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ABSTRACT 

 

 

 
Title: Characteristics of Melting Heat Transfer in Hybrid Nanofluid Flow with Joule Heating                   

 
 

Hybrid nanofluids are accepted as more useful fluids than traditional nanofluids. There is no doubt 

that the hybrid nanofluids’ mixed properties of two or more nanoparticles respond to better thermal 

conductivity. The concept is beneficial for improving the properties of the advanced kind of 

nanofluids than those made out of a single nanoparticle. The present study examines the 

magnetohydrodynamic hybrid nanofluid flow near a stagnation point over a stretching sheet of 

variable thickness. The heat transfer phenomenon is analyzed in the presence of Joule heating, melting 

heat transfer, viscous dissipation and heat generation/absorption. The fluid model is presented in the 

form of partial differential equations and in order to convert these partial differential equations into 

ordinary differential equations, appropriate similarity transformations are used. Bvp4c method, a 

numerical technique is employed to solve the ordinary differential equations and through this method, 

the effects of influential parameters on velocity, skin friction coefficient, temperature and Nusselt 

number are examined. A graphical comparison of basefluid (Gasoline oil), nanofluid (SWCNTs, 

gasoline oil), and hybrid nanofluid (SWCNTs, Ag and gasoline oil) is also carried out which provides 

the evidence of hybrid nanofluids’ improved performance. 
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The frequent classi�cation of �uids (materials) in engineering and industries has sparked

recent interest of analysts in their thermal properties. Owing to their inadequate thermal con-

ductivity, common �uids, such as water, motor oil, kerosene, ethylene, fuel oil and others have

a limited capacity to transfer heat. In order to raise thermal conductivity of ordinary �uids,

nanosized particles with sizes ranging from 1 to 100 nm can be suspended in the �uid. Some

examples of nanoparticles include metals, carbides, oxides and nitrides etc. Nanoparticles,

nano�bers, nanotubes, nanowires, nanorods, nanosheets, or droplets can be dispersed in base

�uids to produce nano�uids, a new class of �uids. To look at it in another way, condensed nano-

materials are dissolved in nanoscale colloidal solutions. When compared to conventional �uids

including water or oil, nano�uids have been found to possess better convective heat transfer,

thermal conductivity, thermal di¤usivity and other thermophysical features. Nano�uids have

special characteristics that render them potentially valuable in various heat transfer purposes,

including microelectronics, engine cooling/vehicle thermal dissipation, household refrigerator,

fuel cells and in heat exchangers. By combining two kinds of nanoparticles with a base �uid,

one can produce an advanced type of nano�uid known as a hybrid nano�uid. Hybrid nano�uid

is the one that simultaneously combines the thermal and physical properties of di¤erent mate-

rials. Better thermal conductivity than isolated nano�uids is the primary objective of hybrid

nano�uids. They are designed to replace nano�uids due to a number of advantages, including

a larger absorption range, a low pressure drop, a high thermal conductivity, smaller frictional

losses and more pumping power. Hybrid nano�uids have been investigated for use in a variety

1
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of applications, including solar collectors, photovoltaic thermal applications, electronic compo-

nent thermal management, engine applications and car cooling and many others. The discovery

of nano�uids [1] was modi�ed by Turcu [2] and Jana [3] by laying the foundations for hybrid

nano�uids. Suresh et al. [4] carried out the experiments, through an evenly heated circular

tube containing a hybrid nano�uid, whereas laminar forced convection transfer and pressure

drop properties were inspected. As a result of dispersing manufactured hybrid particles in

deionized water or alumina-copper/water, hybrid nano�uids were prepared. Labib et al. [5]

used the two-phase mixture model to examine the hydrodynamic and thermal performance of

laminar forced convection hybrid nano�uid inside a tube that was uniformly heated. The two

oxides with base�uid investigated were Al2O3/water and Al2O3/Ethylene glycol. Convective

heat transfer performance has been evaluated in relation to the impact of using base �uids.

Madhesh et al. [6] investigated the behavior of a hybrid nano�uid moving through a tubular

heat exchanger in terms of heat transmission. In this study, the e¤ects of forced convection�s

thermal characteristics, thermal conductivity and heat transfer coe¢ cient were examined. The

creation of energy-e¢ cient heat-transfer machinery depends on the thermo �uid�s ability to

transport heat. However, conventional working �uids with low heat transfer properties include

water, ethylene glycol and engine oil. In this context, enhanced heat transfer �uids are highly

sought out due to their improved heat transfer properties. Major steps were taken by Esfe et al.

[7] in introducing hybrid nano�uid. They concentrated on improving base�uid�s thermal con-

ductivity. Despite the advances made in the study of hybrid nano�uids, no reliable model has

been put out that can anticipate how well these nano�uids conduct heat. Innovative �uids, i.e.,

hybrid nano�uids have quickly succeeded conventional heat transfer �uids in recent years due to

their improved heat transfer and �ow properties. The use of nano�uids in thermal management

systems improves heat transmission while simultaneously reducing heat exchanger size. Several

scientists recently explored the performance of heat exchangers using hybrid nano�uids. The

thermal conductivity of nano�uids is one of the factors contributing to better heat transfer. In

light of this, Yaseen et al. [8] explored the heat transfer properties of both the hybrid nano�uid

and MHD squeezing �ow between the parallel plates. The thermal radiation, magnetic �eld,

heat source/sink, porous medium and suction/injection factors were used to evaluate the heat

transport phenomenon. The upper plate was considered to be moving and the bottom plate
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was stretching with a linear velocity. Huminic et al. [9] developed new hybrid nanoparticle

clusters with various iron-based and silicon nanophases to boost the thermal conductivity of

the base �uid. Using a sinusoidal hairpin heat exchanger and induced convection, Li et al. [10]

chose to study the hydrothermal and irreversibility characteristics of a hybrid nano�uid. XRD,

TEM and HR-TEM analyses were performed on the liquid aggregates that were produced uti-

lizing the pyrolysis laser technique. Through the use of arti�cial neural networks, Rostami [11]

examined the thermal properties of hybrid nano�uid. Shoaib et al. [12] computed the MHD

hybrid nano�uid �ow caused by rotating disc with the e¤ects of heat generation/absorption

and thermal slip.

Magnetohydrodynamics is an intriguing sub�eld of physics in which �uid dynamics using

magnetic in�uences is analyze. The term magnetohydrodynamics is derived from the words

magneto (which suggests a magnetic �eld), hydro (which means water) and dynamics (which

means movement). The study of magnetic characteristics and behavior of electrically conduct-

ing �uids is commonly known as magneto �uid dynamics or hydromagnetics. Plasma, liquid

metal (such as mercury), seawater and electrolytes are all examples of magnetic �uids. The core

assumption behind MHD is that the magnetic �eld can induce a current in a moving conducting

�uid, polarizing the �uid and hence changing the magnetic �eld. Parsa et al. [13] investigated

the steady and two-dimensional magnetohydrodynamic boundary-layer �ow through a stretch-

ing surface with internal heat generation or absorption for an electrically conductive �uid. In

the transverse direction, a steady magnetic �eld was also applied. Ashorynejad et al. [14] used

the lattice Boltzmann method to study the natural convection heat transport of an Al2O3, CuO

and water based hybrid nano�uid inside an open curved space due to a constant magnetic �eld.

The continuous �ow and heat transmission of a hybrid nano�uid across a penetrable elongating

wedge with magnetic �eld and radiation e¤ects were studied by Waini et al. in [15]. Mabooda

et al. [16] studied the �ow of an unstable three dimensional, MHD stagnation point �ow for

hybrid nanoliquid exhibiting nonlinear radiation and also uneven heat generation. Naqvi et

al. [17] investigated the properties of magnetohydrodynamic �ow of nano�uids caused by ra-

dially stretching/extended disc with heat source/sink, chemical reaction and radiation which

was considered non-uniform. In order to further study about the stability analysis, Zainal et al.

[18] looked at an unsteady three-dimensional �ow with magnetohydrodynamics and non-regular

3



Homann stagnation point. Yashkun et al. [19] examined the heat transfer characteristics of

MHD hybrid nano�uid �ow over the stretching sheet which is linear and contracting under the

impact of thermal radiation.

The process by which electric current moves through a conductor and converts a portion

of its energy into heat is known as Joule heating. In particular, when electric current �ows

through a solid or liquid with �nite conductivity, electrical energy is transformed to heat via

depletion layer inside the materials. Khan et al. [20] studied the heat transfer analysis on

steady, MHD and axi-symmetric �ow between two in�nite stretching discs in the presence of

viscous dissipation and Joule heating. The focus has been on acquiring the equations�similarity

solutions for the �ow �eld. An electrically conducting hybrid nano�uid�s �ow and thermal con-

duction above a horizontal penetrable stretching sheet with velocity slip were studied by Aziz et

al. [21] . A uniform magnetic �eld is applied at an angle to the �ow and the mathematical model

of Maxwell non-Newtonian �uid was used to describe the hybrid nano�uid. The streamlined

model considered the e¤ects of thermal radiation with Joule heating. The two-dimensional,

MHD �uid �ow of a copper plus alumina/water hybrid nano�uid on an exponentially stretch-

able surface saturated within a porous media was explored by Yan et al. [22] in relation to the

parameters of thermal slip, Joule heating and velocity slip. Khashi et al. [23] explored the �ow

properties with heat transmission of hybrid nano�uid caused by an axially stretchable surface

involving the interactions of Joule heating, suction and MHD. To facilitate �uid suction from

the wall bulk, the surface is permeable. Khan et al. [24] looked at the MHD and incompressible

�ow in two dimensions toward a translucent extended sheet with the existence of Joule heating,

slip conditions and viscous dissipation. The impacts of convective conditions, mass suction and

heat source/sink were additional factors taken into account. Mostafa et al. [25] analyzed how

Joule heating a¤ected hybrid nano�uid mixed convection �ow and heat transport occur via

an exponentially expanding/contracting surface. Xia et al. [26] explored the incompressible,

viscous hybrid nano�uid �ow in three dimensions with in a rotating frame. The base liquid was

ethylene glycol and the nanoparticles were copper and silver. Between two parallel surfaces,

with the bottom surface extending linearly, a constant magnetic �eld is applied. The important

e¤ects of viscous dissipation, Joule heating and nonlinear thermal radiation were taken into

account.
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Melting heat transfer is of enormous interest to scientists and engineers because of its

signi�cance in industrial processes. Melting phenomenon in �ow of stretched surfaces is more

essential because of its numerous uses in industrial processes such as magma solidi�cation,

semi-conductor preparation, thawing frozen ground procedure and so on. In this context,

Hayat et al. [27] studied the melting heat transfer for Powell-Eyring �uid near the region of

stagnation point and in the direction of a stretched linear sheet. Kumar et al. [28] talked

about the analysis of heated, laminar liquid �ow of a nano�uid towards a stretched sheet with

the existence of melting heat transfer. Hayat et al. [29] studied the �ow of Je¤rey material

toward a nonlinear stretching surface with changing surface thickness with the occurrence of

magnetohydrodynamic (MHD) and stagnation point. Melting heat transfer, viscous dissipation

and internal heat generation were used to study the properties of heat transport. A Jefrey �uid

�ow was considered by Hayat et al. [30] using magnetohydrodynamics and a stagnation point

�ow towards a nonlinear stretching surface. With the already applied factors, internal heat

generation, viscous dissipation and the melting heat transfer process were employed to evaluate

the heat transfer qualities. The thermal properties were investigated using the melting boundary

condition for homogeneous-heterogeneous reactions in hybrid nano�uid �ow by Hussain et al.

