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ABSTRACT

Title: Impact of Mixed Convection on Williamson Nanofluid Flow over a Stretching Surface

This research work deals with the mixed convection flow of a shear thinning nanofluid over a
stretching surface. The surface is assumed to be porous and stretching exponentially. Two different
cases of heat transfer, i.e., prescribed exponential surface temperature (PEST) and prescribed
exponential heat flux (PEHF) are used for the analysis. Moreover, an inclined magnetic field is
applied to the flow and the effects of chemical reaction, heat generation/absorption and viscous
dissipation are considered. The boundary layer theory is applied to the fluid model and the
resultant system of differential equations are presented and simplified with the help of useful
similarity transformations. Homotopy analysis method is used to solve the governing nonlinear
system using Mathematica Software. The velocity, temperature and concentration profiles are
graphically analyzed under the influence of various flow parameters. From the results, it is found
that increased values of local grashof number increases the velocity profile while the opposite
behavior is seen for the temperature profile. An enhanced temperature profile corresponds to
enhanced Eckert number and the enhanced chemical reaction parameter reduces the concentration
profile. The friction drag, Nusselt number and Sherwood number are studied for varying

dimensionless parameters. A comparison with the existing literature is also performed.
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Chapter 1

Introduction

1.1 Williamson Nanofluid

Nanofluids triggered researchers' interest since they played an important role in a variety of
heat-related equipments, technical gadgets and industrial items. Modern eras focus on finding
ways to save energy and acquire better outcomes. Regarding this, improvement in thermal-
exchanges can be one of the important features. Nanoparticles are employed in nanofluids which
are usually metals, oxides, carbides or carbon nanotubes. They are nanometer sized particles
possessing less than 100 nm diameter and have enhanced viscosity, greater thermal conductivity
and are more stable when compared to the other fluids. Nanofluids are a new and different type of
heat transfer flowing fluids laying foundations for nanotechnology and are produced by scattering
and suspending nanoparticles in typical traditional fluids. The practice of nanofluid is quite
efficient in many fields of engineering and science. They have prominent advantages in heat
transport, nuclear reactor, solar energy, paper production, boiler, laser diode arrays etc. Their
utility also extends to applications in medicine, chemical engineering and many others. Nanofluids
possess special qualities that potentially make them useful for a variety of applications in heat
transfer. Some of them include microfluidics, engine cooling, automotive thermal dissipation,
household kitchen appliances, fuel cells and heat exchangers. The performance of numerous
application, including heat transfer, medication delivery, higher oil recovery, lubrication and many
others, is improved by the better rheological, thermal and wettability characteristics of nanofluid.
Recent study and experiments have shown that with the introduction of nanofluids the physical
features of traditional fluids can be improved. The properties of nanofluids are significantly
influenced by the structure of its additives. Nanofluid can be created using either a single phase

(solid phase) or a two phase approach (liquid phase). Nanofluids own superior thermophysical



properties when compared to the properties of base fluids (water or oil), they have excessive
potential usage in countless fields. Choi [1] studied the nanoparticles and their properties. He found
that the suspensions differ significantly from their conventional fluids in a number of ways, the
most remarkable of which is that they have far better thermal performance than the corresponding
base fluids.

It is a known fact that non-Newtonian fluids are defined as liquids that violate the Newtonian
law of viscosity. Such fluids' viscosity is dependent on the tensile stress that is applied to the fluid.
There are lots of cases of these fluid in common liquid items, including custards, plasma, soap,
toothpaste, jelly, corn starch, paint, melted butter and a number of others. Non-Newtonian fluids
can be expressed by a wide variety of fluid models. These fluids exhibit shear-thinning and shear-
thickening properties. Scientists and academics have always been interested in non-Newtonian
fluids because of how frequently they are used in industrial and biological operations. Blood,
polymer solutions, ketchup, paper pulp, crude oil and biological applications are a few examples
of these fluids. Due to their numerous and complicated structures, non-Newtonian’s fluid flowing
properties cannot be explained by a single constitutive equation. In many business and
technological programs, non-Newtonian fluids have currently obtained extra interest and relevance
than Newtonian fluids. For non-Newtonian fluids, the perceived viscosity is dependent on the
geometry of the flow, shear rate and other variables rather than being constant at the specified
pressure and temperature. Williamson fluid is familiarized as a shear thinning fluid that is a non-
Newtonian fluid and was initially revealed by Williamson. Williamson [2] proposed a theory to
investigate pseudoplastic elements and constructed a constitutive equation to explain the properties
of pseudoplastic fluids. Experiments he carried out were based on the equations and supported the
findings regarding the flow properties. Williamson fluid has extensive range of applications,
particularly in the performance pertaining to pseudo-plastic fluids that is extensively applied in
commercial applications. It also has its applications in biological engineering like hemodialysis
and measuring heat and mass transport rate within the walls of blood vessels. Khan et al. [3]
showed their interest in the work initiated by Williamson and examined the flow of Williamson
fluid with chemical reaction effect by using the homotopy analysis technique. Kothandapani and
Prakash [4] evaluated the consequences of peristaltic flow of Williamson nanofluid in an elastic
medium under the process of a thermal emission. In the same year, Krishnamurthy et al. [5]

examined the impact of nanoparticle on the persistent motion of MHD Williamson fluid flow via



porous media towards a horizontally stretching sheet. The influences of mixed convection and
chemically reactive species on the Williamson fluid produced by a non-isothermal plate and cone
in a porous media was studied by Khan et al. [6]. Nanoparticles have the ability to improve
convective heat transfer within the boundary layer region. Hamid and Khan [7] examined the
thermo-physical characteristics of Williamson nanofluid flow with the existence of mixed
convection and with magnetic field. Ali et al. [8] investigated how the electric field affects the
MHD and Williamson nano-fluid flow and heat transmission capabilities across a heated surface

with varying thickness.

1.2 Mixed Convection

Mixed convection occurs when a flow is simultaneously influenced by an exterior forcing
mechanism and internal forces related to volume. Mixed convections that is in actual both forced
and free convection, often used as a mechanism of a heat transfer. When a flowing fluid, such as
air or water, is moving, the heat transfer process takes place. Differences in temperature within the
flowing fluid start causing convection. A porous media and the dissipative convective flow have
numerous applications, including fiber insulation, geysers, soil pollution, electric kettles, and
lights. Internal fluids' ability to transfer thermal energy is termed as a transmission of convectional
heat. Convection happens when molecules in a liquid, gas or liquid-gas mixture move collectively.
Although there is some initial conduction of heat between molecules, the majority of heat
transmission occurs as molecules move around inside a fluid. In a lid-driven cavity with an arched
wall and filled with a CuO-water nanofluid, Nada et al. [9] concentrated on the mathematical
analysis of steady two-dimensional mixed convection flow. Rashidi et al. [10] looked into the
outcomes of a magnetic field for the combined convective heat transfer for nanofluid flow within
a vertical channel with periodic walls. The features of hydrodynamic fluid and heat analysis were
also studied. Selimefendigil and ztop [11] used the finite element approach to analyze the effects
of mixed convection for nanofluid in a three-dimensional flow with two internally spinning
circular cylinders. Vertical walls were kept at a constant temperature whereas rotating cylindrical

surfaces were considered to be adiabatic. For a partially layered non-Darcy porous medium, Aly



et al. [12] examined the mixed convection flow for a nanofluid. They also proposed an enhanced
version of the incompressible smoothed particle hydrodynamics (ISPH) method in light of the

advantages of particle-based methods.

1.3 Magnetohydrodynamics

Magnetohydrodynamics (MHD) deals with magnetic behavior observed in electrically
conducting fluids like salt water, plasma and liquid metals. If a conducting fluid is exposed to a
continuous magnetic flux, then an electromagnetic force is produced which in turn generates
electric current. Magneto-hydrodynamics (MHD) research was first documented in astronomical
and geophysical issues. Due to its numerous uses in the fields of medicine, engineering and
petroleum refining, this research has drawn a great deal of focus over the past few years.
Additionally, magnetohydrodynamics for nanofluid have demonstrated their value in a variety of
sectors. Biomedicine, optical activators, metallurgical techniques, magnetic cell insulator, blood
flow monitoring and optical control keys are a few of them. The fundamental concept of MHD
holds that the magnetic fields can generate current in a conducting fluid, polarizing the fluid and
therefore altering the magnetic field. Pal and Mandal [13] analyzed the flow of a nanofluid in
magnetohydrodynamic flow that conducts electricity across a nonlinear elastic surface with pores.
They discovered for larger amount of the heat generation/absorption parameter, dual solutions
existed. Hayat et al. [14] explored three-dimensional and magnetohydrodynamic (MHD) flow of
the Oldroyd-B nanofluid with the appearance of generating and absorbing heat and surface
imitating conditions for convection. Using a nanofluid moving due to a semi-infinite flat plate as
a boundary, Prasad et al. [15] investigated the impacts of radiation and chemical reaction on MHD
free convective heat and also mass transfer flow. Mohyud-Din et al. [16] examined flow with the
analysis of mass and heat transfer of a flowing fluid past a swiftly moving flat plate by applying

Buongiorno's model.



1.4 Viscous Dissipation

Viscous dissipation demonstrates how kinetic energy is transformed into enthalpy. Viscous
dissipation is a factor in the energy equation, while it serves as an energy source and modifies
temperature distributions, thus affecting heat transfer rates. It is the energy loss brought on by the
forces of friction between the fluid particles. Umavathi et al. [17] inspected a viscous fluid flowing
via an ascending channel with temperature and thermal resistance to evaluate the transfer of heat
and mass properties. Viscous dissipation affects the sheet in a different way depending on whether
it is being heated or cooled. The analysis of heat transmission due to the presence of viscous
dissipation is of tremendous interest in light of the extensive practical applications. Badruddin and
Quadir [18] observed the impact of viscous dissipation and radiation in a square porous annulus
subjected to inside and outside cold temperatures. Hsiao [19] inspected viscous dissipation impact
on micropolar nanofluid for a stretched sheet and examined the heat and mass transfer in
hydromagnetic flow. The flow of second-grade nanoliquid via a revolving disk is examined by
Hayat et al. [20] and Joule heating while dissipation were the factors considered for studying heat
transport. Saleem et al. [21] inspected the movement of a nanofluid caused due to a stretched
surface with heat source and viscous dissipation. Thermophoresis and Brownian motion were also

included.

1.5 Heat generation/absorption

Heat generation is the process by which one type of energy, such as electrical or chemical,
is modified into thermal energy (heat energy) inside a body. Temperature changes across the
boundaries require the heat transfer process. There are several industrial and engineering uses for
heat propagating mechanisms such as in food processing, nuclear reactors, thermal transmission,
etc. It is crucial to many energy-related applications, including automotive radiators, lubricants
and coolants used in mechanical processes. Abbas et al. [22] used nanofluid flowing by a curved
stretchable surface to investigate the effects of heat generation/absorption and
magnetohydrodynamics. A numerical technique, shooting method was employed to investigate the



solutions numerically. The use of heat absorptive/generative transport done within a three-
dimensional flow of Williamson fluid instigated by bidirectional surface stretching non-linearly
was explored by Bilal et al. [23]. Upreti et al. [24] studied the effects of suction/injection, heat
absorption/generation on MHD flow of Ag-water nanofluid past a stretching flat plate in a porous
media with Ohmic-viscous dissipation. Saba et al. [25] looked at a boundary layer radiative flow
in two dimensions with heat generation/absorption. The fluid flow was across a curved surface and
involved CNTs (carbon nanotubes). Eid and Mahny [26] investigated the impact of steady flow
and heat transfer in the presence of heat absorption and generation over a nonlinearly stretching
surface in a porous medium saturated with a Sisko flowing fluid. The significant effects of
radiation and heat generation/absorption for Maxwell nanofluid fluid model was taken by Hayat

et al. [27] to further explore the MHD flow for in case of a stretched surface.

