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ABSTRACT

Title: Decision Analysis of General Linguistic Interval-Valued Intuitionistic Fuzzy Soft Expert
Sets

The 2-Dimensional Linguistic Intuitionistic Fuzzy Variables (2-DLIFVs) add a subjective
estimation of the trustworthiness of the evaluated results provided by experts, so Two-Dimensional
Linguistic Intuitionistic Fuzzy Variables (2-DLIFVs) are very valuable instruments for describing
uncertain or fuzzy information. This work extends the notion of 2-DLIVs by introducing General
Linguistic Interval-Valued Intuitionistic Fuzzy Soft Expert Sets (GLIVIFSESS) in which the two
terms are contained, the first term describes the subjective estimation of the objects under
observation or discussions, second term describes the subjective evaluations of the reliability of the
valuated results provided by experts. In this thesis we construct few operations on the structure
(GLIVIFSESSs) and then defines operational laws, scores, and accuracy functions for GLIVIFSESs.
We illustrate some examples for the described operations. Further, we progress some arithmetical
and geometrical aggregation operators for aggregating GLIVIFSE information and prove so many

important properties related with them.



ACKNOWLEDGEMENT

Firstly, In the name of Almighty Allah, the most Merciful and Compassionate, All theworship
and honor is for Him, Who always helped me to stick to the right path and always provided me
the courage and strength to complete my degree with hard work and dedication.

| offer my humblest and sincerest words of thanks to the Holy Prophet Muhammad (Peace
Be upon Him) who is, forever, a torch of guidance and knowledge for humanity.

Then | would like to express a deep sense of gratitude and appreciation to my most
respectable supervisor Dr. Afshan Qayyum, during my studies she helped me and encouraged
me to complete my assigned tasks on time. Her guidance and advice carried me through all
the stages of writing my thesis. Her kind efforts and motivations would never be forgotten,
and she will always be in my prayers. The aim of this dissertation would not have been realized
without her persistent support.

I would also like to warmest thanks to Dr. Saffyan, In spite of his extremely busy schedule
he always uses to take his precious time for me, he always motivates me, give me suggestions
and for his selfless support. | wish to express my warmest thanks to my Maths Teacher Ma'am
Kaneez (Late) may her soul rest in peace, whose efforts actually developed an interest in me
for mathematics.

My thanks also go to all staff and faculty members at the Department of Mathematics,
National University of Modern Languages, Islamabad, for conveying their knowledge in many
effective ways.

I acknowledge with sincere thanks for the help, encouragement, and moral support extended
by my parent and siblings. They are my strength, their prayers for me was what sustained me
this far.

Finally, I am thankful to the faculty of the National University of Modern Languages for
providing me with a comfortable and friendly environment.

| pray that Allah Almighty gives me success in life, and makes me able to work for the

betterment of the whole world and mankind. (Ameen)

Tasadug Mehmood



Vi

DEDICATION

My dissertation work is dedicated to my family and supervisor. A special feeling of gratitude
is for my parents who always taught me to work hard with humility, dignity and never lose faith
and hope. My Supervisor, who is ideal for me, always motivates me, encourages me, and

supports me to follow right path to complete my research work on time.



Contents

1 Introduction 1
1.1 Research Objectives: . . . . . . . . . .. . 4
1.2 Problem statement: . . . . . . . .. ... 4
1.3 Research Questions: . . . . . . . . . . . . . ... e 5
1.4 Significance of the study: . . . .. .. .. ... ... . . )
1.5 Procedure: . . . . . . . .. e e e 5

2 Literature Review 7

3 Preliminaries 14
3.1 Basic Definitions . . . . . . . . . ... e 14

4 General Linguistic Interval Valued Intuitionistic Fuzzy Soft Expert Sets
(GLIVIFSESs) 18
4.1 Introduction . . . . . . . . . . .. 18
4.2 Definitions . . . . . . . .. e 19
4.3 Algebraic Operations on General Linguistic Interval Valued Intuitionistc Fuzzy

