu = 3 [ W) T (m+22)(b’7nfh’(yn))] Q (b/(m) :

Theorem: Let h : D C R — R be a sufficiently smooth function defined on an open

(3.18)

interval D, enclosing a multiple zero of § (7), say 7 = t with multiplicitym > 1. Then

the family of iterative method defined by (3.18) has fourth order convergence when

(

Q" (n)] < o0



m

m—1
m) . The error equation given next is obtained,

when p = (

. (plc‘i’ —pzcs)
3m (2 4+ m)? (2p™ + m (=1 + p™))

€nt1

where, p = 5

p1= (24 m)*(128Q" (1) p°™ — 4m® (=3 4 p™) + 128Q" (1) mp*™

2eﬁ + 0 (eg) ,

(=1+p™)

0 (=1 4 p™)% 4 32Q" (1) m2p™ (—1 + p™)? + 8mOp™ (—6 + 5p™)

+8m™ (=1 +p™ + p*™) + m? (2 - 8p™ + 6p*™) + 2m® (1 — 6p™ + 7p*™)).

2
p2 = 3m® (2 +m)? (Qp‘“ +m (—1 +pm>) creg + 3m10 (2p™ + m (—1 4 p™))2.

By using weight function order of convergence will reach the optimal order four.
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In 2020, Francisco I Chicharro et al. [22] introduced an iterative scheme of multiple

roots has three order of convergence for triparametric family

) (Tn)
b (1)

Tl = Tn — H (ap)

where weight function and its variable are given by

by
H(ap) = H(ap; ,b3) = —
(a ) (Oé bl,bg bg) b1m+ 1 —bgOzn
"
a, = h(mn)b (27'71),
b (7n)

Francisco has obtained the following error equation

<—m(m—|—3)+(m+1)2b3>A%+2m(m—(m—l)bg)Ag

Cntl = 2m? (—m + (m — 1) bg)

m!h(m +n) (f)

where A, = CEmsOInE

iteration.

ei +0 (efl) ,

n =1,2,..., and e, = 7, — t denotes the error in each
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e In 2013, Ranjider Thukral. [23] proposed a multi point iterative method for six order

of convergence expressed as follows:

P

Yn =Tn — mh,('rn)

3
fn = Ta M S
n=1

3|3

(B,

\

ent1 = 272m PA; (mAT + 3A7 — 2mA,) (mAT + AT — 2mA,) €f + ...

B n 2
o= i ()™ (S ()}

Ranjider thukral obtained error equation of the above scheme as follows:

The author also proposed another multi point iterative method of fifth order conver-

gence as given in following form;

/

e (S0 (3)*) (362).
n=1

(3.19)

where n € N, 7, is the initial value that the denominator (3.19) is not equal to zero.

The error equation for (3.19) iterative method can be written as

ent1 = m AT (mAT + 3AT — 2mA) €} + ... + O (€f)

e In 2015, Geum Young Hee et al. [4] presented a new two point sixth order method

for finding multiple zero that is the modified Newton’s method.The modified iterative

scheme for multiple roots with multiplicity m written in the following form:

(3.20)



and
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where u = {/ gg:;, s = "7 E:ggzgand Qy : C? — C is weight function defined in

the neighborhood of origin (0,0) and known as holomorphic function. The author

obtained the following error equation:

1
ent1 = A3 (qslAg + pyAoAs + m3A4> S +0 (el),

where
A m! h™m=9) ()
T (m=)l p ()
where ¢, (1 < n < 2), As
6 = 1 —8(Q12+2Q21+3Q30)+P(m2+2m+9)_ao—12Q20_a
! mb 4(m—1) 3(m—1)2 L
I [m?+5m—4 p
P2 = T {n1—1+2m ’

p = Qo3+ Q2+ Q21 + Q30.

with

ap=m’+7m?+2m® —1Tm? —m

a1 = Qosa + Q13 + Q22 + Q31 + Quo-

The above mentioned scheme utilize four functional evaluations and produce a sequence

that converge to the multiple root with order six. Thus, the efficiency index of this method

(3.20) is 61 = 1.5650.

e In 2012, Sharifi M et al. [24] proposed a forth order iterative method on the basis of
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Heun’s 3rd order without memory iteration scheme [36] that is

— 7 2
Yn =Tn = 397(ry)? (3.21)

_ th
To1 = 7o — A (b'(ln) + b@n))

By using two weight functions where G and H defined on a, = g:gf:; and 8, = ;’,((Ty :)),

respectively. Thus the transformed iteration scheme given by Sharifi et al., [24] is as

follows:

(3.22)

ron = o= 1) (G iy ) (G () + H (5,)

The claim of fourth order convergence can be verified by the given error equation:

A 1
€ntl = <—A2A3 N

5 81A§(207—|—32G3(1))—éH3(0)>eﬁ+O(e§). (3.23)

where the weight function G and H are restricted as follows:

G(1)=1,G'(1)=0,G" (1) = 2,

G3 0,
W] < (3.24)

H (0) = H'(0) = H" (0) = 0,

H3(0)] < oo.
Now the multiple root versions of third order Heun’s method (3.21) and fourth order

Sharifi et al.’s method is given as:

_ 2m_ b(7n)
Yn = Tn — T—Eb’(fn)’

Tain = Ty — dm (m? 4+ 2m = 4) 20— I (m+2)” (25) 5 (G (an) + H (8,)),

with o, = g,g‘;g and 3, = %

In order to attain optimal convergence of method [36] the restrictions on supposed

weight functions have to be made as follows:

G(p) =1,G" (1) = 0,G" (1) = gy |G" ()] < o0,

m

H(0)=H'(0)=H"(0)=0, |H (0)‘ < o0,
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Therefore, the following error equation of method [36] is attained by author as:

. _ mA; AN, H(0) (32(:’” (u) p™ N m® + 6m* + 14m3 + 8m? + 40)] 64
n+1 (m + 2)2 m 6 (m + 2)3p3m mbd (m + 2)2 n
+0 (e7)

In 2016, Behl, R et al. [5] developed an optimal fourth order method for multiple zeros
of nonlinear equations. This development is based on cubically convergent Cheby-
shev’s method [25] and quadratically convergent Schroder’s method [26] for simple

zeros that are given by

h(Ta)h'(Tn)

Tntr = Tn — 0 )} — b(ra)b () (3.25)
and
_ b)) {0 ()
Tn41r = Tn h,(Tn) 9 {h’(Tn)}3 , (3.26)
respectively.

Now taking an arithmetic mean of methods namely 3.25 and 3.26 and considering a

Newton’s type iterative method as given below

Yn = Tn —

as a first step of a multi step method, author, presented a new quadratically convergent

method for multiple roots as given by

_ 2m_ b(Tn)
Yn = Tn — mi-ianh’(T“)’

o — o L [D)GmE2)bi (ra) —(mt2)bab(ra) 2t )
L =Tn g 4m{b’(70)}? (m—=2)0" (7 )bat+(m+2)57 () | °

(3.27)
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Authors, further proved a theorem which the quartic convergence of method (3.27)

by using the given choice of parameters

m?2 (m72)2m3bi+3u(m72)m2 (m+2)bg+2p2 (m+2)2 (m3+3m2+2m74)

bi=-— 42 (m+2)2 (5m+2)

029
be — ((m2—2m)bs+p(m+2)%)?