[31] under the in�uence of temperature-dependent sti¤ness, magnetohydrodynamics and mixed

convection. A �exible cylinder is what causes the �ow of �uid. Thermal radiation, a heat

source and viscous dissipation were used to examine the processes of heat transfer. The study

employed a straightforward isothermal model to regulate solute concentration.

The stagnation point is a point at which �uid velocity approaches to zero on the surface

of a material which has been plunged in a �owing �uid. Stagnation point �ow has its plentiful

applications including wire drawing, cooling of electronic devices by fans, polymer extrusion,

cooling of nuclear reactors, drawing of plastic sheets and several hydrodynamic procedures that

are carried out in engineering applications. The stagnation point �ow of nano�uids due to

its extensive applications in local cooling/heating processes has gained the interest of many

academics, especially in the nuclear and electrical device sectors. Youse� et al. [32] studied the

continuous generic stagnation-point �ow of an aquatic titania-copper hybrid nano�uid past a

rotating disk with sinusoidal variations. Nadeem et al. [33]. looked at the motion of a hybrid

nano�uid around a cylinder in three dimensions near its stagnation point. Fluid �ow was

5



considered in the presence of thermal slip e¤ects. Rostamia et al. [34] used a hybrid nano�uid

containing aluminium oxide and silicon dioxide nanoparticles with water as the base �uid to

analytically model the stable linear motion. MHD boundary layer mixed convection �ow of a

hybrid nano�uid at the stagnation point on a stretchable �at plate was studied. Waini et al.

examined the stagnation point �ow �owing towards a squeezing cylinder for a nano�uid [35].

Water is employed as the base �uid and hybrid nanoparticles made of copper and alumina were

utilized.

Heat transfer rates are in�uenced by viscous dissipation, which acts as an energy source

and alters temperature distributions. Depending on whether the sheet is being heated or cooled,

viscous dissipation has di¤erent e¤ects. To be more precise, a few real-world uses for �ow across

a stretching sheet include cooling of metallic sheets or electronic chips, cooling of heat-treated

materials moving between feed rolls and wind-up rolls, or materials made via extrusion. Arafa

et al. [36] investigated the e¤ect of viscous dissipation on the mixed convection �ow of a

micropolar �uid over an exponentially stretching sheet. Micropolar boundary-layer �ow and

the characteristics of heat transfer for a heated exponential stretching sheet being cooled by the

mixed convection �ow were examined. Megahed. at al. [37] studied the cumulative impact of

viscous dissipation and Newtonian heating on boundary layer �ow over a moving �at plate for

a kind of water-based Newtonian nano�uids comprised of metallic or nonmetallic nanoparticles

such as titania and copper. An incompressible third-grade nano�uid�s �ow over a stretching

surface in two dimensions was studied by Sabi et al. [38]. When Newtonian heating and viscous

dissipation were present, the in�uence of thermophoresis and Brownian motion was taken into

account. Johnson et al. [39] examined the �ndings of the numerical analysis of forced convection

between parallel plate channels during steady-state thermal development under the impact of

viscous dissipation. For the momentum equation, the Darcy-Forchheimer-Brinkman model is

employed.

Signi�cant heat generation or absorption e¤ects could change the temperature distrib-

ution, thus heat transfer rate in speci�c contexts involving semiconductors, electronic devices

and nuclear reactors, so it is studied by many researchers. Chu et al. [40] analyzed continuous,

laminar free convection �ow across a vertical porous surface in the presence of a magnetic �eld,

along with heat generation or absorption. In another study, Chu et al. [41] studied unsteady
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heat and mass transfer and mixed convection �ow over a vertical permeable rotating cone with

a time-dependent angular velocity in the presence of a magnetic �eld and heat generation or

absorption e¤ects. On the surface of the cone, �uid suction or injection is thought to happen.

An implicit, iterative �nite-di¤erence method was used to numerically solve the coupled nonlin-

ear partial di¤erential equations. Saleem et al. [42] presented the e¤ects of changing viscosity,

thermophoresis and heat generation or absorption on hydromagnetic �ow and analysis of heat

and mass transfer was performed over a stretching surface. Tahar et al. [43] researched on

boundary layer �ow in two dimensions along a moving semi-in�nite vertical plate. The plate

was moving in the direction of the �ow at a constant speed. The analysis took into account the

impact of internal heat generation or absorption.

1.1 Thesis Organization

In this thesis, our study in six chapters is summarize..

Chapter 1 is an introductory chapter in which the foundations of di¤erent concepts are

discussed.

A detailed and comprehensive literature review based on the recent carried out research

is presented in chapter. 2.

Chapter. 3, includes all the basic de�nitions and concepts that are inevitable for the

investigation of the proposed work.

In chapter. 4, the stagnation point �uid �ow of hybrid nano�uid �owing over a variable

thicked sheet is discussed. The stretching of the variably thickened sheet induces the �ow. The

melting heat transfer and the signi�cant impact of viscous dissipation also control the heat

transfer process. The problem is modelled as partial di¤erential equations system that are

transformed into a system of ordinary di¤erential equations via similarity transformations. A

numerical method, bvp4c technique assists to solve these resultant equations. The temperature,

velocity and in addition, Nusselt number and skin friction coe¢ cient are examined through

plots.

Though chapter. 5, hybrid nano�uid (SWCNTs, Ag and gasoline oil) �ow near a stag-

nation region when magnetohydrodynamics is involved was investigated. A variable thickened
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stretching sheet is considered to maintain the �uid �ow. Additionally studied are the e¤ects of

viscous dissipation, melting heat phenomenon, Joule heating and heat generation/absorption.

The momentum and energy equations are reconstructed as ordinary di¤erential equations with

the aid of appropriate transformations. Then using bvp4c technique, this system of ordinary

di¤erential equations is solved. The impacts of key parameters for velocity, temperature, skin

friction coe¢ cient and Nusselt number are explored graphically. Furthermore, a comparison

study with base�uid, nano�uid and also hybrid nano�uid is also carried out to highlight the

hybrid nano�uid e¤ectiveness.

The last chapter gives the conclusions of the research work carried out and provides few

proposed studies.

8



To improve thermophysical features of nano�uids, hybrid nano�uids are created by combining

base�uid with two distinct kinds of nanoparticles. When the deformable sheet is stretched in

its own plane at a velocity proportionate to the distance from the stagnation-point, Muneerah

et al. [44] studies steady two-dimensional stagnation-point �ow of an incompressible viscous

electrically conducting �uid over the �at sheet. It is demonstrated that when the free stream

velocity is less than or larger than the stretching velocity, the velocity at a place reduces or

increases with an increase in the magnetic �eld. When the surface is maintained at a constant

temperature, the temperature distribution in the �ow is obtained. Jakeer investigates whether

entropy is produced in an EMHD hybrid nano�uid at a stagnation point when slippage, heat,

and viscous dissipation are present. Water with hybrid Ag-Cu nanoparticles is the �uid in the

container. Safdar et al. [45] outlines current research on the synthesis, thermophysical prop-

erties, heat transport, pressure drop characteristics, potential applications, and di¢ culties of

hybrid nano�uids. The results of the review indicated that correct hybridization might make

hybrid nano�uids very promising for enhancing heat transfer, but many more studies are still

required in the areas of preparation and stability, characterization, and applications to solve the

di¢ culties. The nonlinear di¤erential systems are converted into an ordinary di¤erential system

using the homotopy perturbation approach by using the appropriate self-similarity variables.

Khan et al. [46] examined how buoyancy forces in�uence a hybrid nano�uid�s behavior close to

an area of stagnation in a saturated porous medium as it approaches a vertical plate. The e¤ects

of thermal radiation, nonlinear and unique activation energy on the axisymmetric rotating stag-
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nation point �ow of hybrid nano�uid were examined by Abbasi et al. [47]. Involving the base

�uid and nanoparticles, the thermophysical characteristics of water and SWCNT/MWCNT

were investigated. In order to manage energy costs, Muhammad et al. [48] examined the ther-

mal e¢ ciency of ethylene with Fe3O4 and SWCNT as hybrid nanoparticles and used an arti�cial

neural network experimental data to model and investigate the temperature with nanoparticle

volume fraction. Zainal et al. [49] examined the suction and buoyancy forces�e¤ects to deter-

mine a hybrid nano�uid�s squeezing �ow and heat transfer across an elevated stretching sheet.

Magnesium oxide and silver were two hybrid nanoparticles that were suspended in water to

create a hybrid nano�uid. Hybrid nano�uids were inspected for their potential to improve heat

transmission by Muneeshwaran et al. [50]. Khan et al. [51] studied the tiny stirring needle

to analyze the �ow of a bio-convective and chemically reactive hybrid nano�uid with viscous

dissipation where the �ow model was modi�ed and dissipation and chemical reaction were both

present. Ali et al. [52] explored the impact of a Cu-Al2O3, hybrid nano�uid for heat transfer

and �ow through a pore-sized opening with heat �ux and viscous dissipation e¤ects. The inves-

tigation of diverse hybrid composites and hybrid nano�uids, including their development and

synthesis were discussed and in many thermal management applications, including heat pipes,

heat sinks, heat exchangers and solar panels, the hydrothermal behavior of hybrid nano�uids

were examined. Chu et al. [53] presented model-based comparative research of particle shape

e¤ects in the �ow of an unstable hybrid nano�uid a¤ected by magnetohydrodynamics among

two in�nite parallel plates. Waini et al. [54] investigated the hybrid nano�uid stagnation-point

�ow through a porous medium. The heat exchange properties and stagnation point �ow of a

second-grade hybrid magnetohydrodynamic nano�uid travelling through a convectively heated

permeable shrinking/stretching sheet were investigated by Nadeem et al. [55]. For the MHD

�ow of Cu-Ag/H2O-C2H6O2 hybrid nano�uid across a stretchy Darcy-Forchheimer porous me-

dia, the e¤ects of heat radiation and suction/blowing were taken into consideration by Jyothi et

al. [56]. In order to increase the pace of heat transmission, hybrid nano�uid has been developed

by Sulochana et al. [57] as a new class of nano�uid, distinguished by its thermal characteris-

tics and prospective applications. The major objective of the current analysis is to compare

the behaviour of conventional nano�uid and newly developed hybrid nano�uid in the presence

of rotation, porous medium, and an exponentially stretched surface while taking into account
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the micropolar �uid theory. Salam et al. [58] describes microscale that have improved heat

transfer. This analysis takes into account earlier research that sought to enhance heat trans-

mission both with and without hybrid nano�uids. Results from experiments and computations

using hybrid nano�uids. Additionally, multiple �ow regimes and working �uids are used with

backward-facing steps (BFS), forward-facing steps (FFS), and microscale steps. His research

shows that using hybrid nano�uids as a working �uid results in an increase in heat transfer and

that the coe¢ cient of heat transfer improves as hybrid nano�uid nanoparticle quantities and

concentrations rise. This study highlights research on hybrid nano�uids over BFS and FFS,

describes di¤erent nanoparticles employed in thermal conductivity, and illustrates an increase

in heat transfer rate. Rostami et al. [59] examined the usage of a two-stage approach for creat-

ing water-based (Al2O3-SiC-TiO2) hybrid nano�uids. For this investigation, Al2O3-SiC-TiO2

nanoparticles make up an equal volume fraction of each sample of hybrid nano�uids. A 35�40

�C temperature range and a volume fraction range of (0.01-0.1%) were used to analyze the re-

sults for the dynamic viscosity of ternary hybrid nano�uids. The examination was expanded to

include an EDX analysis and a study of morphological characterization using SEM images for

ternary hybrid nano�uid with a volume fraction of 0.1%. Additionally, based on the validated

results, a novel correlation was predicted for the dynamic viscosity of ternary hybrid nano�uid

and also compared with the pertinent literatures. The �ndings showed that low vol. fractions

have little e¤ect on the viscosity of ternary hybrid nano�uids and that rising vol. fractions play

a signi�cant role in raising the internal resistance of �uid. In accordance with the obtained

data, the margin of deviation within the intervals of 2.6% was found to have the best relative

consistency within 0.1% vol. fraction. The thermal conductivity of nano�uids is one of the

factors contributing to better heat transfer. In light of this, Yaseen et al. [60] explored the

heat transfer properties of both the hybrid nano�uid and MHD squeezing �ow between the

parallel plates. The thermal radiation, magnetic �eld, heat source/sink, porous medium and

suction/injection factors were used to evaluate the heat transport phenomenon. The upper

plate was considered to be moving and the bottom plate was stretching with a linear velocity.