Soft Expert Sets GLIVIFSESs . . . . . . . . .. ... ... . ........ 24
4.4 Operational Laws of General Linguistic Interval Valued Intuitionistc Fuzzy
Soft Expert Sets (GLIVIFSESs) . . . . . .. ... ... ... ... .... 30

5 General Linguistic Interval Valued Intuitionistic Fuzzy Soft Expert Ag-
gregation Operators 68
5.1 General Linguistic Interval Valued Intuitionistic Fuzzy Soft Expert Weighted

Averaging (GLIVIFSEWA) Operator . . . . . . . . ... ... ... 69
5.2 General Linguistic Interval Valued Intuitionistic Fuzzy Soft Ordered Weighted
Averaging (GLIVIFSEOWA) Operator . . . . . ... .. ... ... ..... 87
5.3 General Linguistic Interval Valued Intuitionistic Fuzzy Soft Expert Weighted
Geometric (GLIVIFSEWG) Operator . . . .. .. ... ... ... ..... 92
5.4 General Linguistic Interval Valued Fuzzy Soft Expert Ordered Weighted Geo-
metric (GLIVIFSEOWG) Operator . . . . . . . ... ... ... .. .... 104

5.5 Decision Analysis on GLIVIFSESs. . . . . . ... ... ... ... ...... 106



6 Conclusion and Future Work 120

Bibliography 121



Chapter 1

Introduction

Researchers and mathematicians have developed analytical skills and problem-
solving strategies to address a wide range of issues in commerce, science, and the arts.
However, dealing with uncertain and vague situations has been a challenge, leading to the
development of theories like fuzzy set theory. Fuzzy sets handle possibilistic uncertainty
related to imprecision of states, perceptions, and preferences. Over time, extensions have
been made to fuzzy set theory, such as interval-valued fuzzy sets, intuitionistic fuzzy sets,
soft set theory, Interval valued intuitionistic fuzzy sets, among others. These theories have
been successfully applied in various fields, including medicine and decision analysis. Soft
expert sets are a recent addition that allows users to access the opinions of all experts in
one model.

The evolution of set theory and how the introduction of fuzzy set theory by Zadeh
in 1965 overcame the limitations of crisp set theory in dealing with imprecise and inde-

terministic information sets. Atanasov generalized fuzzy sets in 1983 by assigning each



element a non-membership degree along with their membership degree and defined Intu-
itionistic Fuzzy Sets. Later on, R. Verma worked on intuitionistic fuzzy sets in multiple
directions from 2011-2015. The article further explains that Zadeh broadened the notion
of fuzzy sets by introducing Interval-valued fuzzy sets, and Atanasov and Gargov extended
the idea of IFSs by defining Interval-Valued Intuitionistic Fuzzy Sets (IVIFSs). The arti-
cle also highlights the importance of linguistic variables in modeling vague and uncertain
information and the use of linguistic intuitionistic fuzzy sets to deal with these variables.
Finally, this thesis describes the work of various researchers who have proposed different
weighted averaging and aggregation operators for LIFNs and UL knowledge.

This thesis is divided into six chapters, each with its own worth. The first Chapter
serves as an introduction to the research, outlining its motivations research questions,reseach
objectives significance of the study and procedure of research. The second Chapter covers
literature review, in this chapter several dimensions of fuzzy sets with refrences are discussed.
In third Chapter fundamental concepts, including Crisp Set, fuzzy sets, interval-valued fuzzy
sets, intuitionistic fuzzy sets, interval-valued intuitionistic fuzzy sets, soft sets, soft expert
sets, fuzzy soft expert sets, generalized interval valed fuzzy soft set, linguistic variables,
linguistic intuitionistic fuzzy numbers, 2-dimensional linguistic variables. By explaining
these concepts and their properties and operations, the third Chapter lays a foundation for
understanding the rest of the thesis.