37 8(u(m+2))?

and by is a free parameter. The method (3.27) satisfies the error equation given below

_ (m42)? 81 + (m — 2) bafy y 5
€ntl = <3m4(m+2)(m/m_2)b4+u(m+2)g> n—i-O( n)7

where
81 = (m®+6m*+ 14m3 + 14m? + 12m + 16) AT — 3m® (m + 2)> A1 A + 3m°As,
By = (m+2)%(m*+2m3 +2m? — 2m + 12) A} — 3m* (m +2)% A1 A + 3mPA;
_ LRI ()
and A = (m"}rj)!. h<m)(rZ) j=1,2,..

In 2021, Saima Akram et al. [27] proposed an eighth order iterative scheme for multiple

roots as given below
.

Y, = Tn — G(v,), n =0,

2y, = Yp — H(a).G(vy), (3:29)

Tntl = An — H(tn)(’l}n)D (am Sn, wn) G7

where

vn = ((h(1) / (W (10)) s @ = [((yn) /0(r)] ™ 50 = [(A(zn) /R(a)] Y™ wy = [(B(z0) /h(a)] ™

The following error equation satisfied for method namely

1

ent1 = gz M ((34 k) A — 2kAs) ((—163 + Tk?) AT — 24k AT A5 — 12k%A3

F12k2A1A3)ed} + O(e?),
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where k > 1.

The iterative scheme (3.29) uses on derivative evaluation (i.e, (h'(7,)) and three
functional evaluations i.e., (h(7y), h(yn) and h(z,)) and error equation proves its
convergence order is eight. Therefore the multistep iterative scheme (3.29) is an

optimal method as defined by Kung-Traub.

In 2015, Sharma and Bahl. [28] considered the transformation as given below:

Sk it (T) £ 0

0 ifh(r)=0

H(r) =

and utilize the Newton’s -like iterative method of finding multiple roots of h(7) = 0

as follows:

_ H(r,)
Yn =Tn = Ti(r,)>

H(yn
o = Yo~ T

— H{(zn)
Tntl = 20 = Hi(z,)-

Derivative of function H (7,,) and H (7,) are replaced by approximations that are

given by:
e (e (o)
H/ (Zn) ~ H [Tn? z’fl] H [ym Zn] — G (Tnayna Zn)

H [Ty, yn)
Replacing derivatives with its approximations in the proposed scheme author obtained

the final form of iterative method is as follows:

;
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In Computer software like MATHEMATICA Rajni and Ashu obtained error equation

which shows sixth order convergence of proposed method

(m+1)% (2m+ 1) [(m? — 2m — 1) A? — 2m?A,| A?eg Lo,

€ 1=

In 2011, Sharma and Sharma, [29] presented new third and fourth order methods for
computing multiple roots. One of these two new iterative method is single step (third
order method), that we have discussed in previous section. Here two step fourth order

method proposed by author will be analysed. The two step method is given by

(3.30)

Tagl = Tn — [5 + Még") (’Y + 295—1515227)&)} r?’((TT:))’

where, M(1,) =1— ;),((yT’:)). It can be simplified by computer algebra software such as

MATHEMATICA authors obtained the error equation in this case is

ent1 = N46;41 + O(ei)

with
AA mA
Ny= (A} — =2 4 5,
m (m+2)
where
¢ = [m*(m®+2m® + 2m — 2) — 2mA (m® + 4m® 4 8m?* + 6m> — 16m + 24)

+mAh? (m® + 6m® + 18m* + 30m® + 24m® — 24m — 16)
+4X (m* + 2m® + 2m? — 2m + 12) § — 42?5 (m* + 4m® + 6m? + 2m + 8)]

x[3m* ((m 4 2) A — m)(4mA 4 2m? X\ + m? (A — 1) — 46))] L.
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Thus the proposed method (3.30) have optimal convergence order four for the following

choice of parameters

5_ m-+42 -
()" )
")/ = 4m mL”)erz
I
((5%)"-1)
a 4m -

(m+2)((525)" 1)

Sharma and Sharma [29] proposed optimal fourth order convergence in the final form

of iterative method for multiple roots with known multiplicity m as follows:

_ 2m_b(7n)
Yn = Tn — miﬂanb’(Tn)’

Sm(m=2)(5%) "0 ()= () b(ry)
o) —(52g) ") D)

Ta+l = Tn —

e In 2023, Singh et al., [30] proposed a family of fifth order iterative scheme for multiple

zeros (m > 2) of (2.1) as follows:

_ h(Tn)
Yn = Tn — me )
Tt = yo = R () 55,
where R (v,) is a weight function of a single variable wy, where as v, = 7 +“g‘wn a € R,

1
and w, = < gEf:;) " is multivalued function. Authors obtained error equation from

this iterative scheme (3.31) is as follows:

(18 + 12a + 6m — R (0)) AT — 12mA2A,
entl = 6m4

) ei + O (eg)
Provided R(0) =1, R’ (0) =0, R"(0) =2, |[R" (0)| < 0.

e In 2006, Mir and Rafiq [31] presented the following extension of Chen Li method to
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multiple zero of nonlinear equation for two step method as given by

Tnil = T €XP (—ozT:é,T(;)n))

Tn4+l = Zn — ahb/((i:))

(3.32)

The error equation shows fourth order of convergence of presented method (3.32) i.e.,

B3 B? B3

€n+1:<a3+A2_a> +O( )

e In 2009, Chun C et al., [32] proposed new family of methods based on [39] of third

order method for multiple roots

1 ) (T ) 1 2 b (Tn)
=7, — = 1 L —(m-1 3.33
R T VR A en) 339
and Euler-Chebyshev third order technique of multiple root finding as
m(3—m) b(ra) b ()’ h" (7n)
o — .34
e A VAR TS o

Authors derived a new iterative method from (3.33) and (3.34) in the form of

m[(20 — 1) m + 3 — 20] h(7a) L0 (m=1°b (ra) (1=0)m*b(10)*b" (rn)

Tn+l = Tn—

2 b (Tn) 2 b () 2 b (7a)°

where 6 € R. The error equation is obtained as
ent1 = ngi + O (eﬁ) , where e, = T4 — t,

and

hmH o () 7h“““ O 1 him+2 (1)

K3 =(0— 1) m ()2 (m+2)(m+1)m h) ()

2(1-0)m>+2(0 —1)m* + (20 — 1) m® 4 (100 — 9)m? + (19 — 20) m + 80 — 9
2 (m+1)*m? (m — 1) '

’y:



45

Chapter 4

Nonlinear Solvers for Multiple

Roots

A wide range of iterative techniques that have been developed for the solution of
nonlinear equations proved its significance. In this chapter, iterative methods of various

convergence orders [2,29] shall be reviewed for solving nonlinear equation of the form
h(r)=0, (4.1)

for multiple root ¢. As we are trying to find multiple root ¢ of nonlinear equation (4.1), thus

by using analogy of multiple roots of nonlinear equations with multiplicity m > 1, we have

(4.2)
' (£) = " () = 5" (t) = 0.

A very well known Newton’s method for finding distinct roots of nonlinear equation [2]
given by

.
Tn+l = Tn — :/((Tn)), n=20,1,2,...
n
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is modified for finding multiple roots whose multiplicity m is known and with characteristics

given in (4.2) presented as [2]

Tn+1 :Tn_mf?/((:j;)), ’I’l:071,2,... . (43)

This modified Newton’s method is quadratically convergent and is derived through conver-
gence analysis using Taylor expansion of function h (7) with characteristics given in (4.2).
In recent years, many modifications of Newton’s method have introduced by researchers by
using similar methodology in order to increase its order and as well as its efficiency. Some
of these have been discussed in Chapter 3 along with their convergence orders.