1.6 Chemical Reactions

Chemical reaction is the process by which one or more chemicals are changed into one or
more other compounds. The atoms that constitute the reactants are rearranged during a chemical
reaction to form different products. The evolution of the idea of a chemical reaction was crucial in
shaping chemistry as we know it today. For thousands of years, people have studied and used
chemical processes for a variety of purposes, such as the smelting of iron, burning of fuels, the
brewing of beer and wine, the production of glass and pottery and the production of cheese. In
addition to the Earth's geology, atmosphere and oceans, all biological systems exhibit complex
chemical interactions on regular basis. Numerous instances of sophisticated chemical processes
can be observed in all living systems, also in the geology, environment and ecosystems of the
entire globe. Chemical processes must be distinguished from physical changes. State shifts can
also occur during physical alterations, such as when ice melts into water or water evaporates into
vapour. The physical characteristics of a material alter when it goes through a physical
metamorphosis, but its chemical structure stays the same. When a substance undergoes a physical
transformation, its physical characteristics will alter but its chemical composition won't with the
existence of a heat sink, heat source and a chemical reaction, Nayak et al. [28] investigated the

effects of mass and heat transfer in a boundary layer flow through a porous material of a



viscoelastic fluid subject to a longitudinal magnetic field. Using the combined effects of radiative
heat and mass transfer in the presence of first-order chemical reaction, Saqgib et al. [29] examined
the effects of slip at a vertical plate for the originating flow of Casson flowing fluid. Mjankwi et
al. [30] investigated the magnetohydrodynamic (MHD) flow of nanofluid across a shrinking
surface that is inclined in the existence of thermally radiation and chemical process. Sabir et al.
[31] worked to investigate the effects of chemical processes and gyrostatic microorganisms on the
two-phase Casson nanofluid moving through a stretched sheet which was permeable and the
effective numerical method known as the shooting approach was used to handle the resulting

equations.

1.7 Thesis Organization

The thesis comprises of six chapters.

Chapter. 1 is about a detailed introduction related to the existing work.

Chapter. 2 is related to a detailed literature review. It includes the literature that is the

foundation of the current work.

Chapter. 3 contains important definitions and concepts that are used in our study. The

fundamental laws for analysis of subsequent chapters are also included in this chapter.

In Chapter. 4, the analysis of Williamson nanofluid flow in two dimensions caused by a
stretched surface with exponential velocity is carried out. The fluid characteristics are affected by
the consideration of MHD and production and absorption of heat. Through the utilization of the

homotopy analysis approach, a system of PDEs which are the model equations is solved.

Chapter. 5 is devoted to the mixed convective nanofluidic flow analysis of a shear thinning
fluid studied due to an exponentially stretching surface. The phenomenon of
magnetohydrodynamics and in addition chemical reaction are also responsible for obtaining

important results. The considered equations are converted into the nonlinear ODEs and the ensuing



system is solved using homotopy analysis techniques. A complete analysis on the obtained results

has been carried out.

Chapter. 6 is about the conclusions of a review and extended work. It also contains some

future potential studies.



Chapter 2

Literature Review

Analysis on non-Newtonian nanofluid has received attention of scientists and researchers
since the last decades. The significance and practicality of nanofluid have piqued researchers'
interests in both numerical and experimental research. Williamson fluid is introduced to be a shear
thinning non-Newtonian fluid, initially introduced by Williamson. Wagas et al. [32] examined the
heat generation and absorption for a Williamson fluid flowing due to a stretching surface with
modified Fick's and Fourier idea and the occurrence of mixed/forced nonlinear convection alters
the flow. Ali et al. [33] studied the application of PEST and PEHF (two conditions of heat) in
magnetohydrodynamic Williamson nanofluid flow in accordance with suction/injection. Yusuf et
al. [34] investigated the impact of magnetic field on a Williamson fluid flow over a porous material
in the presence of heat source that was not uniform, thermal radiation and chemical process. Nazir
et al. [35] considered the work on mass and energy transfer for Williamson fluid by considering
non-Fourier model. It is assumed that the Williamson fluid exhibits thermal relaxation behavior,
which causes the fluid to avoid thermal changes in order to preserve its thermal equilibrium.
Srinivasulu et al. [36] examined outcomes of magnetohydrodynamics applied at an angle on
Williamson nanofluid flow while heat transfer and mass transfer for an extending sheet was
studied. In a nonlinear stretching plate, Williamson fluid was examined by Dawar et al. [37]. In
addition, they also considered the characteristics of activation energy. Habib et al. [38] focused on
comparing the results obtained by the flow of micropolar, Maxwell, Williamson and Newtonian
fluids over stretching surfaces. The comparison was done in the presence of magnetic field and

double diffusion. Loganathan et al. [39] analyzed how nanoparticles suspended in Williamson
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fluid can increase the speed of mass transfer and thermal conductivity for a vertical surface. Patil
et al. [40] evaluated the mixed as well as bio-convection in a Williamson flow that has liquid
oxygen diffusion. Sharma et al. [41] reviewed the results of chemical process and heat radiation
for the flow of Williamson nanofluid over a linearly extending sheet. The irregular unsteady fluid
flow and transmission of heat across a non-Newtonian fluid subjected to elongating surface was
analyzed by Reddy and Machireddy [42]. Reddy et al. [43] employed the Cattaneo-Christov model
including MHD and radiation for Williamson fluid flow for a surface that has pores and this
examination was done in the presence of chemical interaction and suction/injection. Sulochana
and Belagumpi [44] examined the time-independent magnetohydrodynamic Williamson fluid's
thermal transfer properties past a surface in the existence of a chemical equilibrium process. Song
and Ying [45] explored the unsteady magneto-Williamson mixed convection flow brought by
extended container with substantial irregular heat source/sink properties.

Mixed convection is the most prevalent type of convection, which happens when both forced
and natural convection are taking place at the same time. Due of its numerous astonishing and
contemporary uses, this work has drawn many scholars. Hussain and Malik [46] worked on
gyrostatic swimming bacteria movement within a nanoliquid flowing above a stretching cylinder
in the existence of magnetohydrodynamics and mixed convection. Using the Runge-Kutta-
Fehlberg (R-K-F) method, the governing equations’ numerical solution was obtained. Zhang et al.
[47] looked into the implications of Joule heating, convection as well as mass repulsion in a two-
dimensional magnetohydrodynamics flow of a tiny liquid its stagnation point, flowing over a
curved elastic surface that can be stretched or contracted. Ali and Bagh [48] investigated the bio
convection nanofluid flow for a rotating sphere near a stagnation area. Arafa et al. [49] studied
nanofluidic peristaltic motion across a porous media. It was simulated using the non-homogeneous
nanofluid model and studied how the mixture's characteristics and behavior with respect to the size
and form of the nanoparticles changes. Sharada et al. [50] evaluated the outcome of magnetism,
Dufour and Soret impacts on the flow of a fluid that is non-Newtonian viscoelastic liquid. Arshad
et al. [51] analyzed the motion of fluid and mass and heat transfer occurring on a porous, flat
surface during the presence of mixed convection and magnetic field. Haq et al. [52] explored the
mixed convection flow of nanofluid over an inclined uneven area with the consideration of heat

source and chemical process. Hameezah et al. [53] observed the various boundary conditions for
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the CNT-water nanofluid combined convection and entropy formation. Using Buongiorno's model,
Safdar et al. [54] examined radiating Maxwell nanofluid flow under mixed convection
phenomenon. While buoyancy forces work in bio convection, the concept of the microbe was
employed to stabilize the suspended nanoparticles. Sudarsana and Sreedevi [55] took into account
chemical reaction process, radiation, induced electric field, solid-state stratification and the liquid
was incorporated in a porous media when analyzing the nanofluid flow across a stretched surface.
Almaneea and Abdulmajeed [56] analyzed nanofluid flow and homogeneous/heterogeneous
chemical reactions affecting the flow. The fluid flowing was also impacted by the phenomenon of

mixed convection.

Magnetohydrodynamics (MHD) may regulate fluid flow and enhance heat analysis in the
presence of electrically conductive fluids. Thus, MHD flow research is crucial for engineering and
industry applications. Salawu et al. [57] scrutinized the results of mass and heat transport for the
flow of a Maxwell nanofluid having variable properties. The Arrhenius pre-exponential Kinetics
were used to create the species molecular mixture and the Non-Newtonian fluid was described
using the Maxwell theory. Zhou et al. [58] evaluated the unstable Casson fluid flow above a
dimensionally stable surface close to a stagnation point. The flow model also incorporated effects
of an irregular heat source, thermal radiation, MHD and slipping. Adigun et al. [59] discussed
influence of magnetohydrodynamics on the flow of viscoelastic nanofluid. The nanofluid was
flowing towards an inclined cylinder which was stretching linearly and effects of stagnation point
were also examined. Warke et al. [60] studied on steady, magnetohydrodynamic flow of a micro
polar liquid in two dimensions under the appearance of chemical reaction process and heat
sink/source. Yahya et al. [61] investigated thermal transport of a hybrid fluid considering the
existence of magnetic field, heat source and thermal dissipation above a penetrable surface. The
results of employing catalyst and viscosity dielectric breakdown on electrically conducting
nanofluid flowing over sustained porous sheet were evaluated by Gopal et al. [62]. Brownian
motion and diffusion due to thermophoresis were also considered with the Buon-giorno fluid
model. For the magnetohydrodynamics (MHD) and stagnation point theory, Hayat et al. [63]
inspected the movement of Jeffrey's liquid towards a surface that stretches nonlinearly and has
suitable surface roughness. The properties of heat transfer were investigated using melting effect,

viscous dissipation and internal heat generation. A magnetic flux that is not uniform was taken
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into account. Megahed et al. [64] inspected variable fluid properties during modeling of unstable
flowing fluid over a surface. Additionally, they reviewed the effects of injection/suction in the
considered stream. VVinodkumar et al. [65] used this concept and explored results for a convection
flow in MHD Maxwell nanofluid flow using a flexible stretched sheet and the Cattaneo-Christov
flux model. Heat and mass transmission were brought into consideration during the study.
Abdelmalek et al. [66] discussed Buon-giorno nano-model due to the existence of mass and heat
transfer for MHD and Prandtl-Eyring flowing nanofluid. Biswas and Rajib [67] analyzed the
conduct of a 2-dimensional Maxwell nanofluid flowing because of a stretched surface in studied
Brownian motion involving magnetohydrodynamics (MHD). Bejawada et al. [68] assessed the
results of a heat source, chemical reaction and radiation for the flow of MHD Casson flowing fluid

through an inclined nonlinear stretched surface.