In fourth Chapter General Linguistic Interval Valued Intuitionistic Fuzzy Soft
Expert Sets (GLIVIFSESs) is defined. which is the combination and modification of 2-

Dimensional Linguistic Variables and Intuitionistic Fuzzy Soft Expert Sets introduced by



many researchers especially by Verma , Zadeh, Attanassov, Alkhazaleh and Salleh. GLIV-
IFSESs play a vital role in decision analysis. The aim of General Linguistic Interval Valued
Intuitionistic Fuzzy soft expert sets is to present opinions of expert in the form of interval
valued fuzzy sets also verify the reliability of the experts opinions by using aggregation
operators defined on the structure. In this chapter, some other basic definitions related to
the structure are described. Algebraic operations, Algebraic operational laws, theorems are
constructed and proved. Additionally, examples are provided to enhance understanding.
In fifth Chapter, firstly Weighted aggregated operators are defined such as General
Linguistic Interval Valued Intuitionistic Fuzzy Soft Expert Weighted Averaging Operator
(GLIVIFSEWA operator), General Linguistic Interval Valued Intuitionistic Fuzzy Soft Ex-
pert Ordered Weighted Averaging Operator (GLIVIFSEOWA operator), General Linguistic
Interval Valued Intuitionistic Fuzzy Soft Expert Weighted Geometric Operator (GLIVIF-
SEWG operator), General Linguistic Interval Valued Intuitionistic Fuzzy Soft Expert Or-
dered Weighted Geometric Operator (GLIVIFSEOWG operator). Furthermore, certain
properties such as Idempotency, Monotonicity, Boundedness and few more are provided for
each aggregated operator to elucidate the concepts. At the end of this chapter, a decision
analysis problem is formulated based on GLIVIFESESs and solved by applying the defined

aggregated operations on GLIVIFSESs.

In sixth Chapter, the thesis concludes by discussing the key findings and conclu-
sions of the research. It also provides an overview of future work that can be pursued.
The algebraic operations, examples and decision analysis problem conducted throughout

the thesis are summarized and presented, revealing insights into the research questions and



objectives stated at the beginning.

1.1 Research Objectives:

2-Dimensional Linguistic Intuitionistic fuzzy variables can be modified as Gener-
alized Linguistic Interval Valued Intuitionistic Fuzzy Soft Expert Sets (GLIVIFSESs) in
which intervals have been added to make decision analysis easier to handle and broader

their range.

1.2 Problem statement:

We studied [56] Verma’s paper, In this paper 2-Dimensional Linguistic Variables
and their applications have been discussed. We aim to modify and generalize the results of
the above-mentioned paper. We also construct a decision analysis problem in this work by

using operator theory.



1.3 Research Questions:

In this work, we modified the concept of 2-DLIF variables.

e How to make a sweeping statement about the idea of Two-Dimensional Linguistic Variables?
e How to examine and generalize the notion of Two-Dimensional LIFVs?

e Since IFSs provide existence and non-existence degrees as singular values from [0,1], How to
over simplify this concept by exhibiting expert opinions as intervals?

eHow to generalize and develop the idea of Two-dimension LIF aggregations operators to more

general concepts of general linguistics IVIFSE operators?

1.4 Significance of the study:

Generalized Linguistic Interval Valued Intuitionistic Fuzzy Soft Expert Sets (GLIV-
IFSESs) have the benefit over the current theories in that it gives better results for each
interval separately. To deal with vague and unclear information in decision-making, the
definition of (LIFSSs) is presented. In our work, we aim to generalize the concept by using
IVIFSESs. Also we define GLIVIFSESs by combining the notion of LVs and TFSESs also
modified these concepts by adding intervals to make decision analysis easier to handle and

broader their range.

1.5 Procedure:

In this thesis, first of all we identify the research problem by reading the related

papers to the fuzzy sets, linguistic variables, IVIF sets, IF sets, Two-dimensional LIF sets



etc, After the problem analysis, we write the review of related literature, then do some
theoretical work, as we give the proper definition of our new structure i.e. GLIVIFSE Sets,
define operations of GLIVIFSESs, give examples for better understanding, then defined op-
erationals laws also proved them and disproved them with counter examples where needed,
then we define aggregational operators such as GLIVIFSEWA, GLIVIFSEOWA, GLIVIF-
SEWG, and GLIVIFSEOWA. At the end we construct a decision analysis real life problem

to check the authenticity of newly constructed structure.