Here, some more modifications shall be reviewed in details to understand the
technique of development of iterative methods for the solution of multiple roots of nonlinear

equations.

4.1 Construction of Single-step Solver and Convergence Analy-
sis

In this section,we intend to develop one point cubically convergent methods for
multiple roots involving second order derivative. In terms of computational cost,each meth-
ods requires only three functional evaluations h(7,), b'(7,), and h”(7,) per full iteration.

In 2011, Sharma and Sharma [29] developed following third order iterative method

for finding multiple roots of nonlinear equation (4.1):

2(2m —1)2L (m,)? b ()
(M3 —3m+2)—2(m2—4dm+ 1)L () | b’ (t0)’

Tpn+l = Tn — 1_L(T7L)+
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which is generalization of Kou et al. method [33] for simple roots of nonlinear equation
(4.1) as given by:

BL(1,)* | b(rn)

Tngl =Tp— |1 =L (Tn) + 1— ol (Tn) % (Tn)’ (45)
where,
L) =200, afeR (4.6)

The error equation of iterative method (4.5) in case of simple root t* of nonlinear equation

is given by:
Entl1 = [(2 - /B)A% - A3] ei + O(ei)a
1 H®(¢%)
where A, = 0 VT =23,..

It is observed that the generalized method by Sharma (4.4) also requires 2nd derivative
to evaluate multiple roots of nonlinear equation (4.1) and converges cubically. As, it is
discussed earlier that these modification (4.4) made through convergence analysis using
Taylor’s series method, thus convergence of iterative method (4.5) is analyzed with charac-

teristics (4.2) of nonlinear equation (4.1) in form of following theorem.

Theorem 1 let h : I C R — R be a sufficiently differential function on open inter-
val I and t € I is the multiple oot of multiplicity m of nonlinear equation (4.1) with
characteristic(4.2). Assume that an initial approzimation T, is sufficiently close to t, then

the iterative method defined by scheme (4.5) has order convergence three.

Proof. Expand h (7,) around t, using Taylor’s series and obtain the following:

h(T'ﬂ) = h(7n+t_t)a

(Tn — t)z

5 h" (t) + ... . (4.7)

= b(t)+ (1, — b (1) +


HIRA
Typewritten text
...
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It is given that t is the multiple root of multiplicity m of nonlinear equation b (7) = 0, thus,
its derivatives of nonlinear function b (7) also shares that root. Now using characteristics

(4.2) and replacing 7,, — t by e, , equation (4.7) becomes as follows:

(m)
h(tn) = [h m'(t)] el (1+ Aren + Ase2 + Agel + O (er)), (4.8)

m! f)(m-s-i)(t) .
— (mA)! g =1,2,3,....

where Aj; =

In similar way, expand §’ (7,,) and b” (7,,) and get:

(m)
b (tn) = ?mit))l ep! <1 (m+ 1A en + (m +n12) A 2 + (m +n?) As e (4.9)
(m+4)A4e4> 0(65)’
and
" B m—l—l A1 (m+2)(m+1)As
b () = 2 1+ o+ (DI 222
(m +n?(n(lm +1)2 A e, (m s 32 (m_+1)4) As eﬁ) +0 ().  (4.10)

By algebraic manipulation of equations (4.8) and (4.9),The expression involving in method

(4.5) becomes as follows:

b(mn)  en, M€l [(A] A} 2A5) 5 Az A3 4M A,
() om om o \m? s w2 )T\ T Tt T
A3 20T 3A4ALN 4 5
—@ - migl m2 ) €, + 0 (en) . (411)

Also, using (4.8), (4.9) and (4.9) to evaluate L (7,,) as follows:

b (7n) h// (tn) 1 1 Asren 3 A% 2 3 A% o2
2m2  m2 2m3 ) "

A 6A1A 2A3  8AA 4A3 2A3
<63_ 1 2_|_ 1 1 2+ 1+m41>€3_|_0(e4)' (412)

m?2 m?2 m3 m3 " "
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To obtain error equation of iterative method (4.5), using (4.11) and (4.12) in (4.7), so we
get

ent1 = kien + kael, + ksel + O (ey) (4.13)

where, k1, ko and k3 are given as follows:

12am?® — 5am? + fm? — 4m? + 4am — 28m + 6m? — a + 3 — 2m
o= L , (4.14)
2 m? (am —m — 2m)

A
ky = 1 5 (3a2m3 — afm?® — 9a’m? + 5afm? — 12am? + 28m> + 9a’m
2m3 (am — m — 2m)

—Tafm + 24am? — 128m? + 12m3 — 302 + 3af — 12am + 10fm — 12m?),  (4.15)
and

ks = —%(3a3m5A% — &?BmPA? — 6a3m® Ay — 10a®miA2 + 20%BmP Ay + 602 fmIA2
—18a*m®A? + 4am5A? + 260°m? Ay + 6P m3A? — 140%BmiAy — 602 fm3 A2
+3602m° Ay + 420°m*A2 — 8afm® Ay — 260fm? A2 + 36am5 A2 — 45m5A?
—4203m3 Ay 4 120°m?A? + 30%Bm3 Ay — 8a2fm?AZ — 1200°m?A,
+6a2m3A% + 60aBm* Ay + 6aﬁm3A% — 72am®As — 48am4A% + 88m° Ay
+286m*A2 — 24m°A? + 3003m2Ay — 17a°mA2 — 2602 m3 Ay
+1502BmA? + 132a%m3Ay — 660 m2A2 — 96aBm3 Ay + 50afm2A?
+168amAy — 60am3A? — 648m* Ay 4+ 208m3A2 4 48mP Ay + 8m*A2
—8a’mAy + 60> A + 8a?BmA? — 602 BAT — 480 m? Ay + 360°mA?
+440fm3 Ay — 34afmA? — 96afm3Ay + 72am3A? + 56m3 Ay — 608m3A2

—64m*Ay + 48m3A2)/ (m4 (am — o — 2m)3> . (4.16)

It is observed that from equations (4.14-4.15) for m = 1 both k; and ks vanished this leads
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to kou et al., [33]. For m # 1, without any restriction on « and /8 and setting k1 = 0 and

ko = 0 apply linear algebra techniques to obtain the values of variables « and § as follows:

2 dm+1
o — g M TAmEL (4.17)
(m—1) (m—2)
Am? —4dm+1
_ i amT 2. 4.18
B w? “smia’ MF (4.18)

With the obtained values of o and (3, we calculate k3 as follows:

(2m? —m® +8m —13)A7 A,

ka =
3 2m?2 (2m2 — 3m + 1) m

Hence the error equation (4.13) reduces in the following third order equation:

(2m? —m® 4+ 8m — 13)A7 A, 10 ()
2m2 (2m2 —3m + 1) m| " e

En+1 =

Therefore the third order modified method by substituting vales of v (4.17) and 5 (4.18), for
obtaining multiple roots of non-linear equations with known multiplicity m by Sharma [29]

is as follows:

2(2m — 1)% L (m)? b ()
(M3 —3m+2)—2(m2—4dm+ 1)L (1) | b ()’

Tn+l = Tn — I_L(Tn)+

where,

L(ry) = 20 {Tn) (;g,)(zng"),

which is generalization of Kou et al., method [33] for simple roots of non-linear equation.

Remark 2 For m = 2, the method (4.7) is of second order.