The physical-mathematical framework of the evolution of magnetic �elds within �uids

that conduct electricity is the subject of magnetohydrodynamics (MHD). The essential idea

behind MHD is that magnetic �elds have the ability to create currents in moving conductive
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�uids. Hayat et al. [61] studied the �ow of Je¤rey material toward a nonlinear stretching surface

with changing surface thickness at the magnetohydrodynamic (MHD) stagnation point. Melt-

ing, viscous dissipation, and internal heat generation are used to study the properties of heat

transport. Considered is an applied magnetic �eld that is not uniform. The problem formula-

tion uses boundary-layer and low magnetic Reynolds number approximations. Using the proper

transformations, the momentum and energy equations are both transformed into the non-linear

ordinary di¤erential system. For the ensuing issues, convergent solutions are computed. The

e¤ects of several relevant parameters on the distributions of velocity and temperature are care-

fully examined. Additionally, the rate of heat transfer is calculated and examined. Hussain et

al. [62] evaluated the features of hybrid nano�uid �ow involving heat exchanges with thermal

radiations in the context of magnetohydrodynamics. The bvp4c approach was used to numeri-

cally solve the �ow problem under consideration. Multiple regression model was used by Neethu

et al. [63] to analyze the �ow of an evolvable MHD hybrid nano�uid across an exponentially

stretched sheet with radiation and dissipation e¤ects. Wahid et al. [64] explored the magneto-

hydrodynamic hybrid nano�uid �ows on a transparent porous plate with mixed convection and

radiation. The numerical analysis of the highly ionized MHD Williamson hybrid nano�uid�s

with non-Fourier mass and heat transfer was presented by Salmi et al. [65]. For a moving �at

plate, a hybrid nano�uid was studied by Mehdi et al. [66] with the occurrence of magnetohy-

drodynamic and spatial fractional heat transport. For an incompressible and hydromagnetic

hybrid nano�uid with heat and mass transport close to a nonlinearly permeable stretching sheet,

Kayalvizhi et al. [67] looked into nonlinear radiation, Ohmic dissipation and velocity slip. Ad-

ditionally, consideration is given to the impacts of heat generation and absorption, chemical

processes, convective mass and heat condition. Naqvi et al. [68] investigated the dynamics

of bio convective, MHD hybrid nano�uid �ow across an exponentially growing surface with in

a saturated porous media. Chemical reaction, thermal radiation, heat generation/absorption

and porosity of the surface have all been considered as signi�cant factors. Vijatha et al. [69]

discussed the MHD boundary layer phenomenon of Casson and Williamson hybrid nano�u-

ids on a stretching cylindrical surface using ethylene glycol and water as the base �uids and

Cu-Al2O3 as the nanoparticles. Azam et al. [70] investigated the enhancement in thermal

properties of hybrid nano�uid by studying the magnetohydrodynamic, three dimensional �ow
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of hybrid nano�uids that are only partly ionized across a stretched sheet. The heat and mass

�ux model of Cattaneo- Christov heat �ux was used in the �ow model. Magnetohydrodynamic

Darcy-Forchheimer �ow of a nano�uid in a hybrid form across an extended permeable sheet

with viscous dissipation was studied by Johnson et al. [71]. Sequential radiation�s e¤ect on

a revolving tiny needle in a MHD and Al-Cu/methanol hybrid nano�uid were investigated by

Sulochana et al. [72]. By extending an inclined surface, Somroo et al. [73] looked at the perfor-

mance of heat transmission and hybrid nano�uid �ow. The impact of a magnetic �eld has been

taken into account when studing the stretching surface. Khan et al. [74] studied the in�uence

of viscous dissipation, Joule heating with heat generation and absorption for a slip �ow of a

nano�uid with inclined MHD and numerically analyzed the frictional drag and heat transfer

The practice of Joule heating plays chief role in many areas involving in industry and

engineering. Gangadhara et al. [75] examined the impact of Joule heating on the relationship

between the properties of conventional and hybrid nano�uids. The viscous dissipation across

an increasingly stretched surface was explained by the micropolar theory. Zainal et al. [76]

analyzed the impact of heat generation and absorption on the magnetohydrodynamics (MHD)

�ow towards the bidirectional exponentially stretching/shrinking hybrid nano�uid sheet. Jyoth

et al. [77] studied the results of Joules heating on the �ow of a Casson hybrid nano�uid squeezed

between two parallel plates. Sulochana et al. [78] observed the boundary layer properties of

MHD �ow of hybrid nanoliquids across a stagnation region with thermal radiation and heat

source/sink e¤ects. Khan et al. [79] looked at the MHD, incompressible �ow in two dimensions

towards a translucent extended sheet in the context of Joule heating, slip condition and viscous

dissipation. The impacts of convective conditions, mass suction and heat source/sink were

additional factors taken into account. Mostafa et al. [80] analyzed how a hybrid nano�uid�s

mixed convection �ow and heat transport occur via an exponentially expanding/contracting

surface. Ali et al. [81] analyzed to demonstrate heterogeneous-homogeneous chemical processes

and magnetic �eld features of Al2O3, Cu-water based hybrid nano�uid �ow across a stretching

or stretching cylinder with Joule heating. Numerical research was conducted by Yang. et al. [82]

for a hybrid nano�uid �ow in three dimensions across a sheet that is stretching and shrinking.

The investigation was done to determine how the Joule heating and magnetic �eld a¤ect the

velocity and temperature pro�les. Additionally, the e¤ects of suction were also scrutinized.
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Khashie et al. [83] studied the MHD hybrid nano�uid �ow and heat transmission for a rotating

plate utilizing Joule heating. The base �uid for the analysis was water and a mixture of metal

(Cu) and metal oxide Al2O3 nanoparticles was also utilized. Wahid et al. [84] provided an

illustration of the magnetohydrodynamic, radiative hybrid nano�uid �ow through slip e¤ects

and Joule heating for a cylinder with permeability and is being stretched. Wahid et al. [85]

investigated the roles of viscous dissipation, melting heat phenomena and Joule heating in the

magnetohydrodynamic (MHD) �ow of an alumina-water nano�uid that were being forced by a

shrinking sheet towards a stagnation point. Khan et al. [86] studied the in�uence of viscous

dissipation, Joule heating with heat generation and absorption for a slip �ow of a nano�uid

with inclined MHD and numerically analyzed the frictional drag and heat transfer. Eid et al.

[87] examined the impact of magnetic �eld, Joule heating, Hall current and nonlinear thermal

radiation for a spinning hybrid Fe3O4/Al2O3 nano�uid over a stretched plate.

Due to numerous applications of melting heat transfer in various �elds, it is empha-

sized in many studies. Features of heat transfer are usually described by the melting e¤ect

and viscous dissipation. Hayat et al. (2019) noticed the chemically reacting �ow of carbon

nanotubes (CNTs) over a stretchable curved sheet. The �ow is initialized due to a stretched

surface and a heat source was present. The vital interest of work was the heat phenomenon

via melting heat transfer. Arshad et al. [88] reported the melting heat transfer and �ow of

carbon nanotubes (CNTs) undergoing chemical reaction over a �exible curved sheet while the

�ow was initiated due to a stretched surface. Song et al. [89] explained solutal Marangoni

�ow and thermal analysis of the Sutterby nano�uid that contains gyrotactic microorganisms

and melting phenomenon were also taken into account. The �ow was initialized by a stretched

cylinder. The stagnation point �ow of a water based hybrid nano�uid with heat transfer over a

contracting/expanding wedge was explored by Kakar et al. [90] under the in�uence of melting

heat exchange. The hybrid nano�uid stagnation point �ow across a permeable stretchable sheet

in case of melting heat transfer under the in�uence of thermal radiation was solved numerically

by Kayalvizhi et al. [91]. Labib et al. [92] explored the problem involving melting heat phe-

nomenon for a hybrid nano�uid �ow exposed to a stretching wedge near a stagnation point.

The use of a curved stretched sheet with a hybrid nanomatel (SWCNTs+CuO + Engine oil)

was discussed by Muhammad et al. [93] where the melting phenomenon and �ow features for
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heat transfer were elaborated. Huminic et al. [94] examined the hybrid nanomaterial �owing

through a porous Darcy-Forchheimer (D-C) medium that is con�ned by two in�nite parallel

walls .The upper wall presses down on the lower wall while the lower wall is �xed and �exi-

ble. Instead of using the conventional Fourier�s heat �ux, Cattaneo-Christov (C-C) heat �ux is

discussed. Nalivela et al. [95] considered melting heat transfer for a hybrid nano�uid �owing

due to a stretching surface with magnetohydrodynamics and OHAM was employed to solve the

approach for the analysis.

The study of stagnation point �ow is bene�cial in a variety of processes, including

hydrodynamic processes, wire drawing, chilling of electronic devices, utilizing fans, polymers

extrusion, chilling of nuclear reactors, etc. Mah et al. [96] Studied on the impact of viscous

dissipation on entropy formation in water-alumina nano�uid forced convection in circular mi-

crochannels is described. For models with and without a viscous dissipation term in the energy

equation, closed form solutions of the temperature distributions in the radial direction are

derived using the �rst-law approach. The �ndings demonstrate that, when the viscous dissipa-

tion e¤ect is taken into consideration, the heat transfer coe¢ cient substantially decreases with

nanoparticle volume fraction in the laminar regime of nano�uid �ow in microchannel. In the

second-law analysis, the relative entropy generation deviations of the two models for various

Reynolds numbers and nanoparticle volume fractions are compared. The temperature distribu-

tion is considerably impacted when viscous dissipation is taken into account, and as a result, the

formation of entropy associated with irreversible heat transfer is signi�cantly increased. The

rise in thermal conductivity and viscosity of the nano�uid, which results in an increase in heat

transfer and �uid friction irreversibilities, respectively, is blamed for the increase in entropy

generation caused by the increase in nanoparticle volume fraction. Contrary to common belief,

which holds that nano�uids have an advantage over pure �uid and are associated with higher

overall e¤ectiveness from the aspects of �rst- and second-law of thermodynamics, the viscous

dissipation e¤ect shows that both thermal performance and energetic e¤ectiveness for forced

convection of nano�uid. Youse� et al. [97] studied the continuous generic stagnation-point �ow

of an aquatic titania-copper hybrid nano�uid past a rotating disk with sinusoidal variations.

Nadeem et al. [98]. looked at the motion of a hybrid nano�uid around a cylinder in three

dimensions near its stagnation point. Fluid �ow was considered in the presence of thermal slip
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e¤ects. Rostamia et al. [99] used a hybrid nano�uid containing aluminium oxide and silicon

dioxide nanoparticles with water as the base �uid to analytically model the stable linear motion.