Viscous dissipation is the terminology used to describe the unchangeable process through
which work is performed by the fluid between its adjacent layers after the application of shear
force and results in heat generation. Hamid and Amair [69] examined the remarkable benefits of
nonlinear thermal radiation, heat source and sink for Casson nanofluid flow past a vertical thin
needle with the consideration of ohmic-viscous dissipation. A non-linear shrinking sheet was
involved for the stability analysis of a Cu-Al203/water hybrid nanofluid and this was investigated
by Lund et al. [70]. To create a Cu-Al203/water hybrid nanofluid, the nanomaterials were added
to the resulting water-soluble (basic fluid) while Cu and AI203 make up the hybrid nanomaterial.
Chu et al. [71] studied the important role of viscous dissipation and magneto-hydrodynamics for
a cross or secondary flow. For particular values of dimensionless parameter, dual solutions were
produced. Aziz with Asim [72] analyzed the significance of viscous dissipation with linear radiant
energy for the entropy assessment of Powell-Eyring hybrid nanofluid. The fluid is flowing and
heat transfer is performed via convection with the volumetric entropy production. Abbas and
Munawwar [73] analyzed the micro polar fluid with entropy generation study and the flow was
considered above a surface that was being stretched and was affected by thermal radiation, viscous
dissipation as well as the magnetic field. The inconsistent mixed convection of a chemically
reactive and radiating nanofluid was examined by Rikitu et al. [74]. The fluid's varying
characteristics in a porous medium were also a part of the study. Saeed and Anwa [75] studied the

influences of chemical reaction, Joule heating, viscous dissipation and thermal radiation in
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correspondence with the Casson fluid flowing owing to a stretchable surface. Nandi and
Kumbhakar [76] looked into the magnetohydrodynamic flow for tangent hyperbolic nanofluid due
to a stretching wedge and focused on convective heating and Navier's velocity boundary slip. The
results of radiation and viscous dissipation on MHD free convective mass and heat transfer of an
incompressible, viscous fluid flow via a stretched surface was found by Navivela et al. [77]. The
numerical computation of cross-flow of a non-Newtonian fluid flow is the focus of Hussian et al.
[78] research. They considered a homogeneous channel with porous walls on and studied flow
dynamics. Tangent-Hyperbolic fluid flow in two dimensions has been considered in presence of
regard to magnetic fields that act transversely. According to research, the chemical and mechanical
industries usually deal with various types of highly viscous flows that can efficiently use porous
walls and channels that are slippery. Khan et al. [79] examined the important aspect of friction
drag for heat generation and viscous dissipation the study was done for fluid flow and heat

transmission.

Heat generation or absorption phenomenon is common in numerous engineering and
industrial uses. Chen [80] has looked into the problem related to heat transfer with mixed
convective fluid flowing with the consideration of heat generation and also absorption and
considered stretched surface with thermal radiation. The flow analysis and heat transfer
mechanism of a fluid flow with carbon nanotubes in an asymmetric framework with flexible walls
was explored statistically by Ahmed et al. [81] with the existence of heat generation/absorption.
Additionally, a number of researchers have looked into a variety of phenomenon, including diverse
geometries, with expanding and contracting surfaces for nanofluids. Temperature changes across
boundaries requires the heat transfer process. In relation to this. Nuwairan et al. [82] studied the
behavior of nanofluid under the consideration of a magnetic field while taking heat generation
/absorption into account. The task employed the Lattice Boltzmann technique to investigate the
heat transport through natural convection in a two-dimensional container filled with a nanofluid
and three different wall shapes were analyzed. Walters' B fluid flow due to porous material under
the effects of thermal radiation, heat prodution and also absorption was investigated by B. Johnson
and Olajuwon [83] they concluded the consequences arising from the factors of thermal diffusion,
radiation and chemical reaction. Yaseen et al. [84] conducted research on the significance of

nanofluid flow between two alike permeable plates with the existence of heat absorption and
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generation process. Eid et al. [85] examined the flow and heat transmission caused by a sheet
stretching in an exponential manner and two nanoparticles were added to the considered fluid and
heat generation was also an important part of the study. Yesodha et al. [86] analyzed the flow of a
nanofluid in three dimensions past a stretched sheet. The nanofluid velocity decreases as the
stretching sheet becomes porous, while both of the temperature as well as the concentration
increase simultaneously. Shah et al. [87] studied the CuO-water nanofluid flow with mixed
convection and heat generation/absorption. The adiabatic obstructions cold and heated surfaces
were considered. Because of its prominence in physical features of the flow, the heat generation
or absorption was examined for Casson nanofluid and the results were studied by Gajbhiye et al.
[88]. Considerations were done for the constant, laminar, electromagnetic flow of Casson
nanofluid over parallel plates under the impact of Hall current, chemical reactions and also Joule
heating.

Chemical reactions are a fundamental component of technology, society and life itself. In
view of this, Khan et al. [89] viewed the thermo physical aspects of higher-order chemical reaction
and viscous dissipation for nanofluid flow while also taking a continually extending porous sheet
into consideration. The flow model involved a porous medium and assumed laminar, time-
invariant, MHD, incompressible Newtonian nanofluid with two spatial coordinates. The flow of
Walter-B nanofluid with chemical reactions, non-linear thermal radiation and stationary point
region was investigated by Khan et al. [90]. Brownian and thermophoresis motion consequences
were used to investigate the properties of nanofluid. Fluid conducts electricity when a uniform
magnetic field was present. Furthermore, the impacts of Joule heating and activation energy were
used to study the phenomenon of mass and also heat transfer. Uddin et al. [91] analyzed the MHD
and chemically reacting flow of Prandtl-Eyring nanofluid with the involvement of enthalpy change
and heat transfer was also a part of the research. The improvement in heat transmission was studied
by Punith et al. [92] by selecting a suitable ferromagnetic fluid or base fluid as an active liquid. In
this regard, the flow was examined across a stretched flat sheet with pores and chemical reaction
was taken into consideration. A third grade magnetohydrodynamic fluid flow model with the
existence of chemical reactions and heat source or sink was explored by Raja et al. [93] using an
Avrtificial Neural Network. Varun et al. [94] explored the role of chemical reactions and the

magnetic field effect on the Casson nanoliquid flow across a curved stretching sheet. Furthermore,
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Brownian motion, thermophoresis effects and exponential heat sources were used to examine the

mass and heat transfer characteristics.

The above investigations lead to the conclusion that the phenomenon of mixed convection for
Williamson nanofluid flowing across an exponentially porous stretched surface with mass suction,
inclined magnetic field and heat absorption/generation has not been explored yet. Thus the main
purpose here is to investigate the consequence of mixed convection on Williamson nanofluid flow
over an exponentially stretchable sheet. The flow problem has been mathematically modelled
keeping in view the basic laws of fluid mechanics and heat transmission. Application of suitable
similarity transformations change the fluid model equations into a set of ODEs. The resulting
system is then solved through homotopy analysis method. The results of the fluid flow and mass
and heat transfer are graphically analyzed under the effects of different flow parameters. The
findings are obtained for different physical flow parameters in terms of skin friction coefficient,
velocity, local Nusselt number, temperature, concentration and the Sherwood number. The results
of the current work are anticipated to be helpful for the future studies to advance the development

in the scientific and technical sectors.
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Chapter 3

Preliminaries

The current chapter includes certain relevant definitions and important fundamental laws for

analysis of next chapters.

3.1 Fluid [97]

Fluid is a material that deforms continuously when an external force is applied. Examples of

fluids are liquid, gasses and plasmas.

3.2 Fluid Mechanics [97]

Fluid mechanics studies the nature and characteristics of fluids both in motion and at rest. It

consist of two dominant branches.

3.2.1 Fluid statics [97]

It comprises of the study related to behavior of fluid's particles at rest.

3.2.2 Fluid dynamics [97]

It includes the study on behavior of fluid's particles in motion.
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3.3 Stress [98]
It is illustrated as the average force per unit of a body's surface area on which various forces

act.

Stress = 1078 (3.1)
rea

It is measured in Nm~ or kg/m.s® in Sl system and has dimensions [%] . Stress consist of
two parts.

3.3.1 Shear Stress [98]

It is referred to as a force that tends to cause a material to slip across a plane and is applied

parallel to the considered material’s cross-section.

3.3.2 Normal Stress [98]

It is noted to be a form of stress when a force is assumed to work normally on the cross

section of the considered material.

3.4 Strain [98]

If a force is acted upon a considered material, then strain is expressed as a measurement of the

relative deformation that occurs. It is a non-dimensional property of the fluid.

3.5 Viscosity [98]

Viscosity is a physical trait of fluids associated with the shear deformation of fluid's particles

exposed to applied forces. Viscosity can be described in two ways which are as follows:
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3.5.1 Dynamic Viscosity [98]

A measure of the proportion of shear stress to velocity slope is termed as dynamic viscosity
or absolute viscosity (x) and

_ Shear stress (3.2)
Velocity gradient

The dynamic viscosity is measured in Ns/m?orkg/m.s (SI-System) and the related dimensions
are noted to be [] .

3.5.2 Kinematic Viscosity [97]

The relation between absolute viscosity and density can be expressed by kinematic viscosity
(v). Mathematically, it is written as:

Tl (3.3)
Yo,
It has units of m® /s and the dimensions are [L?Z]

3.6 Newton's Law of Viscosity [98]

It is demonstrated as the application of shear stress on a fluid, leads to directly proportional

relation of stress and velocity gradient. Newton's law of viscosity is mathematically written as

£y 3 (3.4)
dy
du

yx H—,

35
ay (3.5)

where 7, represents shear stress applied on the fluid element and 4 is proportionality constant.
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3.7 Newtonian Fluids [98]

Newtonian fluids are those that adhere to Newton's viscosity law i.e., there is a linear relation

between velocity gradients and shear stress z,, . Examples of Newtonian fluids include water, air

and alcohol etc.

3.8 Non-Newtonian Fluids [98]

The kind of fluids which signifies a nonlinear connection between shear stress and strain rate
or those fluids that are not in accordance with Newton's law of viscosity are noted to be Non-

Newtonian fluids

Ty € (3—;}” n=1 (3.6)
Ty = k(j—;)”. (3.7)
Above equation is reduced to Newton's law of viscosity with respectto n=1 and k =7
Ty = 77(3—;), (3.8)
n= k(g—;)“, (3.9)

where 7; is denoted for apparent viscosity, kis symbolized for consistency index and n is

indicated for flow behavior index. Toothpaste, blood and ketchup are some examples of non-

Newtonian fluids.

3.9 Nanofluids [98]

Nanofluids are a special kind of fluid which consist of nanometer-sized particles involving

base fluid. Nanoparticles include metals, non-metals and metal carbides etc. Base fluid include
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water, oil and other lubricants. Nanofluids are used in cosmetics, heat exchangers, electronic

cooling system etc.

3.10 Williamson Nanofluid [98]

Williamson fluid is introduced as a shear thinning fluid that is non-Newtonian. It has wide
range of implementations, particularly in the performance of pseudoplastic fluid, which is

extensively used for industrial purposes.

The tensor S for our considered fluid is indicated as Nadeem et al. [95].

S (3.10)
S=-pl+7
and
Foly, + Mo HeDyp (3.11)
1-Ty

in which 7 stand for extra stress tensor, 1, and £, for limiting viscosity at zero shear rate and

infinite shear rate, I">0for time constant, A represent first Rivlin-Erickson tensor and 7 is

?ng;, (3.12)

m =trace(A?), (3.13)

define as

The tensor reduces to

r=u[1+T )T A, (3.14)
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3.11 Flow [98]

There are different types of flow discussed as:

3.11.1 Compressible Flow [98]

A flow in which the fluid's density keeps on changing with the flow is indicated as

compressible flow.

3.11.2 Incompressible Flow [98]

A flow in which the subsequent fluid's density does not vary throughout the flow
corresponds to incompressible flow.

3.11.3 Turbulent Flow [98]

If each liquid particle does not follow a clear path and the path of one particle crosses the

other particle's path, then it is termed as turbulent flow.
3.11.4 Laminar Flow [98]

This flow is observed if liquid particles travels in regular paths under no interference

among them.
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3.11.5 Unsteady Flow [98]

An unsteady flow is expressed as a flow through which amount of liquid flowing per
second changes. i.e., for any studied fluid property Q, we can see the following relation

Q. (3.15)
ot

3.11.6 Steady Flow [98]

A steady flow is the one for which the flow rate of the liquid through any section is
observed to be constant, i.e., if any fluid property is denoted by Q, then
GL) (3.16)
ot

3.12 Methods of Heat Transfer [99]

There are three significant forms of heat transfer from one position to another.