B=3(-a)
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Putting the value of B in equation (4.7) it becomes

3(4—a)L(ra)?| b(rn)
1—aL(ry) b (15)

Tptl =Tn — |1+ L(7y) +

where,

b (70) 0" (0)
2h’ (Tn)2

The error equation which shows its order of convergence two is as follows:

L(ry) = , a€R.

o 3M (5a® — T3ar+ 164) AT — 4 (a® — 1T +52) Ay
n+l = ———€5, + 5 e, oa#FA4
2(a—4) 8(a—4)

Now, let us consider the following two 2nd order iterative methods to obtain Os-

ada’s method [39] for multiple roots of nonlinear equations:

Tntl = Tn — mhh,((:tl)) (4.19)
and
Tl =Tp — (M —1) :///((:7;)), (4.20)

After taking arithmetic mean of (4.19) and (4.20) following iterative method is obtained:

LB D)) 21)

Tn+l = Tn — *(m h”(Tn

~—

whose error equation is

2
Alen

e O(e), (4.22)

€nt+1 =
which shows its quadratic convergence. In order to improve its convergence author inserted

the parameters o and (3 in (4.21) to obtain the following:

(4.23)

1 Otb(’i'n) /Bhl(Tn)
; )

T =Tp—=|m +(m-1
=g (S + - D
Let us examine the following analysis theorem in order to obtain the appropriate values of

free disposable parameters a and § and in the equation(4.23).
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Theorem 3 Let h : I C R — R be a sufficiently smooth function defined on an open
interval I, enclosing a multiple root of h(7) say T = t with multiplicity m >1. Then the
family of iterative methods defined by (4.23) has third order convergence when o =1+ m

and B =1—m.

Proof. Let 7 = t be the multiple root with multiplicity m of nonlinear function
() and e,, = 7, —t be an error at n'” step of an iterative method. Using Taylor expansions
H(7n), b () and §”(7,,) about 7 = t given in equations (4.8-4.10) and performing algebraic

manipulations to find an error equation of iterative methods defined by (4.23) as follows:

ent1 = Bie, + B2€721 + O@i)a

where,
1
Bl = 5(2—0&—6)7
~ am—1)+Bm+1)
By = 2m(m — 1) A

To obtain third order convergence, the coefficients must B; and Bs be zero. Solving By = 0
and Be = 0, to find o and

a=14+m, g=1—-m (4.24)
Therefore, substituting the derived values of o and  from equation (4.24) in formula (4.23),

we get Osada method [39] as follows:

h(T’rL) + (m o 1)2 h/(Tn) > 7

1
et =7 5 (4 D ()

This is a cubically convergent method of multiple roots. It satisfies the following error

equation

(14 m)A? —2m(m—1)Ay)ed
2m2(m — 1)

En+1 = + O(ef;)
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This completes the proof. m

4.2 Construction of Multi-step Solvers and Convergence Analysis

In this section, construction of fourth order optimal multi-point solvers given by
Sharifi, M. [24] for obtaining multiple roots of nonlinear equations through analysis theorem
by Taylor’s series method is discussed. The enhancement in convergence order is due to use

of weight functions.

Theorem 4 Leth: D CR — R be a nonlinear function defined on an open interval D C R
and assume that by is sufficiently differential in D.Then for an initial guess T, for the multiple
root, the iterative scheme given below converges to multiple root of b (1), say t C D with the

known multiplicity m > 1

_ h(Tn
U = Tn = SR
Trs1 = 7o+ (G () + H (v)) (%m (m? + 2m — 4) pr) (4.25)

1 2 " h(7n
—imm)? (55) " 06)
and have local fourth order convergence in the vicinity of t, if the weight function in (4.25)

be chosen as discussed below. Note that again G () and H (v) are two real valued weight

functions with p = b (r) and v = V)

Proof. Since h(7) is a sufficiently differentiable function, therefore expanding
b (7,) around 7 = t by Taylor’s expansion and using b (t) = b’ (t) = h(™D (t) = 0 and

h™ (t) # 0 a condition for 7 =t to be a root of multiplicity m, we have

b(1n) = h:l('t) e [ 1+ Ajel | (4.26)
! =
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and also

bl (Tn) _ hm (t) €m_1 14+ Z ml;t jAjej ,

_ | n n
(m—1)! =
so that using symbolic calculations we have

___m b
Yn " 2 b (Tn)

m i 2A1 9 ((m + 1) A% — 2mA2) 3

= [ e, — (&
m+2 " mm+2) " m? (m + 2) "

2 ((—3m? —4m) Ay A + (m? + 2m + 1) A3 4 3m2A3)
* m3 (m + 3) n

+0(e), (4.27)

n

and

Tn+ 3m (m? + 2m — 4) blrn) _ %m(m—l—2)2( m )m blrn) _ ¢

b'(Tn) m+2 b (yn)
9 2 3 (3m®+48m?—12m*+12m3) A1 Ao+ (m5+2m3+6m* —16m2 —24m—8) A3 A 4
- m?(m+2) Ale + ( 3m%(m+2) -+ (:'11+%) €n
+0 (¢h)
(4.28)

which results in the cubical method of Heun. We now consider the achievement of quar-
tic convergence according to (4.27) with appropriate weight function in it. Using Taylor

expansion yields

n

o _ m 4(m242)p™ m
=) =" - B Are, — <(ms)A% - %53“) <

8(m4—m34+5m2+m+6)p™ 8(m24+4)p™ 8(m2+6m+6)p™
+ (_ ( 3m7 ) A} + ( ms ) A1Ag — ( m3(m+2)) A3> ent+ (4.29)
O (ep),
where u = p™~ ! 7, = u+wv, and p, = m%q Then, the remainder v, = 7,, —u is infinitesimal

with the same of the order of e,,. Thus, we can perform a Taylor’s expansion around wu, [3],

so that
1

G (1) =G (1) + G (w)on + 56" ()02 + 5

G" (u)v3 + 0 (ef), (4.30)

n
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Similarly, a Taylor’s expansion yields
b (1) 1 (m*+2m—4)
= (& —
b (yn)  (M+2)p™ " m2(m+2)>%pm "
m* + 5m? + 4m? — 8m — 16 2(m?+2m—4

Tp =

- n

m3 (m + 2)2 pm Yom2(m42)2%pm
+0 (e}), (4.31)

Ty is infinitesimal with the same order of e, and we can perform a Taylor expansion around

0 so that

H((v)=H(0)+H (0)v+ %H” (0)v+ %H”’ 0)v+0 (e). (4.32)

Using equations (4.28) and (4.30-4.32) in the last step of (4.25) ends in

i . B _ 4p™Aq / 7# / 2
eni1 = Tap1—t=(1—G(u) H(O))en+( G0~ Sl (O)) € (4.33)
m? +2m — 4 8p™ 1 2A?
S H(0)A 4+ G (W) Ag— —————— H"(0) + ——
<m2 (m +2)% pm 0 A m3 (u) Az 2 (m + 2)? p2m (0) mb (m + 2)

x {=2p™ (m+2) (m? +2) G’ (u) — 4p®™ (m +2) G” (u) + m* (H (0) + G (u))}) €3 + O (e})

To make the order optimal in (4.33), we choose

G (w) = 1,6 (u) = 0,G" (u) = g |G (w)] < oo
H(0) = H'(0) = H" (0) = 0,|H" (0)| < 00

Therefore, we attain the following error equation of scheme (4.25) for multiple roots:

N 1= mAg _ A1Ao _ HIN(O) + A?
nt m+2)2  m G(m+2)%psm " 3m

32G" (u)p®™ 546m*+14m3+8m2440) 4 5
X ( mb + A (m+n;)2 - ) €n +0 (en) ’
This statement concludes the proof for the quartic convergence of the general multiple
root-finder method (4.25). m

From above theorem it is concluded that the iterative method (4.25) is a general

class of two-step, two-points method that does not require memory and only uses three
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evaluations per step: one function evaluation and two first derivative evaluations. This
method has a convergence order of four, indicating its high convergence rate. The efficiency
index of the method (4.25) is v/3, which demonstrates its optimal behavior. This efficiency
index also indicates the consistency of the method, suggesting that it consistently performs
well in terms of convergence.