Chapter 2

Literature Review

The set theory or crisp set theory in 1870, [11] was introduced by German math-
ematicians Cantor and Dedekind, which plays an important role in some mathematical
concepts. Most of our day by day life obstacles in commerce, engineering medical sciences,
environmental sciences, management and social sciences are repeatedly knotted with infor-
mation sets, that are imprecise and indeterministic rather than crisp and precise. These
complexities were overcome by a meaningful notion of fuzzy set theory which Zadeh [63]
who was appointed as a computer science’s professor in Berkeley, at the Unversity of Cali-
fornia, proposed in 1965 in his first seminal paper. The fuzzy set theory has implementation
in many areas/fields of engineering and mathematical sciences, inclusive of artificial intelli-
gence, computer sciences, decision-making, management sciences and operational research.
Numerous domains have benefited greatly from FS theory. In FS theory only the degree
of membership or association was defined. Although many researchers and mathematicians

from all over the world put their effort to build decision analysis problems using fuzzy sets,



[13] As in 2014 Cabbrerizo et al. use fuzzy sets in their decision making problems.

Krasimir Atanasov in 1983, [6] generalize the Zadeh’s fuzzy set by assigning each
element a non-membership degree along with their membership degree. Atanasov named
his set as Intuitionistic fuzzy set, in which he defined the membership degree MD and non-
membership degree. Latter on R. Verma [47, 48, 49, 50, 51, 52, 53, 54, 55] from 2011- 2015
works on intuitionistic fuzzy sets in multi-directions.

Zadeh [64] broaden the nation of Fuzzy sets by Interval-valued fuzzy sets in
(1970s).Further Atanasov and Gargov in 1989 [7] widen the abstraction or conviction of
IFSs IVIFSs, in which belongingness and non-belongingness were defined in terms of in-
terval. In 1994 Attanassov,[8] defined some new operations on Intuionistic Fuzzy Sets. In
1996 Burillo, et al. [10] define entropy intuitionistic fuzzy sets (IFSs.) and they also do
their efforts on interval-valued fuzzy sets. In 1999 Attanassov modified his work on the
same structure IVIFSs. For its admirable resilience and swiftness in coping with ambiguity
or vagueness the view of FSs/IVFSs/IFSs. IVIFSs. has been extensively inspected and
practiced in various fields.

It is essential to note down that the already existing theories in accordance with
the intuitionistic fuzzy sets have examined only quantitative features. Even though, in
many real-life circumstances, the IFSs can not signify the ambiguous information broadly
because the expert or decision maker may anticipate using the linguistic variables to show
their preferred values towards the object. For example, if a person requests his friend please
bring 2 kg Red apples for him, the person may use some linguistic terms, such as Perfectly

red, Almost red, Slightly red, or Not red etc. In 1975 Zadeh [65, 66|, gives the notion of



Linguistic variables, also put his efforts on defining its aplications and he also utilized its
interpretation on FS. Definitely, the linguistic variables present more flexibility for modeling
vague and uncertain information than do other variables.