MHD boundary layer mixed convection �ow of a hybrid nano�uid at the stagnation point on a

stretchable �at plate was studied. For relatively homogenous reactions, Zainal et al. [100] inves-

tigated the stagnation point �ow of a Cu-Al2O3/water hybrid nano�uid caused by a stretching

or contracting sheet with convective boundary conditions and magnetohydrodynamics. The

�ow and heat exchange over a stretching/shrinking surface at the constant magnetohydrody-

namic stagnation point were theoretically and numerically explored in a hybrid nano�uid �ow

involving partial slip and viscous dissipation by Emad et al. [101]. Waini et al. [102] exam-

ined the stagnation point �ow �owing towards a squeezing cylinder for a nano�uid.Water is

employed as the base �uid and hybrid nanoparticles made of copper and alumina were utilized.

The temperature-dependent circulation of a viscoelastic nano�uid through an extending cylin-

der in its stagnation zone was investigated by Adigun et al. [103]. The temperature-dependent

circulation of a viscoelastic nano�uid through an extending cylinder in its stagnation zone was

investigated by Adigun et al. [104]. Alphonsa et al. [105] looked at the e¤ects of multiple

slip in the presence of an e¤ective magnetic �eld for �ow of silver-blood nano�uid close to its

stagnation point. Zainal et al. [106] investigated the heat transfer e¢ ciency of Cu-Al2O3/H2O

in a stagnation point �ow towards a surface that stretches/shrinks exponentially with viscous

dissipation e¤ect and with magnetohydrodynamics. Using proper similarity transformations,

the di¤erential equations involving the partial derivatives of dimensional functions were con-

verted to a set of ordinary di¤erential equations. Alphonsa et al. [107] looked at the e¤ects

of multiple slip in the presence of an e¤ective magnetic �eld for �ow of silver-blood nano�uid

close to its stagnation point. Towards a vertically extended sheet, the stagnation point �ow of

an unstable compressible Casson hybrid nano�uid was examined by Abbas et al. [108]. Normal

�ow directions were applied to implement the Lorentz force where nonlinear radiation�s impact

was studied. Hybrid nano�uid unsteady �ow across a horizontal cylinder that was extending or

contracting near a stagnation point was studied by Zainal et al. [109]. Additionally, magnetic

�eld implications on boundary layer �ows are analyzed. In their study of the hybrid nano�uid

�ow at the stagnation point in a magnetic �eld, Ohmic dissipation and convective conditions

over a disc that is radially shrinking, Yahaya et al. [110] analyzed the results. Towards a ver-
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tical sheet, the stagnation point �ow of an unstable compressible Casson hybrid nano�uid was

examined by Abbas et al. [111]. Normal �ow directions were applied to implement the Lorentz

force where nonlinear radiation�s impact was studied. Hybrid nano�uid unsteady �ow across

a horizontal cylinder that is extending or contracting near a stagnation point was studied by

Zainal et al. [112].

Due to the signi�cant temperature variations that are observed during high-speed poly-

mer processing �ows like injection molding or extrusion, viscous dissipation is of importance for

a range of applications. Industrial applications like polymer processing �ows and aerodynamic

heating highlight the signi�cance of the impact of viscous dissipation in hybrid nano�uids.

Farooq et al. [113] investigated the suction and injection impact with viscous dissipation on

entropy formation in a hybrid nano�uid (Cu-Al2O3-H2O) boundary layer �ow across a non-

linear radially expanding porous disc. The energy dissipation is introduced into the energy

equation to account for the e¤ects of viscous dissipation. This work employs the Tiwari and

Das model. The �ow and heat transfer analysis was carried out with the use of a modi�ed

version of the Maxwell Garnett (MG) and Brinkman nano�uid models. Emad et al. [114]

theoretically and quantitatively explored the steady, magnetohydrodynamic, stagnation point

�ow and heat transfer of a hybrid nano�uid with partial slip and viscous dissipation over a

stretching/shrinking surface. Roy et al. [115] investigated that the thermal radiation with

viscous dissipation have an e¤ect on heat transport and assisting and opposing �ows of a hy-

brid nano�uid (Cu-Al2O3/water) around a circular cylinder. The convex and concave shape

e¤ects on the �ow of a radiative hybrid nano�uid were being studied by Yaseen et al. [116].

Additionally, the injection and suction of a hybrid nano�uid towards the surface of a sheet that

was stretching or contracting was investigated. Aziz et al. [117] studied that in comparison to

standard nano�uids, hybrid nano�uids have improved surface stability, di¤usion and dispersion

characteristics. The simpli�ed model accounts for linear thermal radiation and viscous dissi-

pation. In their research, Venkateswarlu et al. [118] found that hybrid nano�uids outperform

regular nano�uids due to their superior thermal properties. His research examined the e¤ects

of hybrid nano�uid and radiative heating on a stretched porous sheet when viscous dissipation

was involved. Nanoparticles of copper (Cu) and alumina oxide (Al2O3) were mixed in water

to form a hybrid nanoliquid in this model. Fluid viscosity, together with natural convection
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and viscous dissipation were introduced to the momentum and energy equations. Zainal et

al. [119] investigated the heat transfer e¢ ciency of Cu-Al2O3/H2O in a stagnation point �ow

towards a surface that stretches/shrinks exponentially with viscous dissipation e¤ect and with

magnetohydrodynamics. Using proper similarity transformations, the di¤erential equations

involving the partial derivatives of multi-dimensional functions were converted to a set of or-

dinary di¤erential equations. Magnetohydrodynamic (MHD) �ow of hybrid nano�uid created

by a nonlinear shrinking/stretching surface was demonstrated by Lund et al. [120], along with

heat transfer features and a stability investigation. The porosity factor and energy dissipation

were added to the momentum and energy equations to investigate how high temperature a¤ects

the porous surface. Famakinwa et al. [121] examined the viscous dissipation implications and

heat radiation on a compressible, unstable �ow that squeezes between two aligned edges.

Heat generation or absorption phenomenon is of immense interest to many researchers.

Hayat et al. [122] inspected the outcomes of heat generation and absorption, magnetohydro-

dynamics (MHD) and the in�uence of nanoparticle volume fraction for the behavior of hybrid

nano�uid past a stretched surface. Another model of thermophysical characteristics was en-

gaged by Tayebi et al. [123] to explore the e¤ects of the Lorentz force on a three-dimensionalized

�ow for a stretched sheet. Natural convection, internal heat generation or absorption and en-

tropy formation in a circular elliptic cylinder packed with a hybrid nano�uid were examined.

Yaseen et al. [124] explored the heat transfer properties of both the hybrid nano�uid and

MHD squeezing nano�uid �ow between the parallel plates. The thermal radiation, magnetic

�eld, heat source/sink, porous medium and suction/injection action were used to evaluate the

heat transport phenomenon. In the current model, the upper plate is moving and the bot-

tom plate was stretching with a linear velocity. Naqvi et al. [125] investigated the properties

of magnetohydrodynamic �ow of nano�uids caused by radially stretching/extended disc with

heat source/sink, chemical reaction and radiation which is non-uniform. Shoaib et al. [126]

computed the MHD hybrid nano�uid �ow caused by rotating disc with the ability to absorb

heat and undergo thermal slip. Zainal et al. [127] analyzed the impact of heat generation and

absorption on the magnetohydrodynamics (MHD) �ow towards the bidirectional exponentially

stretching/shrinking hybrid nano�uid sheet. Jyoth et al. [128] studied the results of source/sink

on the �ow of a Casson hybrid nano�uid squeezed between two parallel plates. Sulochana et
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al. [129] observed the boundary layer properties of MHD �ow of hybrid nanoliquids across a

stagnation region with thermal radiation and heat source/sink e¤ects. Khan et al. [130] studied

the in�uence of viscous dissipation, Joule heating with heat generation and absorption for a

slip �ow of a nano�uid with inclined MHD and numerically analyzed the frictional drag and

heat transfer. Krishna et al. [131] explored the Newtonian heating, heat generation/absorption

and chemical reaction on free convective Casson hybrid nano�uid through permeable vertical

plate with oscillations. Hameed et al. [132] analyzed the signi�cance of viscous dissipation,

heat generation or absorption and magnetic �eld for a Casson hybrid nano�uid �owing towards

a nonlinear stretching surface. When studying the e¤ects of viscous dispersion and heat sink

on the free convection �ow with unstable MHD on the radiating as well as chemical reactive

Casson hybrid nano�uid through a vertical plate that oscillates inde�nitely immersed in porous

material, Khrishna et al. [133] explored useful results. Unyong et al. [134] examined the hybrid

nano�uid �ow across a stretching sheet subjected to a magnetic �eld at an angle, partial slip

and thermal radiations.

The earlier works and importance of magnetohydrodynamic hybrid nano�uid �ow provides

inspiration for the researchers to further analyze the �uid properties under di¤erent assump-

tions. To the best of author�s knowledge, no work has been carried out on the magnetohydrody-

namic stagnation point �ow of a hybrid nano�uid under the e¤ects of Joule heating and viscous

dissipation, where the �ow is induced due to a variable thicked stretching sheet. With the use

of similarity transformations, the governing equations are simpli�ed into nonlinear ODEs and

bvp4c method is incorporated to solve the �uid problem. The plots for velocity, temperature

and also concentration pro�les are exhibited through the same method. It is assumed that the

existing analysis will lead to useful results that can be applied in engineering and industrial

purposes.
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The current chapter covers some standard de�nitions and related laws to develop understanding

of the analysis of next chapters.

3.1 Fluid [135]

When an external force is applied, a �uid (can be either a liquid or a gas) slightly resists the

external shearing force and then continues to move and deform or in other words the substances

that are incapable of sustaining shear forces. Its examples include liquid, gases and plasmas.

3.2 Fluid mechanics [135]

The part of applied mechanics that deals with the characteristics and behavior of �uids as well

as the forces that a¤ect them. There are two primary branches.

3.2.1 Fluid statics [135]

The branch of �uid mechanics that elucidates the properties of �uids while they are at rest.

3.2.2 Fluid dynamics [135]

The �eld of �uid mechanics that examines how forces a¤ect the characteristics of �uids in

motion.
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3.3 Nano�uid [135]

A �uid containing nanoparticles is referred to as a nano�uid. Engineered colloidal suspensions

comprising of nanoparticles added in a base �uid make up these �uids. Typically, oxides, metals,

carbides or carbon nanotubes are considered to be the nanoparticles for nano�uids. Oil, water

or ethylene glycol are examples of typical base �uids. Compared to base�uid, nano�uids are

known to have better thermal conductivity.

3.4 Hybrid Nano�uid [136]

The most advanced kind of nano�uids are called hybrid nano�uids and they are created by

mixing two nanoparticles with in a suitable base �uid. The introduction of hybrid nano�uids

is intended to upgrade the thermal conductivity of the relative conventional �uids as well as

simple nano�uids. Hybrid nano�uids o¤er a wide range of uses in heat transmission, including

automobile cooling systems, heat pipes and refrigeration etc.

3.5 Stress [137]

Stress is described as the average force exerted per unit of a­ icted body surface area.

Stress =
Force
Area

: (3.1)

The stress is expressed in the SI system as Nm�2 or kg=m:s2 and has dimensions
�
M
LT 2

�
. Stress

has two di¤erent parts.

3.5.1 Shear stress [137]

Shear stress can be de�ned as a type of stress where the force acts parallel to the material�s

cross sectional area.

3.5.2 Normal stress [137]

A type of stress called normal stress occurs when a force works normally on the cross section

of a material.
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3.6 Strain [137]

When a force is applied to a material, strain is the measurement of the substance�s relative

deformation. It possesses no dimensions.

3.7 Viscosity [137]

The internal frictional force between adjacent �uid layers that are moving relative to one another

is associated to viscosity. The state of a �uid, including pressure, temperature and rate of

deformation, generally a¤ects viscosity. Following are the two approaches to de�ne viscosity:

3.7.1 Dynamic viscosity (�) [137]

Absolute viscosity, also known as dynamic viscosity, is the ratio of shear stress to velocity

gradient.