Overall, the quartic convergence and optimal behavior of the general multiple
root-finder method (4.25), as well as its consistency, make it a suitable approach for finding

multiple roots.
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Chapter 5

Modified Nonlinear Solvers for

Multiple Roots

In this chapter, new single-step and multi step nonlinear solvers are constructed for
finding multiple roots on the basis of an iterative method for finding simple roots of nonlinear
equations. The methodology for this construction is based on error analysis through Taylor
series. A comparison of the newly developed methods with existing iterative methods is
presented in the last section.

Recently, Thota and Shanmugasundaram [1] proposed some single step and two
step iterative techniques using the modified homotopy perturbation technique coupled with
system of equations for finding distinct roots of non linear equation (4.1) in their research

article. These iterative techniques are given in the form of algorithms as follows:

Algorithm : For a given initial guess o, the following formula produces a sequence of
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iterations {T,,} which converges to approximate solution Tp41.

{ h(rn) B (mn)*0" (ra) (5.1)

Tn = Tn —

Algorithm : For a given initial guess Tos the following formula produces a sequence of

iterations {1, } which converges to approximate solution Tp41.

b(rn) _ B(7n)?0"(rn)

yn - Tn o h/(TTL) o 2h/(7'n)3 ’ (5 2)
_ b(rn) _ B(Tn)’b"(tn) _ b(yn)
Tntl = Tn = §i(r,) —  oni(rn)®  0(yn)

Algorithm : For a given initial guess Tos the following formula produces a sequence of

iterations {1, } which converges to approximate solution Ty41.

h(T ) _ h(7'n)2h”(7'n)

Yn =T T ) T Gy (5.3)
T =7 — h(Tn) _ b(Tn)2h”(Tn) _ b(yn) _ b(yn)%”(yn)
nH T T () 20/ () 0'(yn) 20/ (r0)b (yn)?”

Here, we shall extend the iterative methods for finding distinct roots of nonlinear

equations given in (5.1-5.3) to the method for finding multiple roots of non-linear equations.

5.1 The Proposed Methods

We propose the following methods for desired results through convergence analysis
as given in the form of theorem in next section. For a given initial guess 7,, multiple root

t is approximated by using following iterative procedures

Toal =T _ah(Tn) _ﬂh(Tn)2 b" (4)
n+ n b, (Tn) 2b, (Tn)?’ 9

(5.4)

where o and (8 are any real numbers.
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where, «, 3,,7,(, and J are real numbers.

_ b(Tn) b(Tn)?0" (Tn)
Yn = Tn = O~ O g0

b (5.6)
b))  sbE)?h(th)  sbn) b(yn)?D (yn)
Tntl = Tn = Viiry — 6 20/ ()? Ofrymy — 20'(yn)?

where, «, 3,7,(,0 and o are real numbers.

5.2 Convergence Analysis

We shall modify iterative methods given in (5.4-5.6) by means of following analysis

theorems.

Theorem 8 let h : I C R — R be a sufficiently differential function on open inter-
val I and t € I is the multiple root of multiplicity m of nonlinear equation (4.1) with
characteristic(4.2). Assume that an initial approzimation T, is sufficiently close to t, then
the iterative method defined by scheme (5.4) has order convergence three for the following

values of parameters o and f3,

and satisfies the following error equation:

1mAT — 2mA, + 3A7
2 m?2

€n+1 =

_m I L
where A] = ﬁm, )= 1,2,3, e .

Proof. It is given that t is the multiple root of multiplicity m of nonlinear equation

b (1) = 0, thus, its derivatives of nonlinear function b (7) also shares that root. Now using
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characteristics (4.2) and replacing 7, — t by e, , Expand b (75,), b’ (7,,) and b” (7,,) at exact

solution t, using Taylor’s series and obtain the following expressions:

RLICIS 2 3 4
h(mn) = oy ep (14 Aren, + Ager + Age, + O (en)), (5.7)
(m)
R T PRy ALES LS FEP LR T PORLES TORY
+0 (62) , (5.8)
and
(m)
h”(Tn) _ [] _92 1+ m+1 A1 n_‘_(I'('1—|‘2)(I’ll-‘rl)/\gei_i_(\T’l—i‘?))(111—"2)[\36731
m(m-—1) m(m—1)
0] 5.9
* m(m—1) +0(en)- (5.9)
N b(m-H) -
where A; (mTJ),W(f)), =1,2,3,....

By algebraic manipulation of equations (5.7) and (5.8),The expression involving in method

(5.4) is as follows:

h(Tn) — 6l+A1672,L+ ﬁ ﬁ_LAQ 63+ _ &_Ai?l) 4M1 Ay
b (75) m m?2 m2 m3 m2/)" m2 mi m3
A3 203 3A4A%N
—mfé—migl—k 2 ) en+ 0 (€)). (5.10)

Also, using (5.7), (5.8) and (5.9) to evaluate last term in method (5.4) as follows:

b (1n) 0" () -1 1 Ar 3A1N 5 (A2 20y 3A2  8Ay  6A2\
Ty () = lmto)eotl et w) ot e e T T mt
+0 (ep) - (5.11)

To obtain error equation of iterative method (5.4), using (5.10) and (5.11), we get

ent1 = Lien + Loep + L€} + O (ey) (5.12)
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where, L1, Ly and L3 are given as follows:

a 18 18
L = 1-2-224°F 1
! ( m 2m + 2m2)’ (5.13)
. CkAl 1 ,BAl 3 ,BAl
Lo = A m2 ' 2m2 2 md ) (5.14)
al3  20hs A} 1BAT  BAy  3BAT  4BAy  3BA?
Ly = (= W m 2w m 2wd wd L md (5.15)

It is observed that from equations (5.13-5.14) the coefficients L; and Lq of e, and e% will
become zero for m = 1, @ = 1 and = 1, this leads to Thota’s third order method (5.1), [1].
For m # 1, without any restriction on o and 8 and setting L1 = 0 and Lo = 0 apply linear

algebra techniques to obtain the values of variables a and § as follows:

o = —%m(m—?)), (5.16)

B = m?, m#2 (5.17)

With the obtained values of o and 3, the equation (5.15) for L3 becomes as follows:

_ lmA% —2mAy + 3A%

L
379 m2

Thus the error equation (5.12) reduces in the following third order equation:

1 mA? — 2mAs +3A1] 4
2 m? n

nt+1 = +0 (64) .

n

Hence proved. m

Theorem 9 let h : I C R — R be a sufficiently differential function on open inter-
val I and t € I is multiple root of multiplicity m  of nonlinear equation (4.1) with
characteristic(4.2). Assume that an initial approzimation T, is sufficiently close to t, then

the two step iterative method defined by scheme (5.5) has order convergence siz for the
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following values of parameters «,3,y,( and §

-3
a:—m(m2 )75:m2,ry:_

m(m — 3)

5 (C=m?andd=m

and satisfies the following error equation:

n n

A B2
enH:[ 1111:|66+O(€7),

_mt I L
where A] = ﬁm, )= 1,2,3, e .