3.12.1 Conduction [99]

It describes a mechanism of heat transfer which studies heat flows from hot to cold body
due to collision of molecules or atoms in solids and liquids which are in contact. Mathematically
it can be expressed as

q=-kxVT. (3.17)
In above representation, negative sign represents that heat is transferred from higher to lower
temperature, 4 denotes local heat flux density, A is surface area, k represents thermal conductivity

and VT indicates temperature gradient.
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3.12.2 Convection [99]

Convection is a heat transfer mechanism in which heat is transferred from a hot to a cold
region, owing to the fluid’s particles movement this method of heat transfer is known as
convection. In mathematics,

Q=hxAxVT, (3.18)
where h is coefficient of convective heat transfer, Ais a surface area and VT is temperature

gradient.
3.12.2.1 Forced Convection [99]
Forced convection is a different type of heat transfer during which the heat is conducted
owing to an external force. Examples are air conditioners, fans and pumps etc.
3.12.2.2 Natural Convection [99]
As the internal temperature of the fluid changes, so does the density in the gravitational

field. Buoyancy forces cause natural convection or free convection due to density fluctuations.

Examples of natural convection is the rise of warm air, sea breeze and land breeze etc.

3.12.2.3 Mixed Convection [99]

Mixed convection is the most common type of convection, which occurs when both
forced and natural convection occur simultaneously. This results from the interaction between
buoyancy and external forces. The technique of mixed convection is used in various technical

devices.
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3.12.3 Radiation [99]

Radiation is the movement of heat energy as waves or particles through a material
medium. Sunlight or heat from the sun, microwaves from an oven and X-rays from an X-ray tube

are few related examples.

3.13 Thermal Conductivity [99]

The ability of a thing to transmit heat is referred as thermal conductivity. Mathematically,

distance x heat

Thermal conductivity =

temperature gradient x area ’ (3.19)
so
QXL (3.20)
AXAT’

where A is denoted for the cross-sectional area, k for designated as thermal conductivity, Q for
typified for the heat flow per unit time and AT for temperature difference.

The Sl unit for thermal conductivity is written as W /m.K or kg.m/s*.K and have dimensions

%)

3.14 Thermal Diffusivity [99]

Thermal diffusivity is the relationship between heat conduction and the product of density

and specific heat. Mathematically, we have
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o= (3.21)

where K is characterized as thermal conductivity, p represents density and ¢ , symbolizes specific

heat capacity. SI system provides m? /s as its units and [L?z] are its dimensions.

3.15 Viscous Dissipation [101]

The energy produced by the fluid's motion during a viscous fluid flow is captured by its
viscosity and transformed into its internal energy and this phenomenon is known as viscous

dissipation. It is a permanent process and helps in lifting the fluid's temperature.

3.16 Magnetohydrodynamics (MHD) [101]

Magnetohydrodynamics analyzes the motion corresponding to electrically conducting fluid
with in a magnetic field. In MHD, magnetic fields and fluids that conduct electricity are involved.
The phrase "magneto hydro-dynamics” (MHD) relates to the phrase "magneto” refering to a
magnetic field, "hydro” meaning liquid and "dynamics" referring to motion. Examples of
electrically conducting fluids are rain water, salt solution, liquid soap etc.

3.17 Permeability [101]

Permeability can be expressed as an intensity of spongy substance that allows liquids to
travel through it. Large pores in surfaces make them highly permeable.
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3.18 Dimensionless numbers [101]

3.18.1 Reynolds Number [101]

The relationship between inertial and viscous forces can be described through Reynolds

number.
We have
Re— Ir_1ert|al force | (3.22)
Viscous force
ie.
oveLE L
Re = =—,
L o (3.23)

Here pis noted for density, vfor mean velocity, L for characteristic length, . for dynamic

viscosity and v for kinematic viscosity.

3.18.2 Prandtl Number [101]

The Prandtl number, which has no dimensions, measures the relationship between

momentum diffusivity (v) and heat diffusivity (0(1).

The formula for the Prandtl number in mathematics is

_ Viscous diffusion rate (3.24)
Thermal diffusion rate’
i.e.
C
pr= 2o (3.25)
a, kK

where v represents the kinematic viscosity, «;is thermal diffusivity, K represents thermal

conductivity and ¢, shows the specific heat at constant pressure. Momentum diffusivity prevail
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for Pr>>1 while influence of thermal diffusivity is seen for Pr<<1 .

Prandtl number strongly affects the relationship between the respective closeness of momentum
boundary layers and also thermal boundary layers. Higher Pr values indicate that the boundary
layer for momentum is stronger than that of thermal boundary layer.

Prandtl number is crucial for free and as well as forced convection. For various fluids, the Prandtl
number can have a broad range of values. It can range from 0.7 to 1 for gases, water has a Pr value

between 1 and 10, and it ranges from 0.001 to 0.03 for liquid metals and from 50 to 2000 for oils.

3.18.3 Grashof Number [101]

It reflects the behavior of the buoyancy forces against the viscous forces in a flowing
fluid. It is employed to establish the fluid boundary layer flow regime in laminar systems.

Mathematically, it can be written as

L3
Gr= z gp(M -T,), (3.26)
where g denotes volumetric thermal expansion coefficient, g denotes acceleration due to gravity,

v denotes kinematic viscosity, L denotes characteristic length, T and T_ are fluid and surrounding

temperatures respectively.

3.18.4 Eckert Number [101]

The relationship of kinetic energy to enthalpy of the heat flow is referred to as the Eckert
number.

Mathematically, it can be expressed as

2

oo Kinetic energy __Vv ’ (3.27)
Enthalpy C,AT

where ¥ is represented the fluid's velocity, c,for specific heat and AT for temperature difference.

If the Eckert number (EC << 1) is noticeably low, the part in the energy equation representing the
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effect of Joule heating is usually omitted. To determine the viscous energy dissipation when the
flow speed is low, the multiplication of the Eckert number and Prandtl number is utilized,
le.

2

(3.28)

Ec.Pr=—~~

k(AT)
3.18.5 Nusselt Number [101]

Nusselt number is distinguished as dimensionless number and described to be the ratio
of convective and conduction heat transfer at a fluid's boundary.
Mathematically, it can be expressed as

_ Convective heat transfer (3.29)
Conductive heat transfer ’

L

L haT ol
“TkaT K (3.30)

where h* represents coefficient of heat transfer, |denotes characteristic length and k shows the

thermal conductivity.

3.18.6 Sherwood Number [101]

The Sherwood number which is also noted as mass transfer Nusselt number is an
important dimensionless number and is readily seen in mass-transfer phenomenon. It is found to
be the ratio of the convective mass transport to rate of diffusive mass transport. Mathematically,

it is expressed as

_hxL _ Convective mass transfer rate (3.31)
D, Diffusion rate

Sh

where L is symbolized for characteristic length, D, for mass diffusivity while h for convective
mass transfer layer coefficient.


https://en.wikipedia.org/wiki/Nusselt_number
https://en.wikipedia.org/wiki/Dimensionless_number
https://en.wikipedia.org/wiki/Convection
https://en.wikipedia.org/wiki/Diffusion
https://en.wikipedia.org/wiki/Mass_diffusivity
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3.18.7 Skin Friction [101]

Skin friction is a type of friction that results from the relative motion of a solid's surface

with in a fluid. Mathematically, it can be written as

27,
Ci=—7%, (3.32)
U

where U signifies velocity, 7, represents shear stress at the wall and p is indicated for density.

Skin friction is created by the drag that results from the viscous strains at the boundary layer.
Compared to turbulent flow, the boundary layer is thinner in laminar flow, thus skin friction has a
less impact. If an object is shaped in a way that promotes laminar flow, skin friction can be

minimized.

3.19 Basic Equations [101]

3.19.1 Equation of Continuity [101]

The physical illustration of continuity equation, also named as law of mass conservation,

indicates that net mass of the system is always conserved. Mathematically, it is noted to be:
ot
The density does not vary for incompressible fluids, so equation changes as
V.V =0, (3.34)

If two dimensional flow is talked about, then

T (3.35)

— —=l],

dx dy
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and for three dimensional flow,

_+ +__ (3.36)
Be

The net flux of the system can be demonstrated through this law.

3.19.2 Momentum Equation [101]

This equation is physically related to law of conservation of momentum and therefore
demonstrates that the total momentum of system will always be conserved. If incompressible fluid
is taken into account, then the equation is written as:

N

- 3.37
pdd—\t/:diV1:+pb, (3:37)

where p represents density, V signifies velocity, T characterizes Cauchy stress tensor,div T

N
exhibits surface forces, pbmeans body force per unit volume and o9 points towards inertial
forces. The component form of momentum equation is as follows:

X -component;

o 88 i u_ _dp d J ov | ou
[ +T£ + p + gz dx E‘x( .H?V E'H )-I_Ey[y(ﬁ‘x-l_ﬁ'y)-l_
i 3.38
§M%+?hh (539

y -component;

aﬁ+wara+ au+ Nara_ ap+ d /2 —— o +:’:i' BEI_I_E:‘E N
Plget it P50t %5, =5 ay( H “a_) a“‘(a a)
L+ —hy (3.39)

Z -component;

Bw_l_ afrz+~aw+ Bifr_ ap+ d /2 . 28 . dr  Iw .
plgr tugrt vt Wam=—57 az( H S —[H(z a_:)

d . ou oW
[ [ L e 3.40
A [P.' A + Ay ]Pb: ( )
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3.19.3 Energy Equation [101]

The energy equation is based on the conservation of the respective total energy.
Mathematically,

aT
(Peo) PZr =diva, (3.41)
S (3.42)

where p depicts density, €, symbolizes specific heat, @ identifies heat flux, T indicates
temperature and K typifies thermal conductivity, (,oCp 4T is indicated for total internal energy

and div 7 for total heat flux.

3.19.2 Concentration Equation [101]

This equation physically means that concentration of the system is conserved and is

derived from Fick's law. The equation in mathematical form is

€ _pvec (3.43)
dt
For two dimensional flow field;
2 2
32 .g _pfoc o) (3.44)
OX oy OX oy

where C is denoted to be the concentration and D is noted for diffusion coefficient.
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3.20 Homotopy analysis method [102]

The homotopy analysis technique (HAM) is a powerful tool for solving highly nonlinear
differential equations analytically. Liao (1992) was the one who introduced this method and it was
adopted by many researchers as it guarantees convergence of the desired solution and it provides
a great freedom to choose initial guesses for the desired solution.

To illustrate method of homotopy analysis, consider the differential equation
N [w(x)] =0, (3.45)

where N is denoted for a nonlinear operator, w(x) represents unknown function and x is denoted

for the independent variable. The following is the Zeroth-order deformation equation

(1- r)/:[@(x; r)— WO(X)] = rhN[v/V(x; r ] (3.46)

Here r is symbolized as embedding parameter with varying values from 0 to1, L is represented

as auxiliary linear operator, h is noted as nonzero auxiliary parameter, w(x;r) is considered as

unknown function and W, (X) stands for the initial approximation.

Equations corresponding to r =0and r =1 are as follows

W(x;0) = wo(x), and Wx;1) = wx). (3.47)

The solution W(X;) modifies from initial approximation W, (x) to the final solution r(x) with

the conversion of r from 0 to 1. Taylor's series expansion leads to the following expressions

V/\\I(X;r) = Wo(X) +an(x)rn’ Wn(X) = #% _ (3.48)

n=1 r=0

If r=1,then

W(X) = Wo(X) + D Wn(X). (3.49)

n=1

We obtain the following n th order deformation equation by differentiating n times the Zeroth-



order deformation equation, with respect to r, dividing the resulting equation by n! and setting

r =0, we get
LIWn (X) = xaWn_1(X)] = AR (x),
O"N[W(x;r) ]
_ 1
e Y T |
=i
where
_J 0 n<1
A 1, n>1"
3.20.1 Example
Solve the differential equation
Y +y?=1
subject to the condition
y(0) = 0.

Assume that y(x) can be expressed by

Y= e,
n=0

where C, is a coefficient.