Viscosity (�) =
Shear stress

Velocity gradient
: (3.2)

Dynamic viscosity is measured in SI units of Ns=m2 or kg=m:s and its dimensions are
�
M
LT

�
.

3.7.2 Kinematic viscosity (�) [137]

The ratio among dynamic viscosity and �uid density determines kinematic viscosity. Mathe-

matically this concept can be elaborated as

� =
�

�
: (3.3)

Kinematic viscosity is evaluated in
h
L2

T

i
and has units of m2=s.

3.8 Newton�s law of viscosity [137]

It indicates that the �uid�s shear stress is linearly and directly related to the velocity gradient.

Mathematically it can be written as

�yx /
du

dy
; (3.4)
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or

�yx = �
du

dy
; (3.5)

where �yx stands for the �uid element�s applied shear stress.

3.9 Newtonian �uids [137]

Newtonian �uids are those that follow Newton�s law of viscosity or those for which there exists

a linear relationship among rate of strain (dudy ) and shear stress (�yx). Its examples include

water, air and alcohol.

3.10 Non-Newtonian �uids [137]

Non-Newtonian �uids are those that deviate from Newton�s law of viscosity or those for which

the correlation between shear stress and strain rate is nonlinear. Mathematically it can be

written as

�yx /
�
du

dy

�n
; n 6= 1; (3.6)

or

�yx = �
du

dy
; � = k

�
du

dy

�n�1
; (3.7)

where k stands for consistency index, n for �ow behavior index and � stands for apparent

viscosity.

3.11 Flow [137]

Flow is de�ned as the amount of �uid that passes a region in a unit of time.

3.11.1 Incompressible �ow [137]

Incompressible �ow is de�ned as a �ow where the �uid element�s density remains constant

throughout the �ow.
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3.11.2 Compressible �ow [137]

A type of �ow known as compressible �ow occurs when the density of the �uid �owing changes.

3.11.3 Laminar �ow [137]

When �uid particles move in parallel layers or along predetermined pathways without crossing

one another, this is known as laminar �ow.

3.11.4 Turbulent �ow [137]

The term "turbulent �ow" describes a �ow in which the �uid particles move randomly and

follow no set patterns.

3.11.5 Steady �ow [137]

When the point �uid�s properties (such as pressure, density, velocity, etc.) are not dependent

or independent of time, the �ow is said to be steady.

@	

@t
= 0: (3.8)

where 	 represent �uid�s property.

3.11.6 Unsteady �ow [137]

Unsteady �ow is when the properties of the �uid (such as pressure, density and velocity) at a

given point change with time.
@	

@t
6= 0: (3.9)

3.12 Density [137]

The measurement of a quantity or mass per unit volume for a given substance is termed as

density. Mathematically, it is de�ned as

� =
m

v
: (3.10)
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The SI units of density is kg=m3 and the dimensions are [ML�3].

3.13 Pressure [137]

The ratio of force per unit area is known as pressure. The physical force applied to an object is

referred to as pressure and the stress will be developed because of the pressure. Mathematically,

it is de�ned as

P =
F

A
: (3.11)

The SI units of pressure is N=m2:

3.14 Thermal Conductivity [137]

Thermal conductivity is the study of the capacity of a material to transfer heat. Radiation,

convection and conduction are the three ways that heat can transfer. Speci�cally, we can show

this mathematically as

Thermal conductivity =
heat� distance

area� temperature gradient ; (3.12)

so

k =
QL

A4T ; (3.13)

where A is noted to be the cross-sectional area, k is the thermal conductivity, Q stands for the

heat �ow per unit time and 4T characterizes temperature di¤erence. Its units are W=mK or

kg:m=s3K with dimensions
�
ML
T 3�

�
:

3.15 Thermal di¤usivity [137]

The ratio of thermal di¤usivity per unit density and speci�c heat is known as thermal di¤usivity.

Mathematically, it is written as

� =
k

�Cp
; (3.14)

where k represents thermal conductivity, � represents density and Cp represents heat capacity.
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3.16 Stagnation Point [138]

In �ow �eld, stagnation point is a point where the �uid has zero velocity. Consider the surface

of an object in the �ow �eld, when the �uid is brought to rest by an object, then a stagnation

point exists. For instance, when air is passing around an aeroplane wing, there is frequently a

stagnation point right in front of the wing where the air�ow is stopped.

3.17 Magnetohydrodynamic (MHD) [138]

Magnetohydrodynamics studies the motion of �uids that conduct electricity in the presence of

a magnetic �eld. The term magneto-hydro-dynamics (MHD) comes from the terms "magneto"

which stands for magnetic �eld, "hydro" related to liquid and "dynamics" which represents

movement.

3.18 Joule Heating [138]

When electric current is passed by the conductor, it emits heat and this is described as Joule

heating, also called as resistive heating or ohmic heating. By using electric current movement,

Joule heating re�nes the heat transfer process to reduce dynamic viscosity leading to boost in

electrical conductivity.

3.19 Viscous Dissipation [138]

During a viscous �uid �ow, the motion of �uid generates kinetic energy which is taken by

viscosity of the �uid and is turned into internal energy of the �uid. This phenomena is learned

as viscous dissipation and is considered irreversible.

3.20 Heat generation/absorption [138]

In heat generation or absorption, Q is non-dimensional variable which depends on how much

heat is absorbed or generated per unit volume. Its general representation is Q (T � T1) :When

Q > 0, heat is generated and when Q < 0, heat is absorbed.
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3.21 Dimensionless numbers [138]

3.21.1 Reynolds number [138]

In �uid �ow, Reynolds number is regarded as the most important dimensionless number. It is

described as the ratio of inertial to the e¤ective viscous forces.

Re =
Inertial force
Viscous force

; (3.15)

i.e.,

Re =
�v2=L

�v�=L2
=
vL

v�
; (3.16)

where density is denoted by �, velocity by v�, characteristic length by L, dynamic viscosity as

� and kinematic viscosity v. Viscous terms vanish from the equation if Re is large in value.

Inviscid �ows are therefore associated with high Reynolds number values. Signi�cant Reynolds

numbers also indicate turbulent �ow where inertial forces predominate, while low Reynolds

numbers indicate high viscous forces and laminar �ow.

3.21.2 Prandtl number [138]

The Prandtl number has no dimensions and determines the relation among momentum and

thermal di¤usivity. The following is the mathematical expression for the Prandtl number:

Pr =
Viscous di¤usion rate
Thermal di¤usion rate

; (3.17)

i.e.,

Pr =
�

��
=

�=�

k=�cp
=
cp�

k
; (3.18)

where �� stands for thermal di¤usivity, k for thermal conductivity, � for kinematic viscos-

ity (momentum di¤usivity) and cp for speci�c heat at constant pressure. Thermal di¤usivity

predominates for Pr << 1 and momentum di¤usivity for Pr >> 1.
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3.21.3 Eckert number [138]

The Eckert number reported as a dimensionless number quanti�es the relationship between

kinetic energy and heat �ow enthalpy. It can be write as

Ec =
Kinetic energy
Enthalpy

=
V 2

cp4T
; (3.19)

where V denotes �ow velocity, cp denotes speci�c heat and 4T denotes temperature di¤erence.

The kinetic energy of the �ow and its enthalpy are directly related by the Eckert number. It

is used to determine heat dissipation occurring for high-speed �ows where the �uid experience

enormous viscous dissipation.

3.21.4 Skin friction [138]

Skin friction is the term used to describe the sort of friction caused by a �uid moving relative

to a solid surface. Mathematically, the skin friction coe¢ cient is expressed as

Cf =
�w
1
2�U

2
; (3.20)

where � signi�es density, U is velocity and �w is the shear stress at the wall.

The friction drag is assumed as an aerodynamic or sometimes hydrodynamic drag. It

behaves as a resistant force acted by the �uid on the subject. It originates due to �uid�s

viscosity and it progresses from laminar drag turbulent drag with the �owing �uid.

3.21.5 Nusselt number [138]

The Nusselt number, a dimensionless quantity that quanti�es the link between convective and

conductive heat transfer through the boundary. In terms of mathematics

NuL =
Convective heat transfer
Conductive heat transfer

: (3.21)

Newton�s law of cooling gives us the following

q0 = h4T; (3.22)
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where h stands for the coe¢ cient of heat transfer and q0 represents �ux per unit area. Heat

�ow for the convectional process is de�ned as

q0 = h(Tw � T1): (3.23)

Additionally, if the �uid layer is not moving, the heat �ux for the conduction process is provided

by.

q0 = k(Tw � T1)=L; (3.24)

where k is thermal conductivity of �uid and L is characteristic length. Using the Nusselt

number�s de�nition, we can

NuL =
h(Tw � T1)
k(Tw � T1)=L

=
hL

k
: (3.25)

If the value of Nusselt number is one, it will show a sluggish motion which is considered useful

when compared to pure �uid conduction and it corresponds to laminar �ow. If a large value

of Nusselt number is taken, then an e¢ cient convection is encountered which is obvious to

turbulent pipe �ow yielding Nu with order ranging from 100 to 1000.
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Stagnation point �ow of Hybrid

Nano�uid over a Variable Thicked

Surface in the presence of Melting

Heat Transfer

Hybrid nano�uids are identi�ed as an advanced group of �uids that have suitable thermal

conductivity. The �ow of hybrid nano�uid over a stretched plate with varying thickness near

a stagnation point is examined in this chapter. The study of heat transfer is performed in the

presence of melting heat conditions and viscous dissipation. By using the appropriate similarity

practice, the governing equations for the given model is simpli�ed as a system of ODEs. Bvp4c

technique is applied to graphically analyze temperature and velocity, thus Nusselt number and

skin friction coe¢ cient. A comparison study for base�uid, nano�uid and hybrid nano�uid is

also carried out to point towards the re�nement of nano�uids in terms of hybrid nano�uids.
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Fig. 4.1. Geometry of the problem

4.1 Mathematical Formulation

The present model is based on the stagnation point �ow of hybrid nano�uid that is

composed of SWCNTs, Ag and the base �uid is gasoline oil. The �ow is maintained because

of a variable thicked sheet stretching in the x-direction with velocity Uw = Uo (x+ b)
m. The

varying thickness of the stretching sheet is given by y = b� (x+ b)
1�m
2 : The phenomenon of

melting heat transfer is taken into account along with viscous dissipation.

The governing equations for the �uid �ow are presented in the form of continuity, momentum

and energy equations

The considered velocity �eld for this model is given by

�!
V = [u (x,y) , v(x,y), 0]: (4.1)
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The governing equations for the �uid �ow are presented in the form of continuity, momentum

and energy equations.
@�

@t
+
�!O :
�
�
�!
V :
�
= 0; (4.2)

�hnf

 
@
�!
V
@t

+
� �!
V .�!O

��!
V

!
=
�!O :�!� + �hnf

�!
b ; (4.3)

(�C p)hnf

�
@T
@t

+
��!
V.�!O

�
T
�
= ��!O :�!q + Tr

��!� :�!L � ; (4.4)

�!q = �k gradT ;

in which � is noted for density,
�!
V designated as velocity �eld, �hnf indicates density of hybrid

nano�uid, T symbolizes temperature of �uid, �!q stands for the heat �ux,�!� characterizes Cauchy

stress tensor, k represents thermal conductivity.

After applying boundary layer assumptions, we acquire the following equations.