Proof. The first step of multi-step iterative scheme (5.5) is same as (5.4), thus
we shall utilize error equation for this step from previous theorem 8 as given below:
Yn = t+Bie, + Bae, + Bep + Baey, + O (e)
ey, = DBiel + Baeh + Bsed + Byel + 0 (6771) .
where Bi, Bo, B3 and By are as follows:

B - 1mA? — 2mA, + 3A7

2 m?
21 1A1Ay  3A1A 5 19 .5 3A3 3
By = 6mAjAy+ —AjAy — = —5mA — AP -1 Tp
2 Mmool Ty e oA T g T g Tt
LA 3
m?2 m’
11
By = ———(15m*A} — 6m*AZA; + 36m3AT — 3mA; Az — 6m?AZ — 10m3AZA,
2m3

+27m2A] + 3m? A, — 8m3A A3 — 16m3A2 + 8m2AZA, + 6mAT + Im3Ay

—15m2A; Az — 8m?A2 + 18mAZAy + 12m2A4 — 18A1A3 — 12mA3 + 12A2A,)
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and

B, — %%(mﬂ? + 24mAAB A, + 18m3A% 4 3mIA2A5 — 24miA; A2 + T5mPASA,
+18m2A% — 3m*A Ay — 3m*AgAs + 13m3A2A5 — TIm3A1A2 4+ 105m2A3A,
+6mA} — 10m®A1 Ay — 13mPAgAs + 30m?ATA; — TIm?A A3 + 7T8mAT A,
—2Tm?A Ay — 20m3AgAsg + 54mAZ Az — 36mA A2 + 24A3A5 — 36mA Ay

—36mAgA3z 4 36 — 36mAIA;

—_m @) L
where Aj; = (m"fi_j)! w0 )= 1,2,3,....

Expand b (y,,) and b’ (y,) , using Taylor’s series and obtain the following expressions:

(m) (¢
b (yn) = [h |( )] el (1+ A1Bie) + A Baey + A Bsel + (A2BY + A1By)e)) + O (ef) |

m!
(5.18)
and
(m) (¢ A1B A1B A1B
b () = ?m_i)),e‘;l <1+(A131+ —)eh + (A1By + —)ep + (A1Bs + 1“3)672)

+0 (). (5.19)

By algebraic manipulation of equations (5.18) and (5.19),The expression involving in second

step of method (5.5) is as follows:

b(yn) <B1€?L 4 BQG% n Bgeg + (& _ B%Al

m m m m m?2

)e2> +0(el). (5.20)

To obtain error equation of iterative method (5.5), using (5.10), (5.11) and (5.20) we get

0B

6By 0By | 0B
m

0 B3 dB3
+ Bi)ep + (=== + Ba)ey + (=== + Ba)en, + (———= + —_5— + Bu)e,

€nt+1 = (

+0 (eZL) ,
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It is observed that the coefficients of €3, e and €2 will become zero for § = m, and also by
setting values of parameters v and ( as follows:

m(m — 3)
— 5

¥=— ¢ =m?

With the obtained values of v, ¢ and §, finally the error equation reduces in the following

sixth order equation:

n n

2
ent1 = [BinAl] en+0 (ep) -

Hence the theorem is proved. m

Theorem 10 leth: I C R — Rbe a sufficiently differential function on open interval I and
t € I is multiple root of multiplicity m of nonlinear equation (4.1) with characteristic(4.2).
Assume that an initial approximation T, is sufficiently close to t, then the iterative method

defined by scheme (5.6) has order convergence seven for the following values of parameters
a? /37 77 g} 5 and¢7

-3
a:_m(m2 )’ Bom? 4=

m(m — 3)

5 (=m? d=m and ( = m>.

and satisfies the following error equation:

n n

2
€nt+1 = [Afl] e, +0 (68) ’

o ! h(m+i)(t) .
wh€T€ A] = ﬁw, )= 1,2,3, ee

Proof. Same as before. m
At the end of this section, after analyzing proposed methods (5.4-5.6) we are

become able to present the following single step and two step methods as given below:
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Method NH-1

)

- — m(3—m) h(7n) . mQh (Tn)2 b" (Tn)
TR () 20 (7n)”

which is well known Chebyshev method of order three.
Method NH-2

_ m(37m) h(‘rn) _ Qh(Tn)2h”(Tn)
UIn=Tn = 72 9 ~ ™ ay(r)®

_ . _mB=m) b(ra) _ 2b(a)?h"(rn) _  b(yn)
Tnt1 = Tn 2 h'(Tn) m 2h’(Tn)3 mh/(yn)’

is a two step iterative method for finding multiple root with convergence rate six as shown
in theorem 9.

Method NH-3

_ m(3-m) h(rn) 26(7n)%h" (Tn)
YIn =Tn = =5 9 — ™ T 2yrn)?

___omB-m) b(rn) . 2b(ma)?0 () blyn) . 2b(yn)*h" (yn)
Tntl = Tn T () Y 2y(rn)? Mo ) — T 2y

is a two step iterative method for finding multiple root with convergence order seven as

shown in theorem 3.7.

5.3 Numerical Results

As a result of the availability of powerful computational tools and new mathe-
matical techniques, nonlinear equations have become increasingly useful in a wide range
of fields, including physics, engineering, economics, computer science and many more. It
has been possible to solve increasingly complex nonlinear equations due to the availability
of powerful computational tools and new mathematical techniques, which has resulted in

many new insights and advances in these areas.
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In [42], Sharma et al.,presented an optimal iterative method for finding multiple

root of nonlinear equation as given by:

;

i1 = 7o — B (= 4m + 8) — (m +2)? (25)" 02 (5.21)
m h/ Tn h(mn
< (2m=n-m+2) () $5))

Another two-step multiple root finding optimal method is developed by [43] as follows:

,

Yn = Tn — % {?/((77—-7:1))7
/ 2 /
Tt =T — 2 <m3<;2>2m (Fd) - 2m2(m 4+ 3)(m2)m (i) (5-22)

3 2 - h(Tn)
\ + (m® + 6m? 4 8m — 8)) OmE

In [24], Authors developed multi-point optimal family of methods that we have briefly

discussed in chapter as method (4.25), whose special cases are given by authors as follows:

m
Tntl = Tn + (im (m? + 2m — 4) f?,((TT’;)) —lm(m+ 2)?2 (miﬂ) r?/((fy?))

(1 st () -~ ) - 8 () - )+ (969)').

\ m+2
(5.23)
and
U = o= TR
Fen =+ (S (2 2m— ) 20 I 2 (25)" ) (G2
(14 st (W) - )+ & (963)')-

Our newly developed methods namely NH-1 and NH-2 of convergence order three and six
are compared with the optimal methods (5.21), (5.22) , (5.23) and (5.24) in [24, 42, 43].