Let
vo(t) =1—e7*.
Choosing the auxiliary linear operator
Ly =@+¢ , L=i+1,
dx dx

as

L[ym _mem—l] = hH[Ym—l + Z;nz?)l Vi¥ym-1-5 — 1- Xm)]r
where

_ {0 , m<1
Am =14 ,otherwise
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(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)
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put m =1 ineq. (3.57) we get

h h
y1(x) = —Ee‘x + he™* — Ee_Sx. (3.60)

Form =2
h hy _ r\ _ h _ hz Rz
yZ(x):_E(1+E)e x+h(1+5)€ 2x_5(1+h)6’ 3x+76’ 4x-:€ Sx' (361)

It is found that the corresponding mth-order approximation of y(x) can be expressed by

2m+1

y(x) ~ Z Fon(R)e™™, (3.62)

n=0

where 7, ,, (h) is a coefficient dependent of h.
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Chapter 4

The Magnetohydrodynamic Flow of Williamson Nanofluid over a
Permeable Stretchable Sheet

4.1 Introduction

The incompressible, steady, two-dimensional and Williamson nanofluid flow owing to a
stretching surface is analyzed. The surface is taken as porous and stretching exponentially. The
influential elements of MHD and heat generation/absorption are also considered. The system of
differential equations are rearranged as a system of less complicated differential equations by
implementing pertinent similarity transformations. The solution of the obtained equations are
derived by employing homotopy analysis method. The impact of consequential parameters for
velocity, temperature and in addition concentration profiles are inspected graphically. Moreover,
the conduct of skin friction coefficient, Nusselt number and Sherwood number is plotted for
prominent parameters. The validity of the results is confirmed through a comparative study with

the existing literature.
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Coo

T
ﬁ? Thermal boundary layer

Momentum boundary layer

= U,
—p L, 1

Fig. 4.1. Physical Model.

4.2 Mathematical construction of models

Let us inspect steady and two-dimensional flow based on Williamson nanofluid induced by a
porous sheet. The sheet is believed to be stretching exponentially with a velocity U, directed along
X -axis. An external magnetic field experiencing strength B, is applied at an angle g to the
surface. The assumed flow is further influenced due to the consideration of heat
generation/absorption. The Cartesian coordinate system (X, y) is the foundation for this system in

which velocity field is expressed to be

V= [{Z(x,y),ﬁ(x,y),O]. (4_’]_)
The continuity along with momentum and also energy equations Lie et al. [96] are observed as
V.v=0,

(4.2)
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p—= V.S+]xB-pg, (4.3)

(pcp)f%—Izv(k VT)+(pcp)p|:DB VC.VT+%<VT.VT) :|+Q0(T—TOO) (4.4)
° ° v 4.5

d—({?zv. Dsg VC+DTTT ) ( )

where Pis noted for nanofluid density, B the total magnetic flux, S for stress tensor, J for electric

current density, g for gravitational field, (oc,)and(oc,), for heat capacities of considered fluid

and assumed nanoparticles respectively, T for temperature, Dgfor Brownian diffusion
coefficient, C for nanoparticle volumetric fraction, D; for thermophoresis diffusion coefficient

Q- for heat generation coefficient and T, for ambient fluid temperature.

The tensor S for our considered fluid is indicated as Nadeem et al. [95].

> N (4.6)
S=-pl+7
and
7= |:‘ugO + —(IIO__F.U;) :|A1, 4.7)

where 7 is denoted for extra stress tensor, 1, for limiting viscosity at zero shear rate and ¢, for

limiting viscosity at infinite shear rate, I" > 0 for time constant, A for first Rivlin-Erickson tensor

- \/%7 4.9)

m =trace(A’). (4.9)

and 7/ is defined

The tensor reduces to

T=p[1+ Fj/]_lAl. (4.10)



The component of extra stress tensor are

Txx — 2#0[1+F '}/]%,
Ty = Ty = 2u0[1+ T y1(5 + 90),

Ty = 2u0[1+T 714,

and T« = Ty = Tx =Ty =Tz = 0
Electromagnetic force is demonstrated when E = 0

N

] xB = —0B-?sin%B,
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(4.11)

(4.12)

where B, represents magnetic field in perpendicular direction to the surface and o epitomizes

electrical conductivity.

Making use of above equation in (4.2 —4.5) and applying boundary layer assumptions, we get the

equations given as below Lie et al. (2021):

T-T,)+

+V—=a—+ Q. — 2 Dy —.—
ox oy oy (KCp)y (Cp)e| Oy Oy

+
OX oy oy?

The boundary conditions for mentioned system are

0=U,=Uge', v,=-5(X);
T=T, C=C,aty=0,

and for PEST and PEHF cases , the conditions given respectively as

T=T,=T,+(,-T,)e" aty=0,

oT x
k|| =, -T,)efaty=0,
Laij (TW oo)e a y

2 2
~oC vﬁzD{QJ D, (°T )

(4.13)

(4.14)

_ﬂ, (4.15)
oy

(4.16)

(4.17)

(4.18)

(4.19)



and

u=u,—>0, T—>T,,C—>C_ wheny— o,
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(4.20)

For the expressed equations, U and V are symbolized as the velocity components in the respective

directions, U, as reference velocity, o as the electrical conductivity, T as the ambient temperature,

« as the thermal diffusivity, K, as the permeability of the porous medium, v as kinematic viscosity,

C as concentration, C_ as the ambient nanoparticle volume fraction, Q, as the heat generation

coefficient.
Employing following similarity transformations

T=U,e' f'(n),
vU =x ,
Vy = —1/2—|°e“ [(f () +nf ()],
_ Y e
T 2vl '
Case for PEST:
T=T,+(,-T,)e"6()
h= C-C, .
CW _Coo
Case for PEHF:
T-T, 4 luTeed [y
_ C-C,
h = o Cc.

Apply similarity transformations, Eq. (4.13) is identically satisfied while equations
(4.14 — 4.16) becomes
f7—2(f) + ff"+ A F" —(K+Msin® p)f'=0.
PEST case
¢ +Pr(f0'— 9+ N6+ N,6% +Q6)=0,

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)
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h"+ LePr(fh’ )+ N Lg" =0 (4.26)
b
PEHF case
& +Pr{fg — 9+ NN ¢ + N,g? + Q) =0, (4.27)
"+ LePr(fhf) + ¢ N, ¢" - (4.28)

After the use of the same similarity transformations for the boundary conditions, we get

f (0)=v,, f'(0)=1 f'(w)=0. (4.29)

PEST case
0(0) =1, O() =0, h(0) =1, h(x) =0. (4.30)

PEHF case
#'(0)=-1, () =0,h(0)=1, h(x)=0, (4.31)

where A is denoted as Williamson parameter, K as porosity parameter, M as magnetic number,

Pr as Prandtl number, N, and n,as the Brownian and thermophoresis motion parameter, Q as

the heat source/sink parameter and Le as the Lewis number. These parameters are presented as

A= L yuded M=o 2803 Ko et

N pUo i, (4.32)
_ Y - _Q 21,3 _
Pr - o Q (pcp)f Uo e I 1) Le DB )
_ DT (pCp)p. (TwTw) o _ Ds (0Cplp _
Nt - Tw (Pcp)f v 1 Nb % (Pcp)f( w COO)'

Skin friction coefficient, local Nusselt number along with Sherwood number are given as

~

C, =", Nu =20 g Xn (4.33)
pUW k(TW _Too) DB(CW_COO)
2
oi . T (aa) J . __[8_TJ . [ac}
T ’ q - k ) q - D y
' |:8y J2 y=0 ’ oy y=0 oy y=0

Where -, §,,. g, are noted for local wall shear stress, local heat flux and mass flux respectively.

Due to the similarity transformations, Eq. (4.33)attain the following forms
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(2Re,)*C, =(f"+2.1),, € (2Re,)"*Nu=-0'0), (4.34)
e ¥ (2Re,) Y2Sh=-h(0).

Where Re =Yl s the key factor known to be Reynolds number.

2u

4.3 Solutions through homotopy analysis method

The requisite initial guesses (fO,HO,hO) and associated linear operators ( Ls, Ly, L) for the
momentum, energy and also concentration equations can be adopted in the following way:

fo(7)=1+v, —exp(=7). 6,(7)=exp(—7), h,(7)=exp(—7n),

(4.35)
_ d3f df _ d29 B dzh 436
ﬁf(f)—ﬁ—d—n, 50(9)—W—9, Eh(h)—W—h, (4.36)
and
Li[a, +a,exp(n) +asexp(-n) | =0, (4.37)
L,[a,exp(m) +agexp(-n) ] =0, (4.48)
Ly [agexp(n) +a,exp(-n) | =0, (4.39)

where a, (i=1—7) are indicated to be arbitrary constants. To further proceed, the deformation

problems in line with the zeroth and nth ordered problems are expressed as:



4.3.1 Zeroth-order deformation problem (PEST case)

@=1) L [Tr) ~fo) | = thei [T |,
(L=1) Lo [0G1) = 00() ] = vy [ T, 0100, Rmim) |,

(L=1) Ly [AGEr) = ho(n) ]| = G [ ), 0Gp).hnm) |,

FO:0) = v %(o;r) 1, ﬂ(oo r) =

0(0:r) =1, 8(xor) =0,

h@©;r)=1  h(xr) =0,

63?(q;r) B 2(6?((3_:;0) f(n 0 aZf(n r) /153f(n r) Zf(n r)

MHCOIN S "
—(K + Msinzﬁ)afé—';:r)
[ 69(np)+Prf( p)ae(np) ]
N[ T, 00rp). ACrp) | = | ~PrefeR2f(yp) + Pr, S o)
+PrN (ae(r:]p)) +Qoegz7,p)

ah(n:p) N aharp)
ok + LePrf(n;p) on

N [ 3%0ap)
+Nb( an? )

Nu[ Ti:p), 0Grip). A | =
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(4.40)

(4.42)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

in which, r e[0,1] is denoted for embedding parameter, 7 (71, and n, for auxiliary parameters

(non-zero) and Ny, Ngand NV, for nonlinear operators.
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4.3.2 nth-order problem

Li [fa(n) = xn faa() ] = R (), (4.49)

Lo [00() = 2, Ona() | = hoRA (), (4.50)

L, [a@) = 20 hnaa () ] = 1R (), (4.51)

f (0)=f_(0)= f (o0)=0,

. (0)=f,(0)= f, () @52
On (0) = On() = 0, (4.53)

hn (0) = hp(e0) =0, (4.54)

f " E;(:)L [Zf;nflfkf{( + fn—l—kflz + lf” n_1_kf,k” :| (455)

R () = fr () — _ ,
+(-K + Msin?)f._;
) n-1 ZL‘;O(f__O—f'__e +N.& . .h
[ — H P n-1-k Yk n-1-k “k b“'n-1-k " 'k P 0 ’
Rn (77) n—l(”)+ r§|: + Nter;—l—kel;) :|+ rQ n-1 (456)
A n-1 N
Ra () = hy_ () + > _[LePrf _, hi]+ N—gen_l], (4.57)
k=0
B 0, n<1,
U R (4.58)
When r =0and r=1 then,

fop0)=f, (), TOpl) =f@), (4.59)

~ ~ 4.60

B (1,0) = 0, (), 0(m1) =0 (), (4.60)

h (7;0) = hy (), h (1) =h (). (4.61)

As I varies from 0 to 1 ,then f(mr), 0(m;r)and h(m;1) change from the initial guesses
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fo(n), Bo(m) and ho(n) to last obtained results f(z;),6(;;) and h(;) respectively. Now

expressing through Taylor series, the following expressions are achieved

() = o) + ) famrn, faln) = ﬁ% : (4.62)
n=1 r=0
D) = 0ot + Y, a0, Oa() = AL | (4.63)
n=1 r=0
honr) = ho(m) + 3 haGpr®, () = 4 E0CED (4.64
n=1 r=0