@u
@x

+
@v
@y

= 0; (4.5)

u
@u
@x

+ v
@u
@y

= Ue
dUe
dx

+ �hnf
@2u
@y2

; (4.6)

u
@T
@x

+ v
@T
@y

= �hnf
@2T
@y2

+
�hnf

(�cp)hnf
(
@u
@y
)2: (4.7)

The present model proposes the following boundary conditions.

u = Uw (x ) = U 0 (x + b)
m and v = 0, T = Tm at y=b� (x+b)

1�m
2 ; (4.8)

u ! U e (x ) = U1 (x + b)
m , T ! T1 as y !1 ;

where u, v represents the velocity components, U0 , U1 are arbitrary constants, Uw is stretching

velocity, Ue be the free stream velocity and Tm is surface temperature. Condition for melting
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heat is de�ned as:

�hnf

�
@T
@y

�
y=b�(x+b) 1�m

2

= �hnf [�+ C s (Tm � T 0)] v y=b�(x+b) 1�m2
; (4.9)

where � is referred to as latent heat.

The similarity transformations for the considered �ow are

� =

s
m+1
2�f

U 0 (x+b)
m�1y ; 	 =

r
2�f
m+1

U 0 (x+b)
m+1f �(�), �� (�) =

T� Tm
T1 � Tm

;

u = U 0 (x+b)
m f

�0
(�), v = �

r
(m+1 )�f

2
U 0 (x+b)

m�1
�
f �(�) + �f

�0
(�)

m-1
m+1

�
; (4.10)

where f � shows non dimensional velocity, �� represents non dimensional temperature, m is

�ow behavior index parameter and �f is kinematic viscosity. From Eqs. (4.6) to (4.8), we have

A11
(1� '1)2:5(1� '2)2:5

f
�000
+ f �f

�00 � 2m
m+1

�
f �

0
�2
+
2m
m+1

A2 = 0; (4.11)

�hnf
�f

�
�00
+ B11Prf ��

�0
+

PrEc
(1-'1)2:5(1-'2)2:5

�
f
�00�2

= 0; (4.12)

f �
0
(�) = 1, �� (�) = 0,

khnf
kf

M1�
�0
(�) +A11(Prf

� (�) +
m-1
m+1

�)= 0 at � = b�
s
m+1
2�f

U 0;

f
�0
(1)! A , �� (1)! 1 as �!1: (4.13)

Also we have

A11 =
1

(1� '2)
�
(1� '1) + '1

�SWCNTs
�f

�
+ '2

�Ag
�f

; (4.14)

and

B11 = (1� '2)
�
(1� '1) + '1

(�cp)SWCNTs

(�cP )f

�
+ '2

(�cp)Ag
(�cp)f

: (4.15)

where '1 and '2 represent SWCNTs volume fraction, Ag volume fraction and k be the thermal

conductivity of mentioned �uid.
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In this case, prime indicates the derivative with reference to �. The wall thickness is given

by � = b�
q

m+1
2�f

U0 = � which describe �at surface. Now f�(�) = f(� � �) = f(�): From this,

we reach at the following equations

A11
(1� '1)2:5(1� '2)2:5

f
000
+ ff

00 � 2m

m+ 1

�
f
0
�2
+

2m

m+ 1
A2 = 0 ;

�hnf
�f

�
00
+B11 Pr f�

0
+

PrEc

(1� '1)2:5(1� '2)2:5
�
f
00�2

= 0 ;

f
0
(0) = 1, � (0) = 0 ,

khnf
kf

M1�
0
(0) +A11

�
Prf (0) +

m� 1
m+ 1

�

�
= 0;

f
0
(1) ! A, � (1)! 1 as � !1:

The dimensionless terms in equation are de�ned as:

A =
U1
U0

, � = b�
s
m+ 1

2�f
U0, M1 =

C�f (T1 � Tm)
�+ Cs (Tm � T0)

;

P r =
�f
�f
; Ec =

(Uw(x))
2�f

(�cp)f (T1 � Tm)
:

In these terms, A is velocity ratio parameter, � is wall thickness parameter, parameter M1

shows melting e¤ect parameter, Pr be the Prandtl number and Ec is de�ned as Eckert number.

Expressions for local Nusselt and surface friction coe¢ cient number is described as.

Cf =
�w
�f U

2
w

; (4.16)

where

�w = �hnf

�
@u

@y

�
y=b�

r
m+1
2�f

U0

: (4.17)

We consider Nusselt number as :

Nux =
(x+ b) qw
k (T1 � Tm)

; (4.18)
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where

qw = �khnf
�
@T

@y

�
y=b�

r
m+1
2�f

U0

: (4.19)

We acquire non dimensional representations of Cf and Nux by substituting above equations.

Cf
p
Rex =

1

(1� '1)2:5(1� '2)2:5

r
m+ 1

2
f 00 (0) ; (4.20)

Nuxp
Rex

= ��hnf
�f

r
m+ 1

2
�
0
(0) (4.21)

where the local Roynold number is presented as Rex =
U0(x+b)
�f

Table. 4.1

From the Hamilton-Crosser model for Nano�uid (SWCNTs and gasoline oil).

Muhammad et al. [139].

Properties Nano�uid

Dynamic viscosity �nf =
�f

(1�'1)2:5

Kinematic viscosity �nf =
�nf
�nf

Speci�c Heat (�cp)nf = (1� '1)(�cp)f + '1(�cp)SWCNTs

Density �nf = (1� '1)�f + '1�SWCNTs

Thermal conductivity �nf
�f
=

�SWCNTs+(n�1)�f�(n�1)'1(�f��SWCNTs)
�SWCNTs+(n�1)�f+'1(�f��SWCNTs)
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Table. 4.2

For hybrid nano�uid (SWCNTs, Ag and gasoline oil). Muhammad et al. [139].

Properties Hybrid Nano�uid

Dynamic viscosity �hnf =
�f

(1�'1)2:5(1�'2)2:5

Kinematic viscosity �hnf =
�hnf
�hnf

Speci�c Heat (�cp)hnf
(�cp)f

= (1� '2)
h
1� '1 + '1(

(�cp)SWCNT

(�cp)f
)
i
+ '2(

(�cp)Ag
(�cp)f

)

Density �hnf = (1� '2)((1� '1)�f + '1�SWCNTs
) + '2�Ag

Thermal conductivity
�hnf
�nf

=
�Ag+(n�1)�nf�(n�1)'2(�nf��Ag)
�Ag+(n�1)�nf+'2(�nf��Ag)

�nf
�f
=

�SWCNTs+(n�1)�f�(n�1)'1(�f��SWCNTs)
�SWCNTs+(n�1)�f+'1(�f��SWCNTs)

where n = 6 because of nanoparticles cylindrical shape.

Table. 4.3. Thermophysical properties of (SWCNT, Ag and Gasoline oil).

Muhammad et al. [139].

Nanoparticle/Thermophysical properties �
�
kg
m3

�
Pr cp(

J
kgK ) �( WmK )

Ag 10490.0 - 235.0 429.0

SWCNTs 1600.0 - 796.0 3000.0

Gasoline oil 750.0 9.4 425.0 0.114.0
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4.2 Numerical Stratagem:

The bvp4c package in MATLAB is used to create solutions for the governed �ow equations

(ODEs). The obtained equations are generally higher order di¤erential equations. At an initial

step, these di¤erential equations are reduced to �rst order form and these �rst order di¤erential

equations use bvp4c as its implementation.

f 1 = f ; (4.22)

f2 = f
0
1 = f;

0
(4.23)

f3 = f
0

2 = f
00
; (4.24)

f5 = � ; f6 = f
0

5 = �
0
; (4.25)

f4 = f
0

3 = f
000
= �(1� '1)

2:5(1� '2)2:5
A11

�
f1f3 �

2m

m+ 1
(f2)

2 +
2m

m+ 1
A2
�
; (4.26)

f7 = f
0

6 = �
00
= � 1

�hnf
�f

�
B11Prf1f6 +

PrEc
(1� '1)2:5(1� '2)2:5

(f3)
2

�
: (4.27)

4.3 Graphical Analysis and Discussion

This section of the chapter highlights the graphical results of velocity, temperature, friction

drag and Nusselt number with respect to the di¤erent parameters. Further, a comparison has

been carried out for the relative research of hybrid nano�uid, nano�uid (SWCNT and gasoline

oil) and base�uid (gasoline oil). Fig. 4.2. represents the impact of SWCNTs volume fraction

'1 on f
0
(�). Increase in '1 causes augmentation in f

0
(�) whereas more ascendancy of hybrid

nano�uid (SWCNT, Ag and gasoline oil) can be assessed as compared to nano�uid (SWCNT

and gasoline oil). Fig. 4.3. is plotted to study the in�uence of Ag volume fraction '2 for

velocity pro�le f
0
(�). It is monitored that with rise in '2; velocity pro�le enhances. Fig. 4.4.

shows the rise in velocity pro�le f
0
(�) with the growing values of melting parameter M1, in

which f
0
(�) portrays direct relation withM1. Elevated values ofM1 moves the �uid particles to

drift through melting surface towards the �uid above it, resulting in an increased �uid velocity.

Fig. 4.5. is plotted to observe the a¤ect of �ow behavior index parameter m relative to velocity
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pro�le. Intensi�ed choice of m results in respective growth of thickness of wall leading to

decrease in the velocity whereas greater impact of hybrid nano�uid (SWCNT, Ag and gasoline

oil) is shown if evaluated with nano�uid (SWCNT and gasoline oil). Fig. 4.6. shows increment

in velocity distribution as � increases. The domination of hybrid nano�uid can be perceived

from the �gure. Fig. 4.7. examines the e¤ects of velocity ratio parameter A on velocity pro�le,

where f
0
(�) enhances as the value of A increases. It is also monitored that no boundary layer

formation is seen when A = 1 while A >1 indicates thinning of the respective boundary layer

formation and A < 1 exhibits the inverse trend. For the comparative study of hybrid nano�uid

(SWCNT, Ag and gasoline oil) along with nano�uid (SWCNTs and gasoline oil) and base�uid

(gasoline oil), Figs. 4.8. to 4.12. are plotted to evaluate the e¤ects of variables such as '1; '2; �,

m andM1 on f
0
(�) for hybrid nano�uid (SWCNT, Ag and gasoline oil), nano�uid (SWCNT, Ag

and gasoline oil) and the base �uid (gasoline oil). The hybrid nano�uid�s better performance is

crystal clear from this graphical comparison which is in line with the recent developments in the

�eld of nanotechnology. Fig. 4.13. depicts the analysis of temperature �(�) for surging values of

SWCNTs volume fraction '1: Decrease in �(�) is resulted from the increase in '1. Even in case

of temperature, the hybrid nano�uid sustains its superior stance. In Fig. 4.14. temperature

pro�le �(�) decreases through increment in Ag volume fraction '2. This outcome is obvious

and there is no signi�cant impact of '2 on temperature pro�le for nano�uid as it has no direct

correspondence with nano�uid. Through Fig. 4.15., plotted to study the impact of melting

parameter M1 relative to the temperature pro�le �(�), it can observe that when M1 expands,

the temperature pro�le diminishes. AsM1 rises, more cold particles of �uid travel from melting

surface to �uid at increased temperature leading to low temperature pro�le. With ampli�ed

values of melting parameter, thermal layer thickness continues to decrease. For elevated values

of melting parameter, cold particles are transferred into the hot �uid due to melting. Therefore

temperature pro�le consequently decreases. Fig. 4.16. demonstrates the Eckert number Ec

a¤ecting the temperature pro�le. Due to the additional kinetic energy, an augmentation in

Eckert number Ec results in an increased temperature pro�le and raises the temperature. Figs.