Numerical calculations are performed using Maple 18.0 using 1200 digits floating point
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arithmetic. The following stopping criteria is used for calculation of the multiple roots of

nonlinear equations given in table 1:

b (1) < 0.1e71200,

The following test examples have been taken from [24]

Functions m  multiple zeros To
(1) = ((1 +7) + cos () — m)g 3t ~ —0.728584046444826... —0.6
ba(r) = ((sin7)” + ) 5ty ~0 0.3
h3(7) ((SIHT — 724 1) 4 t3~1.404491648215341... 1.3

ba(7) = (e +sinT — 2)° 2 ~ —1.0541271240912128... -1
Table 1

The comparison of numerical results of non linear function given in table 1 per-

forming by methods namely NH-1 and NH-2 with the methods (5.21), (5.22) , (5.23) and
(5.24) in [24,42,43] are given in the following table 2 to table 5.
Comparison of numerical results for function b (7)
bi(tn)| | (5.21) (5.22) (5.23) (5.24) NH1 NH2
bl(r1)| | 0.1e7¥ | 0.1e7¥ | 0.1e7¥ | 0.1e7 10 | 0.4e " | 0.3e P
hl(r2)| | 0.6e738 | 0.7¢738 | 0.2¢738 | 0.5e7 42 | 0.4e=* | 0.6e7%2
bl(r3) ] | 0.2e7151 | 0.4e= 151 | 0.1e7152 | 0.1e7167 | 0.3¢7217 | 0.2¢74%
bl(T4)| | 0.1e759% | 0.9¢76%% | 0.1e7619 | 0.4¢7670 | 0.4¢799% | 0.3~ 1899
Table 2
Comparison of numerical results for function ha(7)
hl(rn)| | (5.21) (5.22) (5.23) (5.24) NH1 NH2
bl(r1) | | 0.9e71t | 0.9¢71t | 0.4e7 !t | 0.7e712 | 0.3e 8 | 0.8 V7
bl(r2)| | 0.1e7#1 | 0.2¢7* | 0.9¢7* | 0.2¢74¢ | 024 | 0.5¢7%
hl(3)] [ 0.1e716% | 0.3e7 18 | 0.1e7169 | 0.2¢ 7184 | 0.4¢72% | 0.1e75%2
H(74)] | 0.1e75% | 0.3¢719 | 0.1e7°%0 | 0.2e763% [ 0.1e71776 | 0.2 3554
Table 3




Comparison of numerical results for function h3(7)
bl(rn)| | (5.21) (5.22) | (5.23) (5.24) NHI1 NH2
bl(r1)| | 0.8e713 | 0.1e712 | 0.7e71 | 0.6e7* | 0.3e™® | 0.1e7?0
hl(r2)| | 0.2e7°0 | 0.7e756 | 0.9¢7°7 | 0.2e7%2 | 0.2¢7% | 0.7¢7133
hl(73)| [ 0.2¢7230 | 0.1e7228 | 0.2e7232 | 0.2¢72%5 | 0.4e7%02 | (.2 806
bl(T4)] [ 0.1e79%6 | 0.1e791° | 0.1e7%3% | 0.6e71932 | 0.9e=2423 | 0.1¢=267°
Table 4
Comparison of numerical results for function h4(7)
bl(tn)] | (5.21) | (5.22) | (5.23) | (5.24) NHI1 NH2
bl(71)| | 0.3e7 | 0.7¢7® | 03e™® | 0.1e™® | 0.1e | 0.3e 1
bl(r2)| | 0.4e70 | 0.2¢738 | 0.6e% | 0.1e736 | 0.1e™* | 0.2
bl(r3)] | 0.1e7163 | 0.1e71%6 | 0.6e7163 | 0.3¢149 | 0.6e27 | 0.5¢=54"
bl(t4)] | 0.1e7%°7 | 0.9¢75% | 0.6e75% | 0.2e7°9 | 0.1 1397 0.0
Table 5
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Our methods namely NH-1 and NH-2 of convergence order three and four are

compared with the methods (5.21), (5.22) , (5.23) and (5.24) from [24,42,43] in the table

2-5. From the tables we observe that our method attain very high accurate results with

fewer number of iterations as compared to the method mentioned in the tables.
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Chapter 6

Conclusion

Multistep iterative methods are very interesting and important for finding multiple
roots of algebraic and transcendental equations. In this research, single step and multi step
methods of various orders have studied for finding multiple roots of non-linear equations. We
have also developed new iterative methods for finding multiple roots of non-linear equations
that may arise in any modeling of real world with non-linear phenomena. These modified
methods based on the method for simple root developed by Thota and Shanmugasundaram
[1]. It is observed that newly developed method has good comparison with method of same
order but involved with second order derivative. We have the following observation and

conclusions from this research.

6.1 Concluding Remarks

The single-step and two-step iterative methods mentioned in iterative functions

are specifically designed to identify multiple roots of algebraic and transcendental equa-
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tions with known multiplicities. These methods have convergence orders of three and six,
respectively, which indicates their rapid convergence towards the desired roots.

In cases where the root has a multiplicity of 1, these iterative methods provide
simple roots as outputs. Theoretical analysis of these approaches has been conducted and
their validity is supported by numerical results.

Comparing these methods to the one listed in Tables 2-5, the provided methods
demonstrate superior numerical efficiency. This means that they require fewer iterations or
computational steps to converge to the desired root, making them more efficient in terms
of time and resources.

It is worth noting that the efficiency of a numerical method depends on various
factors, such as the specific problem being solved, the initial guess, and the desired accuracy.
Therefore, the superiority of the provided methods in terms of numerical efficiency is specific

to the scenarios for which they were designed and tested.

6.2 Future Recommendation

Indeed, there are various strategies that can be employed to enhance the con-
vergence order and efficiency index of iterative methods. Some of these strategies include
the use of weight functions, accelerating/self-accelerating parameters, and approximation
of derivatives.

Weight functions can be incorporated into iterative methods to give more impor-
tance to certain regions or points, leading to improved convergence properties. By carefully

selecting appropriate weight functions, the convergence rate can be increased, resulting in
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faster and more efficient convergence.

Accelerating or self-accelerating parameters can also be introduced to iterative
methods to enhance their convergence behavior. These parameters dynamically adjust the
iterative process based on the behavior of the solution, leading to faster convergence and
improved efficiency.

Additionally, iterative methods can be developed without memory, meaning that
they do not require the storage of previous iterates. These memory-less methods can offer
advantages in terms of computational efficiency and memory usage, making them more
suitable for certain applications.

For cases where memory is permitted or beneficial, iterative methods with memory
can also be developed using the strategies mentioned above. By incorporating memory-
based techniques, such as storing previous iterates or function evaluations, the convergence
rate and efficiency of the iterative method can be further improved.

Furthermore, the proposed methods can approximate derivatives that arise in the
iterative process. By approximating derivatives, the number of required function evaluations
can be reduced, leading to a decrease in computational cost and an increase in the efficiency
index of the method.

These strategies contribute to the development of higher-order iterative methods
with improved efficiency, as they optimize various aspects of the iteration process. By
adopting these approaches and incorporating them into the design of iterative methods,
researchers can strive to achieve faster and more efficient convergence for a wide range of

problems.



72

References

1]

[4]

[6]

Thota, S., & Shanmugasundaram, P. (2022). On new sixth and seventh order iterative
methods for solving non-linear equations using homotopy perturbation technique. BMC

Research Notes, 15(1), 1-15.

Burden, R. L., & Faires, J. D. (2010). Numerical Analysis 9th edn (Boston:

Brooks/Cole—Cengage Learning).

Homeier, H. H. (2009). On Newton-type methods for multiple roots with cubic conver-

gence. Journal of computational and applied mathematics, 231(1), 249-254.