Choosing the values of the auxiliary parameters in order to converge the series (4.62 —4.64) at
r =1, we accomplish

f(n) = folm) + D falm), (4.65)
n=1

0 () = 0o(m) + Y, 0n(n), (4.66)
n=1

h (1) = ho(n) + D ha(n). (4.67)
n=1

The solutions (fn,Hn,hn) of the respective Egs. (4.51—4.53) Involving special solutions

(f3,05,1%) is written down as

fo (1) = fo (n) + a1 +aze” +aze™, (4.68)
On (1) = 07 (n) +ase™ +ase™, (4.69)
hn (1) = hy (17) + ase” +aze™, (4.70)

It is demonstrated that constants @i (i =1-8) by means of boundary conditions (4.52 —4.54)
are given by

= afg;") -1, a; =vy-—az —-f;(0), (4.71)

3228.423.6:01 as
n=0



4.3.3 Zeroth order problem (PEHF case)

@=n) Le [T —fom) | = i [T ],
(L=1) Lo[ 1) = do) | = vy N[ Tir), (i), A |,

(L=1) Lu[A@r) =ho(m) | = rhn Ny T, ¢(in), hn) |,
oy v. Oy, Of
f(O;r) = vy, aT’(O,r)—l, an( ;r) =20

9 g0y ST
a_n(oar) - _11 ¢( 1r) - O

h@;r)=1, h(xr) =0,

'xn3 anz

~ 3 o
N [Tan]=| ! o ,
~ (K + Msin? ) =10

35, . 2 2% . 3%y A2F (e
Simn Z(afé"’r)> T2 f(z,r) L 2 ZHan aen

8 ¢(77 r +Pr f (n p) 6lf’('] r —Pr 9f(77 N ¢(n, r)

N [?(n;r), ¢(n.1), ﬁ(n;r)J = n prwa@ 4 prNt(@)
n n n

+ PrQa@m;r)

+LePrf(n r)

ah(n, ) N 9@

2
Ny [Fain, g, in ] = % N o

where r <[0,1] is indicated as embedding parameter, 7, 71, and I, as non-zero auxiliary

parameters while IV, Ny and JV;, are represented as nonlinear operators.
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(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

(4.79)

(4.80)
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4.3.4 nth-order Problem

L [fa) = 0 faa () ] = hRa (), (4.81)
Ly [$n(n) = xn dna() ] = hyRE (), (4.82)
Lo [ = 2, haa() | = haRE (), (4.83)

£2(0) = f,(0) = fi(s0) = 0, (4.84)
¢n(0) = ¢n(e) =0, (4.85)
hn(0) = hp(c0) = 0, (4.86)

n-1 / ! I 1" "
T R I I
+(-K + Msin?p)f,_,

n-1 n-1 fn— Y +Nnod' h!
R‘g (77) _ ¢;1,71(77) +Pr Z Zk:O 1 k¢k n—/l—k¢k/ b¢n—1—k k n PrQ¢n—1, (4.88)
k=0 Ny 1 Dy

n-1
" / N "
RY () =h!_ () + ;[Le Prf,_, ]+ N_:,(p“‘l’ (4.89)
B 0, n<1
Xn Lons1 (4.90)
The equations associated with r=0 and r =1 are

fm0)=fo(p), 1) =fm), (4.91)

6 (1:0) = do(n). § (L) = ¢ (), (4.92)

h (1;0) = ho(m), h (1) = h ). (4.93)

As I rises starting from 0 to 1, then f(mr), ¢(m;r) and h(m;r) modify from initial guesses

f,(7). 4,(n) andhy () to the ultimate solutions £ (1), (1) and k() respectively. Now expanding
in Taylor series keep in in mind, the parameter I' we reach at
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F 0 =foln + 2 falmen, falp) = L EXED ] (4.94)
n=1 =0
B = o+ 2 g, oty = LU (4.95)
n=1 r=0
h(zr) = ho(m) + Y ha",  ha() = #% (4.96)
n=1 ) =0

The series (4.94 —4.96) converges at r =1 for the correct choice of the auxiliary parameters
and

- 4.97
£ = folm + 3 fal) (4.97)
n=1
b () = do(m) + D dnl), (4.98)
n=1
h () = ho(n) + X ha(m), (4.99)
n=1
The required solutions (fn,¢n,hn) of the EQs. (4.81— 4.83) is demonstrated as
fo (n) = f(n) + ag +age” +ape™, (4.100)
¢n (1) = dn(n) +ane" +ae™, (4.101)
(4.102)

hn (1) = hi(m) +a1se" +awe™,
in which the constants ai (i =8 —14) through the boundary conditions (4.84 — 4.86) are given
by

of
bg = b1y =b1z3 =0, by = # o —1, bg =Vvw—bi ~T3(0), (4.103)
b, =1+ 0pi(m) , b1 =1-h(0).
87] n=0
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4.4 Solution Analysis

4.4.1 Convergence Discussion

In the methodology, the convergence region is plotted to find solutions of the
corresponding momentum, energy and also concentration equations. In addition, befitting values
of auxiliary parameters # are obtained by finding convergence region and constructing A -curves
for the needed solution. These # -curves are shown in the Figs. 4.2 & 4.3. The required ranges

of the auxiliary parameters x are as follow.

Convergence region for PEST case

~0.93<7<-02 -0.98<#y<-015 -1</,<-0.35 (4.105)
Convergence region for PEHF case
-0.96 <7 <-02, -1<hy<-0.2 ~—1</,<-0.15 (4.106)

Table 4.1. Convergence for the series solutions of different order of approximation when

Q=1LM=1 K=15 g=7%,v,=15 N, =1Pr=15 N,=02, and 1=05 .

Order of approximation | —f"(0) |-0'(0) PEST case | —¢'(0) PEHF case | —h'(0)
1 -1.32083 -1.20000 -1.20000 -0.82500
5 -1.55987 -1.28337 -1.27525 -0.41284
10 -1.58125 -1.28926 -1.27895 -0.35859
15 -1.58286 -1.28950 -1.27897 -0.35577
20 -1.58301 -1.28950 -1.27897 -0.35588
25 -1.58303 -1.28950 -1.27897 -0.35588
30 -1.58303 -1.28950 -1.27897 -0.35588
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4.5 Discussion and Analysis

The purpose of present section is to pursue the ongoing impact of dissimilar parameters
corresponding to velocity, temperature and also concentration distributions. Fig. 4.4 is graphed to

find how the velocity distribution f '(7;) changes under the impact of inclined magnetic field angle
2. It is computed that fluid's velocity and the thickness referring to boundary layer lessens down
with an intensified g.The behavior of magnetic parameter represented byM for velocity

distribution is examined and displayed in Fig. 4.5. The figure exhibits that velocity profile reduces
at larger values of magnetic parameter. Actually, for an amplified magnetic field, a resistive force
known to be Lorentz force becomes more active and contributes towards the resistance for the
fluid particles, resulting in decrease of the velocity profile. For intensified Prandtl number,

temperature profile ¢(;) reveals a weaken behavior for both the considered cases of PEST and

also PEHF as noticed from Figs. 4.6 & 4.7. It is owing to decrease in thermal diffusivity with
enhanced Pr values because Prandtl number and thermal diffusivity have inverse relationship with

each other. Impact of heat source @ on temperature profiles are sketched in Figs. 4.8 & 4.9 for

the two different cases. It is analyzed that in PEST and also PEHF cases, a better temperature

distribution and resultant thermal layer is achieved for boosted heat source Q. Influence of
dimensionless parameter N,on temperature profile are displayed in Figs. 4.10 & 4.11. Here

temperature profile increases by varying the values of N, and keeping the rest of the parameters

fixed for both the cases. The concentration profile n(;) obtained for unalike values of Lewis

numberLe and in addition, Brownian motion parameterN,are displayed through the plots.
Influence of dimensionless number Le on concentration profiles h(;;) are presented through Figs.
4.12 & 4.13. In both cases it is apparent that the concentration profile h(z) is significantly reduced
due to the enhanced values of Lewis number. The concentration distribution and thickness of the
boundary layer for distinct value N, have been observed in Figs. 4.14 & 4.15 and the results show

that increasing values of Brownian motion parameter declines the concentration profile nh(;) for

PEHF and PEST cases whereas the effect of N, for concentration profile in case of PEST is slightly
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more prominent as compared to PEHF case. It is to be mentioned that by augmentingN, the
arbitrarily motion of microscopic particles escalates which shortens the mass transfer rate.

The friction drags Care determined for the various values of porosity parameter K in

accordance with the growing rate of mass suction V,,, and this is shown graphically in Fig. 4.16.

This image makes it clear that the strength of porosity parameter K greatly influencesC; . If K is
ignored, then it reaches to its maximum values i.e., a decreasing behavior of skin friction
coefficient is observed. In addition to this result, C; gradually diminishes as the suction parameter
gets stronger. According to Fig. 4.17, the heat transfer depicted by Nusselt number Nu is depicted

for the various values of N, with amplified values of suction. It is obvious from the result obtained

that though Nu declines with the rise of N,and it keeps on rising for elevated values of suction.
Heat drains due to suction since it results in intensified rate of heat transfer. The conduct of
Sherwood number Sh for numerous values of e are shown with the continuous fluctuation of

the suction in Fig. 4.18. This outcome demonstrates that Sherwood number Sh rises when values
of Le are elevated. It also shows an interesting behavior as mass suction continues to grow
continuously. Table 4.1 show the convergences of series solutions and it exhibits that the solution
converges for 30th order of approximation in case of f~@) for h’(0) at the 25" order of
approximation while for ¢r(oyand g (0),at 20th order of approximation, the convergence is

achieved. Skin friction coefficient values, in numerical form are also computed and compared with
the existing work of Ali et al. [33] in Table 4.2. These numerical values of C; are achieved using

the same parametric values of exiting research work, that points to the same situation. Considering

this table, we can state that our findings and those of Ali et al. [33] are in perfect harmony.
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Fig. 4.4. Variation of f(;;) for increased s values.
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Fig. 4.6. Variation of g(;;) for increasedPrvalues in case of PEST.
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Fig. 4.7. Variation of g(s;) for increased Prvalues in case of PEH.
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Fig. 4.9. Variation of #(s;) for increased @ values in case of PEHF.
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Fig. 4.13. Variation of h(;) for increased Le values in case of PEHF.



Fig. 4.15. Variation of h(») for increased N, values in case of PEHF.
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Fig. 4.17. Variation of Nu for increased N, values.



Fig. 4.18. Variation of sh for increased Le values.
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Table 4.2. Comparison value of C; for different values of 2 and V,, .

Ali et al. (2021) Present results
A v, = 0.10 v, = 0.20 v, = 0.10 v, = 0.20
0 1.23638 1.19298 1.23637 1.19298
0.1 1.20710 1.16468 1.20710 1.16466
0.2 1.17482 1.13365 1.17485 1.13365
0.3 1.13825 1.09881 1.13825 1.09880
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Chapter 5

Mixed Convection Flow of Williamson Nanofluid over an
Exponentially Stretching Surface in the presence of

Magnetohydrodynamics

5.1 Introduction

In this chapter, the Williamson nanofluid flow over a surface stretching in an exponential form
is observed. The heat and also mass transfer examination is performed in the existence of
magnetohydrodynamics, chemical reaction, heat generation/absorption and viscous dissipation.
The fluid characteristics are also influenced due to the effect of mixed convection. The governing
equations are modelled as a system of partial differential equations and are then converted into a
system of ordinary differential equations with the aid of similarity transformations. The velocity,
temperature and in addition concentration distributions are examined for various important
parameters. Furthermore, the graphical influence of different parameters are studied for skin
friction, Nusselt number and Sherwood number. The comparative analysis performed in case of
obtained results is in accordance with the already existing literature.
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Concentration boundary layer
Coo

Thermal boundary layer T

Momentum boundary layer

- ¢ o ® - ; ® u—0
[ - iliamson nanolluide
R A

Stretching surface

u=u, = U,e*

Fig. 5.1. Geometry of the Problem.