4.17. to 4.19. show a comparative analysis between hybrid nano�uid and nano�uid and in

addition, the base �uid. From the �gures, the importance of hybrid nano�uid exceeds than

that of the considered nano�uid and also base�uid. The behavior of parameters like '1; '2, M1
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and A on skin friction coe¢ cient Cfx is shown in Figs. 4.20. and 4.21. It is obvious from the

�gures that enhanced values of A reduces the friction drag. Figs. 4.22. and 4.23. are drawn to

assess the impact of '1; '2, M1 and A for the Nusselt number Nux and the in�uence of these

parameters can be easily determined from these results as Nux responds to '1; '2, M and A:

Consequently, the variables can be utilized as cooling agents in a variety of modern technology.

The last Figs. 4.24 to 4.27 give the comparative approach for the �uids under study and even

these outcomes points towards the excellence of hybrid nano�uid

Fig. 4.2. Velocity distribution f
0
(�) for '1:
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Fig. 4.3. Velocity distribution f
0
(�) for '2:

Fig. 4.4. Velocity distribution f
0
(�) for M1:
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Fig. 4.5. Velocity distribution f
0
(�) for m:

Fig. 4.6. Velocity distribution f
0
(�) for �:
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Fig. 4.7. Velocity distribution f
0
(�) for A:

Fig. 4.8. Comparison of f
0
(�) for '1:
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Fig. 4.9. Comparison of f
0
(�) for '2:

Fig. 4.10. Comparison of f
0
(�) for M1:
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Fig. 4.11. Comparison of f
0
(�) for �:

Fig. 4.12. Comparison of f
0
(�) for m:
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Fig. 4.13. Temperature distribution �(�) for '1:

Fig. 4.14. Temperature distribution �(�) for '2:
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Fig. 4.15. Temperature distribution �(�) for M1:

Fig. 4.16. Temperature distribution �(�) for Ec:
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Fig. 4.17. Comparison of �(�) for '1:

Fig. 4.18. Comparison of �(�) for '2:
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Fig. 4.19. Comparison of �(�) for M1:

Fig. 4.20. Skin friction coe¢ cient Cfx for M1 and A:
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Fig. 4.21. Skin friction coe¢ cient Cfx for '1 and '2:

Fig. 4.22. Nusslt number Nux for M1 and A:
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Fig. 4.23. Nusslt number Nux for '1 and '2:

Fig. 4.24. Comparison of Cfx for M1 and A:
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Fig. 4.25. Comparison of Cfx for '1 and '2:

Fig. 4.26. Comparison of Nux for M1 and '2:
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Fig. 4.27. Comparison of Nux for M1 and A:
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The Magnetohydrodynamic Flow

of Hybrid Nano�uid towards a

Stretching Surface in the presence

of Joule Heating and Melting Heat

Transfer

This chapter focusses on the �ow of a hybrid nano�uid (SWCNT, Ag and gasoline oil)

near a stagnation point when magnetohydrodynamics is involved. The �ow is induced by a

stretching sheet with variable thickness and the e¤ects of melting heat phenomenon, Joule

heating, viscous dissipation and heat generation/absorption are also studied in the present

�ow model. The momentum and energy equations are reconstructed as ordinary di¤erential

equations by making use of appropriate similarity transformations. A numerical method, bvp4c

is taken into account for the solution of the resulting equations and the variation in in�uential

parameters for temperature and velocity alongwith Nusselt number and skin friction coe¢ cient

are explored graphically. The improved performance of hybrid nano�uid is exhibited through a

graphical comparison of base�uid, nano�uid (SWCNTs and gasoline oil) and hybrid nano�uid

(SWCNTs, Ag and gasoline oil).
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Fig. 5.1. Geometry of the problem.

5.1 Problem Formulation

A steady and magnetohydrodynamic �ow involving hybrid nano�uid towards a variable

thickened stretching sheet is examined for melting heat transfer. The sheet is stretching with a

velocity given by Uw = Uo(x+ b)m and y = b�(x+ b)
1�m
2 is the varying thickness of the sheet.

The stretching sheet is placed in the direction orthogonal to y-axis. The �ow is studied in

stagnation point region and the signi�cant e¤ects of Joule heating alongwith viscous dissipation

and heat generation/absorption a¤ect the �ow. The velocity of the sheet stretching is given

by Uw = Uo(x + b)
m while the thickness of the sheet is given by y = b�(x + b)

1�m
2 : In a

position orthogonal to the y-axis, the stretching sheet is �xed. The �ow is examined around

the stagnation point, and the �ow is signi�cantly impacted by Joule heating, viscous dissipation,

heat generation/absorption, and viscosity reduction.

We have considered the Cartesian coordinate system, so the velocity �eld is noted to be

�!
V = [u (x; y) ; v (x; y) ; 0] ; (5.1)
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The modeled equations can be exhibited as

@�

@t
+
�!O :
�
�
�!
V
�
= 0; (5.2)

�hnf

 
@
�!
V
@t

+
��!
V .�!O

��!
V

!
=
�!O :�!� + �hnf

�!
b ; (5.3)

(�Cp)hnf

�
@T

@t
+
��!
V .�!O

�
T

�
= ��!O :�!q + Tr

��!� :�!L � ; (5.4)

�!q = �k gradT:

Eq. 5.2 in the above written equations is introduced as the continuity equation. Mass

conservation law serves as the basis for this equation. Newton�s second law is the foundation

for the momentum equation and in this equation, LHS stands for inertial forces, whereas the

�rst term on the RHS is for surface forces and the second term is for body forces. The energy

equation is obtained using the �rst law of thermodynamics. Here the LHS represents the total

system�s energy, whereas the 1st term given on the RHS is owing to Fourier�s law of heat

conduction and the 2nd term is brought on by dissipation.

In Eqs. 5.2 to 5.4, density is denoted as �,
�!
V is introduced as velocity �eld, T represents

�uids temperature, �!q is the heat �ux, �!b is noted for body force, k for the thermal conductivity.

Assuming electric �eld
�!
E = 0; the electromagnetic force is indicated by

�!
J ��!B = ��hnfB20(Ue � u); (5.5)

where B0 denotes the applied magnetic �eld in direction perpendicular to surface, � stands for

electrical conductivity and Ue for free stream velocity.

Further now with the help of boundary layer theory, the system of di¤erential equations

adopts following formation:
@u

@x
+
@v

@y
= 0; (5.6)
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u
@u

@x
+ v

@u

@y
= Ue

dUe
dx

+ �hnf
d2u

dy2
� �hnf
�hnf

�2o(u� Ue); (5.7)

u
@T

@x
+ v

@T

@y
= �hnf

@2T

@y2
+

�hnf
(�cp)hnf

�
@u

@y

�2
+

�hnf
(�cp)hnf

�2o(u�Ue)2+
Q0

(�cp)hnf
(T �Tm); (5.8)

The assumptions under consideration suggest the following boundary conditions.

u = Uw (x) = U0 (x+ b)
m ; v = 0 , T = Tm at y = b� (x+ b)

1�m
2 ; (5.9)

u ! Ue (x) = U1 (x+ b)
m , T ! T1 as y !1;

where u and v are noted to be orthogonal velocity components, U0 , U1 are arbitrary constants,

Uw is stretching velocity and Tm is surface temperature .

The melting heat transfer is given through:

�hnf

�
@T

@y

�
y=b�(x+b)

1�m
2

= �hnf [�+ Cs (Tm � T0)] v
y=b�(x+b)

1�m
2

; (5.10)

in which �hnf be the thermal conductivity represented for hybrid nano�uid, likewise �hnf be

the density of hybrid nano�uid, Cs be the heat capacity of solid surface, � be the latent heat.

We consider the following transformations to change the partial di¤erential equations to

simpli�ed di¤erential equations.

� =

s
m+ 1

2�f
U0 (x+ b)

m�1y ; 	 =

r
2�f
m+ 1

U0 (x+ b)
m+1f�(�) , �� (�) =

T � Tm
T1 � Tm

;

u = U0 (x+ b)
m f�

0
(�), v =

r
(m+ 1)�f

2
U0 (x+ b)

m�1
�
f�(�) + �f�

0
(�)
m� 1
m+ 1

�
:(5.11)

where f �represent non-dimentional velocity, �� be the temperature, m is �ow behavior index

parameter and �f is kinematic viscosity. Using these equations, we get

A11
(1� '1)2:5(1� '2)2:5

f
�000
+ f�f�

00 � 2m

m+ 1

�
f�

0
�2
+

2m

m+ 1
A2� 1

m+ 1
A12A11M(f

�0 �A) = 0;

(5.12)
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�hnf
�f

��
00
+B11Prf

���
0
+

PrEc

(1� '1)2:5(1� '2)2:5
�
f
�00
�2
+
�hnf
�f

1

m+ 1
EcM Pr(f�

0 �A)2

+Pr�B11�
� = 0; (5.13)

f
�0
(�) = 1, �� (�) = 0,

khnf
kf

M1 �
�0 (�) +

�
A11Prf

� (�) +
m� 1
m+ 1

�

�
= 0 at � = b�

s
m+ 1

2vf
U0; (5.14)

f
�0
(1)! A , �� (1)! 1 as �!1:

where '1 and '2 represent volume fraction of SWCNT and Ag: Also we have

A11 =
1

(1� '2)(((1� '1) + '1
�SWCNTs

�f
) + '2

�Ag
�f

; (5.15)

A12 = 1 +
3('1�1+'2�2�f

� ('1 + '2))

2 + ('1�1+'2�2'1+'2)�f
)� ('1�1+'2�2�f

� ('1 + '2))
; (5.16)

B11 = (1� '2)
�
(1� '1) + '1

(�Cp)SWCNTs

(�CP )f

�
+ '2

(�Cp)Ag
(�Cp)f

: (5.17)

In this case, prime indicates the derivative with reference to � and � = b�
q

m+1
2�f

U0. Here

� = � describes �at surface. Consider f�(�) = f(� � �) = f(�)

A11
(1� '1)2:5(1� '2)2:5

f
000
+ff

00� 2m

m+ 1

�
f
0
�2
+

2m

m+ 1
A2� 1

m+ 1
A12A11M(f

0�A) = 0; (5.18)

�hnf
�f

�
00
+B11Prf�

0
+

PrEc

(1� '1)2:5(1� '2)2:5
�
f
00�
+
�hnf
�f

1

m+ 1
EcM Pr(f

0 �A)2

+
�hnf
�f

1

m+ 1
EcM Pr(f

0 �A)2 + Pr�B11� = 0; (5.19)
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f
0
(0) = 1 , � (0) = 0 ,

khnf
kf

M1 �
0
(0) +

�
A11Prf (0) +

m� 1
m+ 1

�

�
= 0; (5.20)

f
0
(1) ! A , � (1)! 1 for � !1:

The dimensionless quantities are de�ned as

A =
U1
U0

, � = b�
s
m+ 1

2�f
U0 , M1 =

C�f (T1 � Tm)
�+ Cs (Tm � T0)

; (5.21)

Pr =
�f
�f
; Ec =

(Uw(x))
2�f

(�cp)f (T1 � Tm)
; M =

2�fB
2

�fUo(x+ b)
m�1 ; (5.22)

� =
2Qo

(�Cp)hnf (m+ 1)Uo(x+ b)m�1
: (5.23)

In these terms, � is wall thickness parameter, M is magnetic parameter, Pr is Prandtl num-

ber, Ec is de�ned as Eckert number, M1 is the melting parameter, � is the heat gener-

ation/absorption parameter.Now we de�ne the Surface friction coe¢ cient (Cf ) and Nusselt

number (Nux) as follows:

Cf =
�w
�f U

2
w

; (5.24)

where

�w = �hnf

�
@u

@y

�
y=b�

r
m+1
2�f

U0

: (5.25)

Also

Nux =
(x+ b) qw
k (T1 � Tm)

; (5.26)

qw = �khnf
�
@T

@y

�
y=b�

r
m+1
2�f

U0

: (5.27)

We acquire non-dimensional representations of Cf and Nux as

Cf
p
Rex =

1

(1� '1)2:5(1� '2)2:5

r
m+ 1

2
f 00 (0) ; (5.28)

Nuxp
Rex

= ��hnf
�f

r
m+ 1

2
�
0
(0): (5.29)

where Rex =
U0(x+b)
�f

:
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Table. 5.1. The thermophysical properties associated with the considered nano�uid.