Young Hee Geum, Young Ik Kim and Beny Neta (2015). A class of two-point sixth-order
multiple-zero finders of modified double-Newton type and their dynamics. Applied

Mathematics and Computation 269, 387-400.

Behl, R., Cordero, A., Motsa, S. S., Torregrosa, J. R., & Kanwar, V. (2016). An
optimal fourth-order family of methods for multiple roots and its dynamics. Numerical

Algorithms, 71, 775-796.

Shengguo, L., Xiangke, L., & Lizhi, C. (2009). A new fourth-order iterative method for



[14]

73

finding multiple roots of nonlinear equations. Applied Mathematics and Computation,

215(3), 1288-1292.

Yun, B. I. (2009). A derivative free iterative method for finding multiple roots of

nonlinear equations. Applied Mathematics Letters, 22(12), 1859-1863.

Arora, H., Cordero, A., Torregrosa, J. R., Behl, R., & Alharbi, S. (2022). Derivative-
Free Iterative Schemes for Multiple Roots of Nonlinear Functions. Mathematics, 10(9),

1530.

Qudsi, R., & Imran, M. (2014). A Sixth-Order Iterative Method Free from Deriva-
tive for Solving Multiple Roots of nonlinear equation. Applied Mathematical Sciences,

115(8), 5721 - 5730.

Cordero, A., Hueso, J. L., Martinez, E., & Torregrosa, J. R. (2012). Steffensen type
methods for solving nonlinear equations. Journal of computational and applied math-

ematics, 236(12), 3058-3064.

Bulirsh, R., Stoer, J. (2002). Introduction to Numerical Analysis. Germany: Springer.

Bartle, R. G., & Sherbert, D. R. (2000). Introduction to real analysis. John Wiley &

Sons, Inc.

Sharma, J. R., & Sharma, R. (2012). Modified Chebyshev-Halley type method and its

variants for computing multiple roots. Numerical Algorithms, 61, 567-578.

Gutierrez, J. M., & Herndndez, M. A. (1997). A family of Chebyshev-Halley type



[15]

[16]

[17]

[18]

[19]

[21]

74

methods in Banach spaces. Bulletin of the Australian Mathematical Society, 55(1),

113-130.

Parida, P. K., & Gupta, D. K. (2008). An improved method for finding multiple roots
and it’s multiplicity of nonlinear equations in R. Applied mathematics and computa-

tion, 202(2), 498-503.

Li, X., Mu, C.,; Ma, J., & Hou, L. (2011). Fifth-order iterative method for finding

multiple roots of nonlinear equations. Numerical Algorithms, 57, 389-398.

Neta, B. (2008). New third order nonlinear solvers for multiple roots. Applied Mathe-

matics and Computation, 202(1), 162-170.

Hueso, J. L., Martinez, E., & Teruel, C. (2015). Determination of multiple roots of
nonlinear equations and applications. Journal of Mathematical Chemistry, 53(3), 880-

892.

Zafar, F., Cordero, A., Quratulain, R., & Torregrosa, J. R. (2018). Optimal iterative
methods for finding multiple roots of nonlinear equations using free parameters. Journal

of Mathematical Chemistry, 56(7), 1884-1901.

Zhou, X., Chen, X., & Song, Y. (2011). Constructing higher-order methods for obtain-
ing the multiple roots of nonlinear equations. Journal of Computational and Applied

Mathematics, 235(14), 4199-4206.

Kansal, M., Kanwar, V., & Bhatia, S. (2015). On some optimal multiple root-finding
methods and their dynamics. Applications and Applied Mathematics: An International

Journal (AAM), 10(1), 22.



[22]

[23]

[25]

[27]

[29]

75

Chicharro, F. I., Contreras, R. A., & Garrido, N. (2020). A family of multiple-root

finding iterative methods based on weight functions. Mathematics, 8(12), 2194.

Thukral, R. (2013). Introduction to higher-order iterative methods for finding multiple

roots of nonlinear equations. Journal of Mathematics.

Sharifi, M., Babajee, D. K. R., & Soleymani, F. (2012). Finding the solution of non-
linear equations by a class of optimal methods. Computers & mathematics with appli-

cations, 63(4), 764-774.

Schroder, E. (1870). Uber unendlich viele Algorithmen zur Auflssung der Gleichungen.

Mathematische Annalen, 2(2), 317-365.

Traub, J. F. (1964). Iterative methods for the solution of equations prentice-hall. En-

glewood Cliffs, New Jersey.

Akram, S., Akram, F., Junjua, M. U. D., Arshad, M., & Afzal, T. (2021). A family of
optimal Eighth order iteration functions for multiple roots and its dynamics. Journal

of Mathematics, 1-18.

Sharma, R., & Bahl, A. (2015). A sixth order transformation method for finding mul-
tiple roots of nonlinear equations and basin attractors for various methods. Applied

Mathematics and Computation, 269, 105-117.

Sharma, J. R., & Sharma, R. (2011). New third and fourth order nonlinear solvers for

computing multiple roots. Applied mathematics and computation, 217(23), 9756-9764.



[30]

[31]

[35]

[38]

76

Singh, T., Arora, H., & Jéntschi, L. (2023). A Family of Higher Order Scheme for

Multiple Roots. Symmetry, 15(1), 228.

Mir, N. A., & Rafiq, N. (2007). Fourth-order two-step iterative methods for determining
multiple zeros of non-linear equations. International Journal of Computer Mathematics,

84(7), 971-977.

Chun, C., ju Bae, H., & Neta, B. (2009). New families of nonlinear third-order solvers
for finding multiple roots. Computers & Mathematics with Applications, 57(9), 1574~

1582.

J. Kou, Y. Li, X. Wang., (2007). A family of fourth-order methods for solving non-linear

equations, Appl. Math. Comput. 188 1031-1036.

Grau-Sanchez, M., Noguera, M., & Gutiérrez, J. M. (2010). On some computational

orders of convergence. Applied mathematics letters, 23(4), 472-478.

Kung, H. T., & Traub, J. F. (1974). Optimal order of one-point and multipoint itera-

tion. Journal of the ACM (JACM), 21(4), 643-651.

Grau-Sanchez, M., & D1, J. L. (2011). Zero-finder methods derived using Runge-Kutta

techniques. Applied mathematics and computation, 217(12), 5366-5376.

Herceg, D., & Herceg, D. (2018). A new family of methods for single and multiple

roots. Journal of Computational and Applied Mathematics, 342, 1-15.

Petkovi¢, M. S., Petkovi¢, L. D., & Dzuni¢, J. (2010). Accelerating generators of iter-



[39]

[41]

[43]

77

ative methods for finding multiple roots of nonlinear equations. Computers & Mathe-

matics with Applications, 59(8), 2784-2793.

Osada, N. (1994). An optimal multiple root-finding method of order three. Journal of

Computational and Applied Mathematics, 51(1), 131-133.

Gutierrez, J. M., & Herndndez, M. A. (1997). A family of Chebyshev-Halley type
methods in Banach spaces. Bulletin of the Australian Mathematical Society, 55(1),

113-130.

Traub, J. F. (1982). Iterative methods for the solution of equations (Vol. 312). American

Mathematical Society.

Sharma, J. R., & Sharma, R. (2010). Modified Jarratt method for computing multiple

roots. Applied Mathematics and Computation, 217(2), 878-881.

Zhou, X., Chen, X., & Song, Y. (2011). Constructing higher-order methods for obtain-
ing the multiple roots of nonlinear equations. Journal of Computational and Applied

Mathematics, 235(14), 4199-4206.



	Untitled