5.2 Mathematical modelling

This part inspects steady and two-dimensional flow for an incompressible Williamson

nanofluid due to the occurrence of mixed convection. The considered flow is instigated by a porous

surface stretching exponentially along the x-axis and possesses velocityU ,, . An inclined magnetic

field with intensity By is applied at an angle gto the considered surface. The flow is further

influenced by the appearance of heat generation/absorption, chemical reaction and viscous

dissipation. The fluid's velocity, its temperature and the relevant nanoparticle concentration close

to the surface are assumed in this case tobe U, , T, and C, respectively. The necessary governing

equations for the considered flow model are given as
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dv _y$4p 5.2

PGt =V.S+ b, (5.2)

(pep) 9L = . (k v T) +(pCp)p|: VCVT+ ?T (v TV T>+Q0(T T.) 7. L} (5.3)
dc - VT (5.4)

T _v.o,vec+ D—) R(C-C.),

OO

dt

where Vv = [@T (x,y), T(x, y), 0] is noted for velocity, § for stress tensor, pfor nanofluid density,
(ec,); and (pc,), for heat capacities of the fluid and added nanoparticles respectively, 1 for
temperature, o for Brownian diffusion coefficient, Q- for heat generation coefficient , C for
nanoparticle volumetric fraction, p_ for thermophoretic diffusion coefficient, ¢ for ambient
nanoparticles volume fraction and T_for the ambient fluid temperature.

Williamson fluid holds Cauchy stress tensor $ defined to be Nadeem et al. [95].

—

§=—p|+?
’ (5.5)
Where
~ (o — fo) }
= 00 —_— A y .
T [H T S M (5.6)

where 7 is symbolized for extra stress tensor, #,for limiting viscosity relative to zero shear rate,
., for limiting viscosity relative to infinite shear rate and I">0 for shear stress. It is needed to

express y as

= rn 5.7
7=\3" (5.7)
7 =trace(Al), (5.8)
Taking ,,_ —o and I'y <1, we have
=t [1+Ty] A, (5.9)

The extra stress tensor in component form are
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Txx = 2#0[1 +T y]i,
Txy = Tyx = 2.“0[1"‘r ](ﬁ + %),

(5.10)
Tyy = 2uo[1+T ]a”
and 7,, =T, =T, =T, =T, =0
The crucial aspects of electromagnetic force is stated to be
. (5.11)
] x B = —0B-%sin?pii,

whereB; is represented for applied magnetic field, o for electrical conductivity and E for electric
field.

Making use of above Egs. in (5.1—5.4), we get the following equations under the boundary

layer theory
LN _, (5.12)
ox oy
(’)u+ ot 62~+\/_ (')uaz i oB?
x5, = Ve oy VT, Skt (5.13)
+gﬁT(T - Too) + gﬁc(c - Coo);
oT T az 00 (pcp), [ aTocC L Dr T\ u ]
—+i—= ~Ta, — 14
o t75, = o). p) )+ (0cy). &), Deasay T T ( ) 00, (ay) (5.14)

5.15
i C g C _p,(8C), D @T) pe ., (519)
OX oy y? Too \_oy?

The necessary conditions for above equations can be stated as L.i et al. [96].

0=U,=Uze'", v, =-35(X). (5.16)
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For PEST case:
T=Tw=To+(Tw—T,)ez, C=Cy aty=0, (5.17)

For PEHF case.

) 5.18
—k(ﬂ) — (Tu-T.)et, C=Cyaty=0, (518)

% /y

and the conditions when y — oo are
(5.19)

u=u,—»0,T->T,C->C,_.
In above stated expressionsU;andV;are characterized for velocity components in orthogonal
directions, U,for reference velocity, p for fluid's density, o for electrical conductivity, « for

thermal diffusivity, klfor permeability of the porous medium, v for kinematic viscosity, S for

temperature expansion coefficient and . for concentration expansion coefficient.

Exercising the succeeding transformations Lie et al. [96].

T=Uze' f'(n),
ST , (5.20)
vy == e L )+t )
_ Y e
= 2v|y '

Case for PEST:

T =Tw+ (Tu—Txo)en0(n),

5.21
Case for PEHF:
_ x 5.22
T=T,+ %ei %J—VOI¢(7]), ( )
_ C-C.,
h = c. c.

Applying similarity transformations (5.9—-5.13) in equations (5.3—5.5) We get
(5.23)



PEST case

PEHF case

f7—2(f")% + ff"+ A"~ (K+Msin® ) f'+Grd+Grh=0.

6" +Pr(f6' - £9+ N, @' + N,6 + QO+ Ecf'?)=0,

h"+ LePr(fh'—sh) +%9” =.0

b

#'+Pr{ g — 19+ N ¢+ Nug? + Qg+ Ecf'?)=0,

h"+ LePr(fh' — /) +%¢" =0,

b

and the boundary conditions become,

f(0)=v,, f'(0)=1 f'(x)=0.

w!

The requisite conditions for PEST are

0(0) =1, @(0) =0, h(0)=1, h(w) =0,

and for PEHF are

#'(0) =-1 ¢() =0, h(0)=1, h(x)=0,
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(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

where A is indicated for Williamson parameter, K for porosity parameter, Pr for Prandtl number,

Ec for Eckert number, GI;, for temperature Grashof number, Gr_for concentration Grashof

number, M for Hartmann number, Niand N, for Brownian and thermophoresis motion

parameter, @ for heat source parameter, Le for Lewis number and » for chemical reaction

parameter. These parameters are demonstrated as follows:
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1 =-L U . M= e, = ’
m pUo kiU, (531)
_ 2RI a-% _ U2 3 v
r=4u¢" Ee-gmmtt Pr=w

X

_ 2Bcglv? _ 2 _ D1 (pCplp (Tw-Tx)
Gre = U.v? (Cw—Co)e, Nt,= T (pCp)s v el

_ D (PCplp _ _ Q. a1 -x
No =5 (pCp)t Cw-Cx) Q (pCp)t TR

X

le= %, Grp=29 T, T et

2,2
Ugv

The skin friction coefficient, the Sherwood number (Sh) and 1ocal Nusselt number (NU,)

are defined as

P P 5.32
Coo T Ng— 2 g Xm (5.32)

(2Re,)2C; = (" + %f“?)n:o, e 7 (2Rex)Y2Nu = -6'(0),
X 5.34
e 7 (2Re,) 2Sh=-h'(0), (5.34)

oxlel
where Re = Ygcet .

5.3 Homotopic solution
The requisite initial guesses (fo.00,ho)and associated linear operators ( Lg, Ly, L) for

the momentum, energy and also concentration equations can be adopted in the following way:

fo(n) = 1+vy—exp(=n), 0o(n) =exp(=n), ho(n) = exp(-1n), (5.35)



d3f  df d2h
Li(f)=—-—= Lo =0, Ly (h)=>="-h,
¢ () a A7 0 (0) = o (h) dr’?

and

Ly [by +baexp(n) +bsexp(-n)] =
Lo [bsexp(n) +bs exp(-n)] =

L [be exp(n) + bz exp(-n)] =

where B; (i —1_7) give arbitrary constants.

The problems relative to zeroth and nth orders are stated as:

5.3.1 Zeroth-order problem (PEST case)

@=L [Tenn) ~fotm) | = vy N; [ Tan) |
(L=1) Lo [00rr) = 00(m) ] = thy Ny TG, 0G0, A |
(L=1) Lo[AGET) = ho(n) ] = thn Ny [ TGr),000),Rmim) |,
FOin) = v, g—§<o;r>=1, %(w;n:

0:r)=1, O(xr) =0,

h@©;r) =1, h(wr) =0,
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(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)
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2t at(mir) & f(n . i
7—2(7) +Trr) 5.46)
Ni[fan8mn.han] =, P Fon 4 msizg)Ian |
on on? on
+Grd(m;r) + Greh(n;r)
Z000 1 prF i) L0 pr D iy
~ N - N (5.47)
Ny [ f(m;0),0(m;1), h(n; r)} = +PrN Oh(" D 69(” D 4+ PrN (aeg;,r)) :
N2
+PrQé(n;r) + PrEc(%)
R R R = —622(2;” +Le Pr’f\(n;r)—aﬁ(””)
N [ Fi0, 000,00 | = ! . , (5.48)
—PrLeyh(n;r) + N; —a(z 1)
For the above equations 7 ;,7, , i, are the auxiliary parameters and r < [0,1].
5.3.2 nth-order problem
L [ fa() = zafaa () ] = BeRE (), (5.49)
Lo [ 0a(m) = xnbn1(m) ] = heRE (), (5.50)
Lh [ ha(m) = xnhoa () | = 1 RE (), (5.51)
fn(0) = 3(0) = f1(e0) = 0, (5.52)
0n (0) = 6n () =0, (5.53)

hn (0) = hy (0) = 0, (5.54)



n -1 ! ! n " I
2f o fe+ o f +Af f
RL () ="f",(m)- [ n-1-k'k * Tn-1-k7k n—1-k K ] ’
_(K + MSInZﬂ)fn 11+Grt On 1 + Grchn 1,

0, —f .0, +Npd . h
RS (n) = (n)+PrZ froas @it Mol | ooy
k=0

+Ni0, , 0\ +Ecf, | fu

m-
N "
RE () = h)_ () + > _[LePrf, hi]—LePryh, ; + N0l

r=0 and r =1correspond to
F o) =folm), fOr1) =),
0 (:0) = 0o(n), D(3;1) = 0 (),

h (7;0) = ho(n), h(;1) = h ().
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(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

As I changes increases from 0 tol , then /f\(ﬂi r), 9(77;r)and ﬁ(Tlil') modifies from fo(ﬂ), 90(77)

and ho(ﬂ) to f(n), 8(n) and n(s;) respectively. Taylor series expression with regard to the

parameter I' results in the following forms.

fonp) = o + D faen, fal) = LT}
n=1 r=0
B 0nn) = 600 + 3 0a(. oan) = LEOWO |
n=1 ) r=0
) =ho@)+ D ha@r",  ha(n) = %%
n=1 ) r=0

(5.62)

(5.63)

(5.64)
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Choosing the values of the auxiliary parameters to obtain the convergence at r =1 results in

f () =fo(n) + ifn(n), (5.65)

n=1
® (5.66)

0 () = 00(n) + D, 0n(n),

n=1
() = hol) + 3 e, (5:67)

n=1

The obtained solutions (fn : Qny , hn) of the Egs. (5.48 — 5.50) are illustrated as

fn(n) =15 (n) +by +bye” +bze™, (5.68)
On (1) = 6} (n) + bse™ + bse™, (5.69)
hn () = h} (7)) + bge™ + b7e™, (5.70)

which express the constants bi (i=1-8) utilizing boundary conditions (5.51—5.3) are given by

b, =b, =bg =0, bs = afgf)”) ~1, by = vy —f2(0), (5.71)

bs =1-67(0), b7 =-h3(0).

n=0

5.3.3 Zeroth-order problem (PEHF case)

1- f)/lf[?(n; r- fo(n)} = fhf/\/f[?(n; r),0(m;r),h(n;r) } (5.72)
Q-nLy [5(77; r —¢o(n) :I = I’h¢N¢ I:/f\(n; r), a(n; r), ﬁ(n; r) ], (573)

(L =D)L A1) = o) | = tan NG [ TG0, 60 0), A1) |, (5.74)



FO;r) = vu

0P oy
a_n(ol r) -

ﬁ(O; ry=1,

of ooy
a_n(oi r) - l!