Muhammad et al. [139].

Properties Nano�uid

Dynamic viscosity �nf =
�f

(1�'1)2:5

Kinematic viscosity �nf =
�nf
�nf

Heat capacitance (�cp)nf = (1� '1)(�cp)f + '1(�cp)SWCNTs

Density �nf = (1� '1)�f + '1�SWCNTs

Thermal conductivity �nf
�f
=

�SWCNTs+(n�1)�f�(n�1)'1(�f��SWCNTs)
�SWCNTs+(n�1)�f+'1(�f��SWCNTs)

Table. 5.2. For Hybrid nano�uid (SWCNTs, Ag and gasoline oil).

Muhammad et al. [139].

Thermophysical properties Hybrid nano�uid

Dynamic viscosity
�hnf
�f

= 1
(1�'1)2:5(1�'2)2:5

Density
�hnf
�f

= (1� '2)
�
(1� '1) + '1

�SWCNTs
�f

�
+ '2

�
�Ag
�f

�
Electrical conductivity �hnf

�f
= 1 +

3(
'1�1+'2�2

�f
�('1+'2))

2+(
'1�1+'2�2
('1+'2)�f

)�('1�1+'2�2
�f

�('1+'2))

Heat capacitance (�cp)hnf
(�cp)f

= (1� '2)
h
1� '1 + '1(

(�cp)SWCNT

(�cp)f
)
i
+ '2(

(�cp)Ag
(�cp)f

)

Thermal conductivity

�hnf
�nf

=
�Ag+(n�1)�nf�(n�1)'2(�nf��Ag)
�Ag+(n�1)�nf+'2(�nf��Ag)

�nf
�f
=

�SWCNTs+(n�1)�f�(n�1)'1(�f��SWCNTs)
�SWCNTs+(n�1)�f+'1(�f��SWCNTs)

Table. 5.3. Important thermal features of (SWCNTs, Ag and gasoline oil).

Muhammad et al. [139].

Nanoparticle Properties

Nanoparticle �
�
kg
m3

�
Pr cp(

J
kgK ) �( WmK ) �

�
s
m

�
Ag 10490 - 235 429 6.30�107

SWCNTs 1600 - 796 3000 10000

Gasoline oil 760 9.4 1.8691 0.114 25
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5.2 Numerical Stratagem:

The �uid �ow problems generally involve coupled and nonlinear equations, thus providing

a challenge to the researcher for its solution. These problems can be handled through their

numerical treatment which leads to e¤ective solution of the problem. The bvp4c technique, a

MATLAB built-in function is used to form solutions for the governed �ow expressions (ODEs)

numerically. This method employs �rst order di¤erential equations solution to initiate the

methodology.

f1 = f; (5.30)

f2 = f
0
1 = f

0
; (5.31)

f3 = f
0

2 = f
00
; (5.32)

f5 = �; f6 = f
0

5 = �
0
; (5.33)

f4 = f
0

3 = f
000
= �(1� '1)

2:5(1� '2)2:5
A11

0@ f1f3 � 2m
m+1 (f2)

2 + 2m
m+1A

2

� 1
m+1A12A11M(f2 �A)

1A ; (5.34)

f7 = f
0

6 = �
00
= � 1

�hnf
�f

0@ B11 Pr f1f6 +
PrEc

(1�'1)2:5(1�'2)2:5
(f3)

2

+
�hnf
�f

1
m+1EcM Pr(f2 �A)2 + Pr �B11f5

1A ; (5.35)

5.3 Graphical Results and Discussion

The graphical behavior of velocity and temperature owing to the diverse parameters are

plotted and talked about. In addition to this, the results by varying important parameters

with respect to skin friction coe¢ cient and Nusselt number are also brought to light in this

section. The analysis can help researchers and industrialists to understand the mechanism of

hybrid nano�uid �ow for the considered model and implement the model where required. To

verify our current study, we have performed the relative examination of base�uid i.e., gasoline

oil, nano�uid that includes SWCNT and gasoline oil and the hybrid nano�uid consisting of

SWCNT, Ag and gasoline oil. Fig. 5.2. shows how SWCNTs volume fraction '1 in�uences

the velocity pro�le. f
0
(�) experiences an increase for the larger values of '1, where hybrid

nano�uid is observed to have greater in�uence than nano�uid. To investigate the dominance

60



of Ag volume fraction given by '2 for the velocity pro�le f
0
(�), Fig. 5.3. is shown. It is

distinguishable that the velocity behavior improves with a rise of '2. The change in velocity

pro�le f
0
(�) with increasing melting parameter M1 is shown in Fig. 5.4. This �gure portrays

a larger f
0
(�) corresponds to higher M1. For a higher M1, the �uid particles tend to move

towards the �uid from the surface due to the high temperature of the �uid and initiates a

more rapid movement of �uid particles, resulting in an increased velocity distribution. Higher

melting parameter values are associated with higher convective �ow from heated �uid to the

melting surface. The impact of �ow behavior index parameter m on the velocity pro�le is

plotted in Fig. 5.5. Velocity distribution reduces for increased m as wall thickness increases.

Moreover, hybrid nano�uid showing stronger impact than nano�uid can be seen from the �gure.

The increasing values of wall thickness parameter � for the velocity distribution is displayed

in Fig. 5.6. The increasing velocity pro�le can be seen in this �gure. Fig. 5.7. is sketched

to highlight the control of magnetohydrodynamics M on the velocity pro�le. As M rises, the

velocity pro�le shortens down. This occurs as a result of Lorentz forces, which are resistance

forces and prevent �uid particle motion. To discover the conduct of base�uid, nano�uid and

hybrid nano�uid, Figs. 5.8. to 5.10. are plotted. The results support our present study and

reveals that hybrid kind of nano�uid is ahead of base�uid and even the nano�uid. The analysis

of �(�) for rising values of SWCNTs volume fraction '1 is depicted in Fig. 5.11. There exist

an inverse relation between temperature pro�le '1 i.e., higher values of '1 are associated to

weak temperature pro�le. Fig. 5.12. demonstrates that the relationship between variable Ag

volume fraction '2 and the temperature pro�le �(�). A reduced temperature pro�le can be

attained for higher '2 and this conclusion is quite obvious for hybrid nano�uid but if nano�uid

is considered, the results seem to be not clear. This is in accordance to the expected facts.

Fig. 5.13. illustrates that the Eckert number Ec a¤ects the temperature pro�le. Due to more

kinetic energy which raises the temperature. A rise in Eckert number causes an elevation in the

temperature pro�le. Fig. 5.14. indicates that temperature pro�le increases asM increases. This

is because of Lorentz forces which is a resistance force and resists the motion of �uid particles.

The role of the heat generation or absorption parameter � for the temperature distribution

is delineated in Fig. 5.15. The �uid�s thermal state is likely to rise as the heat generation

parameter � is increased. Through the thermal buoyancy e¤ect, this rise in �uid temperature
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induces additional �ow toward the plate, thus temperature pro�le increases. This increase is

prominent in both the hybrid nano�uid and the nano�uid. The impact of parameters like

'1; '2 and M; A on skin friction coe¢ cient is pictured in Figs. 5.16. and 5.17. The friction

drag lessens with the elevated values of '1 and '2. Figs. 5.18. and 5.19. are drawn to estimate

the impact of '1; '2 and Ec; A on the Nusselt number, which shows an increasing trend as the

parameter '1 grows. It demonstrates how variations in '1;and '2; Ec and A is related to the

Nusselt number. The discussion clearly takes the analysis to the level where reduced friction

drag and enhanced heat transfer rate can be attained. Figs. 5.20. and 5.21. are sketched for

the comparison of the considered �uids and the excellence of hybrid nano�uid can be proved

from the images provided.

Fig. 5.2. Velocity distribution f
0
(�) for '1:
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Fig. 5.3. Velocity distribution f
0
(�) for '2:

Fig. 5.4. Velocity distribution f
0
(�) for M1:
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Fig. 5.5. Velocity distribution f
0
(�) for m:

Fig. 5.6. Velocity distribution f
0
(�) for �:
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Fig. 5.7. Velocity distribution f
0
(�) for M:

Fig. 5.8. Comparison of f
0
(�) for '1:
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Fig. 5.9. Comparison of f
0
(�) for '2:

Fig. 5.10. Comparison of f
0
(�) for M1:
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Fig. 5.11. Temperature distribution �(�) for '1:

Fig. 5.12. Temperature distribution �(�) for '2:
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Fig. 5.13. Temperature distribution �(�) for Ec:

Fig. 5.14. Temperature distribution �(�) for M:
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Fig. 5.15. Temperature distribution �(�) for �:

Fig. 5.16. Skin friction coe¢ cient Cfx for '1 and '2:
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Fig. 5.17. Skin friction coe¢ cient Cfx for M and A:

Fig. 5.18. Nusselt number Nux for '1 and '2:
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Fig. 5.19. Nusselt number Nux for Ec and A:

Fig. 5.20. Comparison of Cfx for '1 and '2:
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Fig. 5.21. Comparison of Nux for M and '2:
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6.1 Conclusion remarks

In this research, the stagnation point �ow of a hybrid nano�uid (SWCNT, Ag and gasoline

oil) was investigated in relation to magnetohydrodynamics. Additionally elaborated are the

e¤ects of melting heat phenomenon and viscous dissipation. The system of equations are

presented in term of PDEs which are then simpli�ed into ODEs after applying transformation.

The numerical investigation of the problem yields interesting results. The velocity distribution

enhances for the rising values of '1 and also '2: Considering ampli�ed values of M1 and �,

the velocity pro�le improves. The velocity pro�le reduces with the intensi�ed value of m:

Enhanced parameter A leads to an increase in the �uid�s velocity for A � 1: The increment

in values of M descends velocity distribution. The temperature distribution decreases if '1

and '2 are enhanced: Higher values of M1 force the temperature pro�le to diminish. When

magnetic parameterM is increased, the temperature distribution rises. The boost in the values

of Eckert number Ec strengthens the temperature pro�le. When heat generation parameter

increases, temperature pro�le reduces. For a better estimate of skin friction coe¢ cient, the

non dimensional velocity A at the melting parameter is minimized. Nux is strongly a¤ected

by increasing values of '1, '2, Ec and A. The heat transfer can be enhanced for smaller Ec.

A comparative study is conducted between hybrid nano�uid (SWCNTs, Ag and gasoline oil),

nano�uid (SWCNTs and gasoline oil) alongwith base �uid (gasoline oil) for rising values of

involved parameters and the outcomes clearly point towards hybrid nano�uid excellence. In
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addition, the results of hybrid nano�uid will reduced to ordinary nano�uid if '2 = 0:

6.2 Future Work

In this work the e¤ects of melting heat transfer of hybrid nano�uid near a stagnation

point towards a variable thicked sheet have been analyzed. However, there is still space to

improve the existing work in order to address other di¤erent concerns. The following are

some interesting possible studies that could be done in the future. The mixed convection

�ow for hybrid nano�uid due to irregular variably thicked moving surface with convex and

concave e¤ects. The investigation of MHD �ow of hybrid nano�uid over a curved surface in

the presence of thermal radiation and Arrhenius kinetics. The stagnation point �ow and heat

transfer modi�ed hybrid nano�uid with Cattaneo-Christov heat �ux model.
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