ﬂ(oo r) =

-1, qAﬁ(oo; ry=0

h(eo;r) = 0,

3T
an3

-z(af;—’;)) + Ty 2l fo

Nf[?(n; 1,000, h(y; r)} = Mfﬁf(n 0 Fen g g Misin? g) 210 af(n n |
on’

on®

+GrO(mr) + Greh(m;r)

~PrEgR g ()

27 o~ Tl
Zomn) ";(IZ’” +Pri(mr) a‘b("’r)

N¢[?(n, r),é(n,r),h(x, r)} = +PrNy ‘““Z o (W 2+ PN, (%(Zr)) ’

+PrQg(m;r) + Pr Ec(—(9 ;(Z;r) )
n

_ han) RN ()
== + Le [Prf(n; r)—

N[ T, 00m ), R | = K . ,
—Pl’j/h(n, ]+ Nt (2 i)
on
Stating that r <[0,1] represents embedding parameter.
5.3.4 nth-order problem
Lilfa(m) = xnfaa (D] = AR (),
Lg[pn (1) ~ xndna ()] = BgRAM),
Ly[h() = gnha1 (] = I RE(),
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(5.75)

(5.76)

(5.77)

(5.78)

(5.79)

(5.80)

(5.81)

(5.82)

(5.83)



fa(0) = f7(0) = fi(0) = 0,
¢n(0) = @n(0) =0,

hn(0) = hn() =0,

T IR N L
—(K+ Msin?B)f, ,,+Gry ¢ng + Grchyy,

/ / /! 1
k= Nt g @y + Ecfy

n-1 / ! / /
foi 0, —f N h
REM) = dh 1 (n) +Pr { ik~ ot Nodn 1y }PrQqsnl,
=0

n-1

R () = hi () + [LePrfyy i+ o,

k=0

Atr=0 and r =1,
T0) = fom), 1) =1f(n),
$(1:0) = o(m), ;1) = ¢(n),

h(7;0) = ho(n), h(p;1) = h(y).
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(5.84)

(5.85)

(5.86)

(5.87)

(5.88)

(5.89)

(5.90)

(5.91)

(5.92)

(5.93)

As T varies from 0to 1, then f0r0), 9(5r) and h(1) change from guesses (1), ¢, (1) and

ho(m to the f(n), ¢(n) and n(s;) respectively. Using Taylor series expansion,

fo) = folm + 3 falmr, - fa) = & E1UD)
n=1 ) r=0

(5.94)
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BUEr) = o+ 2 gae”, o) = L ELED | (5.95)
n=1 r=0

AGir) = ho) + Y ha(DF',  ha(n) = #% _ (5.96)
n-=1 ) r=0

Choice of the auxiliary parameters leads to the convergence of (5.94 -5.96) at r =1 and

) = fo(m) + D fal),
n=1

(5.97)
$(n) = do(m) + D_ dn(n), (5.98)
n=1
N 5.99
h(m) =0 (1) + 3 hn(). (5.99)
n=1
The general solutions of the Egs. (5.80 — 5.82) is expressed as
fa(n) = f1(n) + bg + bge™ + byee", (5.100)
¢n(n) = pa(n) +br1e" +bioe™, (5.101)
hn(n) = hi(n) +b1ze™ +byse™, (5.102)

in which the constants b, (i=8-11) through the boundary conditions (5.83 —5.85) are given by

b9 = bll = b13 = O, b10 = afg(n) - 1, bg = VW_blo —fﬁ(O), (5103)
n |
b12=1+M , b1 =1-h3(0).
on =0
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5.4 Analysis

5.4.1 Convergence of solution

The methodology greatly rely on the correct choice of the auxiliary parameter which can
be achieved. For this, convergence region is obtained by plotting three # -curves for the equations
displayed in Figs. 5.2 & 5.3. The permissible ranges of the auxiliary parameters #¢, hg hg and
h, can be clearly seen through these h-curves. These plots guarantee the convergence of the

series solution. The following ranges of auxiliary parameters are gained.

PEST case:

-0.97 <h; <-0.3, —0.98<hy<-0.18, —1<h, <-0.3. (5.104)

PEHF case:
~0.9<h<-0.3, -1<h,<-0.3

-0.97 < hy < -0.25. (5.105)

Table 5.1. Convergence for the solution when

Q=1 M=1 y=01 K=15 Gr,=1Gr, =1 =%, v, =15 Ec=01,
N, =1 Pr=15 N,=02 and 1 =05 .

Order of approximation | —f"(0) |—0'(0) PEST case | —¢'(0) PEHF case | —h'(0)
1 -1,28750 -1.16667 -1.28750 -0.52417
5 -1.50637 -1.28571 -1.30102 -0.27391
10 -1.54249 -1.35012 -1.35012 -0.71751
15 -1.58246 -1.35013 -1.37012 -0.71862
20 -1.58247 -1.35013 -1.37112 -0.82463
25 -1.58249 -1.35013 -1.37112 -0.82463
30 -1.58249 -1.35013 -1.37112 -0.82463




f'(0), 6(0), h(0)
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Fig. 5.2. A-curves for PEST case.
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Fig. 5.3. A-curves for PEHF case.



76

5.5 Graphical Results and Discussion

The response of velocity, temperature and concentration distributions in terms of various
dimensionless quantities for steady, Williamson nanofluid flow is analyzed when the surface over
which the fluid is flowing is stretching exponentially and different considered factors control the
flow. The outcomes are derived in the form of graphical illustration for the dimensionless

parameters. Fig. 5.4. depicts the velocity distribution f’(;) and thickness of the boundary layer for
increased values of inclined magnetic field angle z. It is evident from the figure that velocity
profile decreases when increased values of g are incorporated. The conduct of magnetic parameter
given by m on velocity distribution is apparent in Fig. 5.5. Through which a decreasing velocity

profile is noticeable for larger magnetic parameter's values. This is in line with the fact that raised
magnetic parameter brings resistance to the fluid motion due to Lorentz force, thus decreasing the

profile. Figs. 5.6 and 5.7 elucidate the outcome of varying thermal Grashof number on the velocity

f'(z) . A rise in value of Grashof number GI,and G, amplifies the velocity profile. Figs. 5.8 to
5.11 indicate the variation of Grashof number GI, and GI; on temperature profile 6(z). Increasing
values of GI, and GI, reduce temperature distribution 0(n).The impact of G instigate a similar

pattern to that of Gr, on all profiles and for geometries. The change in Prandtl number Prand its

result for temperature distribution is seen in Figs. 5.12 and 5.13. For higher Prandtl number's
values, the temperature appear to lessen down for both PEST and PEHF case. The reason behind
this lies in the decrease of thermal diffusivity since Prandtl number and thermal diffusivity are
related inversely with each other. When compared the results for PEST case and PEHF case, the
later experiences somewhat more influence of Prandtl number for the same values. The

temperature distribution g(s;) for elevated heat source values q is sketched in Figs. 5.14 & 5.15

for the considered cases. It is analyzed that in PEST and even in PEHF case, the profile elevated

with the rising values of heat source @ . The variation in thermophoresis motion parameter N,
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relative to temperature profile o(;) is presented through Figs. 5.16 & 5.17. Here the temperature

profile o(7;) enhances for N, for the dual cases. The changing Eckert number gc for temperature

is seen through Figs. 5.18 & 5.19. These figures indicate that when Ec increases, temperature and
related thickness of boundary layer rise for both cases. From figure, it is clear that heat is generated
within the fluid as value of Eckert number enhances. The frictional heating is the main cause of
this phenomenon, so the fluid temperature increases with higher Eckert number. In general, Eckert
number is demonstrated as the percentage of kinetic energy with specific enthalpy difference
calculated between the wall and fluid. Thus, the work that is done as the Eckert number increases
raises the liquid's temperature by transforming the kinetic energy to internal energy. The thermal
energy is saved within the fluid as the Eckert number rises as a result of frictional or drag forces,

increasing the temperature profile. The concentration profile h(z;) for Brownian motion parameter
N, values have been acquired through the Figs. 5.20 & 5.21. It is noticed that intensifying the values

of N,brings down the mass transfer rate, since through enhancement of N, the haphazard

movement of tiny particles amplifies, thus reducing mass transfer rate. The concentration profile

h(z7) for increasing Lewis number Le is displayed in Figs. 5.22 & 5.23. In both cases, it can be
perceived that concentration h(s;) is remarkably reduced by increasing Lewis number. Figs. 5.24
& 5.25 are plotted for the chemical reaction parameter » versus concentration profile nh(z;) . In

both PEST and PEHF case, a declined concentration profile is noticeable from the figures.
Growing values of ycause mass concentration to decline. The reason is that, the number of
molecules experiencing chemical reaction lead to decrease in fluid concentration. From the figures,
it can be observed that PEST case shows more prominent results than PEHF case.

The skin friction coefficient, being an important parameter is investigated through different
findings. It is plotted for different values of porosity parameter K with increasing mass suction
and the outcomes are shown graphically in Fig. 5.26 which shows the reduced drag for intensified
porosity parameter K and the same is observed for the case of suction. Fig. 5.27. Show the
behavior of local Nusselt number on Eckert number Ec. With increasing values of Eckert number
reduce the local Nusselt number. The impact of Sh number for different values of chemical
reaction parameter is displayed in Fig. 5.28. Table 5.1 manifests the convergences of series

solutions. The convergent solution for £”(0) is obtained at the 30" order of approximation, for
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6'(0) it can be seen of the 20" order of approximation, for ¢’(0) at 15" order of approximation
and for h'(0) at the 25" order of approximation. The numerically calculated values of the skin

friction coefficient are also calculated and compared with the existing work done by Ali et al. [33]
in Table 5.2. These numerical values of C; are obtained using the same parametric values of exiting

research work. Considering this table, we can state that our findings and those of Ali et al. [33] are

in perfect harmony.
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for different values of 2and V,, .

Xia et al. (2021)

Present results

2| w,=010 Vw = 0.20 Uy = 0.10 Uy = 0.20
0 1.23638 1.19298 1.23637 1.19298
01| 1.20710 1.16468 1.20710 1.16466
02| 1.17482 1.13365 1.17485 1.13365
03| 113825 1.09881 1.13825 1.09880
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Chapter 6

Conclusion

6.1 Conclusions

The ongoing study is executed to examine the heat and also mass transfer phenomenon in
Williamson nanofluid flow instigated due to a porous surface stretching with velocity in
exponential form. Two different cases of heat and mass transfer i.e., PEST and PEHF have been
explored. The fluid model is influenced due to inclined magnetic field and heat
generation/absorption. Further, the mixed convection flow is investigated for a Williamson
nanofluid with the existence of an inclined MHD, chemical reaction and heat
generation/absorption. The flow is investigated through homotopy analysis method (HAM) is used
to secure the key findings mentioned as follows.

The velocity lessens down when values of s and M jump up. The velocity distribution increases

with increasing values of Gr, and Gr,. For consideration of PEST and PEHF, the temperature

distribution strengthens by raising the values of EC, N, and Q. Temperature distribution

diminishes for the enhanced values of Pr ,Gr, and Gr, for PEST and PEHF considered cases.
The increasing values of L&, N,and » leads to reduce concentration distributions. Huge values
of K and V,, resultin less friction drag . Nu lowers down with the improved values of N, and

the opposite is seen for V,, .The increasing values of Le is associated with higher Sherwood

number Sh .
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6.2 Future work

Within this work, the effects of mixed convection for Williamson nanofluid flowing by an
exponentially stretching surface with the existence of magnetohydrodynamics have been analyzed
with few considered assumptions. However, this carried out research provides a pathway towards
more interesting works. The following are a few intriguing potential works that might be
fascinating in the future.

The research can be extended for any other non-Newtonian fluid with suitable boundary
conditions. The rotating Williamson nanofluid flow over a Riga surface with activation energy can
be looked into. Bio-convection effects on three dimensional Williamson nanofluid flow between

circular plates can also be explored.
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