The work of Zeshui [59] on linguistic assessments for MP-MADM was completed
in 2009. The concept of linguistic intuitionistic F'Ss has been explained by Zhang in 2014,
[67] while keeping these advantages in mind. They involve the encapsulation of the NMD
and the MD in 1LVs, instead of numerical values. He takes his task to solve the linguistic
intuitionistic FSs that were being faced by MAGDM students in order to solve problems.
Also, in the same year Zhang defined some aggregational operators for the LIFNs and
talk about their properties or applications and purposes in decision-making. [16] thesis,
introducing some new weighted averaging operators for LIFNs was introduced by Chen et
al. in 2015. Liu. P. Y. Wang, [35] ,in 2016, In addition to improving operational laws in
2-dimension uncertain linguistic information, they worked on a weighted average operator
for 2DULIFS, a WA operator for 2-dimension UL knowledge, as well as a weighted average
operator for 2-dimension UL knowledge. [33] , In the very next year i.e. in 2017 Liu
and Q in recognized the aggregation operators of linguistic intuitionistic fuzzy information
such as the Maclaurin symmetric mean. Peng et al. in 2018 proposed the Frank Heronian
means operators to estimate some real world problems in the linguistic intuitionist fuzzy
environment by conducting Frank mean operations on LIFSs and defining Frank Heronian
means operators for these real world problems. Later on Cabrerizo, Pedrycz, et al. [14] ,
they use linguistic informations to solve the problems in decision making. Not long ago, in

2020, [56, 57], Verma and Marigo, works on linguistic variables in different directions such
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as they established its application on MAGDM.There is no doubt that linguistic decision
analysis (LDA) is a suitable, appropriate and also is an applicable method for solving many
complex real life decision analysis problems. However, the LDA approach always includes
the loss of information. This leads to a significant error in the final result as a result of
biased selection.

In addition to what we discussed earlier, LIFNs allow us to demonstrate real-life
information in a more comprehensive manner by providing a supplementary degree of free-
dom. The 2-DL information interpretation model, in contrast, focuses exclusively on the
degree of satisfaction to alternatives or attributes and the consistency of the assessment
knowledge or information in order to represent the knowledge or information. In the con-
text of real life applications, both information interpretation models are subject to certain
limitations. By combining the 2 LD and LIFNs into a particular or specific formulation,
Verma in 2020 proposed a fusion information or knowledge interpretation model to over-
come these limitations. In this model described by Verma, is an information model based
on linguistic intuitionistic fuzzy information in two dimensions (2 DLIF). In many real-life
circumstances, it serves uncertain high quality decision information or knowledge in the
shape of LIFNs that represent both one-dimensional and two-dimensional knowledge or
information, which makes it stronger and more effective.

In 1999 Molodtsov [40] developed the motion of soft set theory which was totally
a recent approach for modeling obscurity and imprecisions, also since the theory is well
suited to parametric measurements, it attracts the attention or thinking of a large number

of researchers. Recently, SS theory work is progressing promptly. Biswas, Maji, and Roy
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in 2003 [38] they talk about decision analysis problems through the soft sets and fuzzy soft
sets, they characterized some operations on soft sets e.g. union and intersection. De, et al
(2001) [17] They also familiarized the soft set with the decision-analysis problems. In both
pure and applied mathematics and sciences, fuzzy soft set theory plays a considerable role
in developing knowledge. Later on Jaing, Y. et al (2010) [24] works on IVIFSESs and their
properties.

In this thesis, we have explored the decision-analysis problems under the GLIV-
IFSESs. Firstly, this thesis has represented the notion of recent structure Generalized
Linguistic Interval Valued Intuitionistic Fuzzy Soft Expert (GLIVIFSESs) by combining
the concetpts of LVs and IFSESs also modified these concepts by adding intervals to make
decision analysis easier to handle and broader their range, also gives the proper definition
of GLIVIFSESs and then described some basic operations and then operational laws on
them. Which is encouraged and motivated by the research being made in this field. One of
the central features of GLIVIFSESs is that it associates the advantages of 2-DLIFVs and
IVFSESSs in a particular formulation. So, we are able to characterize ambiguous or in more
pure and reasonable approach, fuzzy knowledge can be expressed. GLIVIFSESs have the
benefit over the current theories in that it gives better results for each interval separately.

Moreover, we demonstrate the operations for generalized Linguistic interval-valued
intuitionistic FSE sets. We characterize and prove the aggregational operational laws and
explain them with associated examples, effectively using the resolvent technique. As we
have established numerous aggregational operators such as the GLIVIFSEWA operator,

GLIVIFSEOWA operator, GLIVIFSEWG operator, GLIVIFSEOWG operator for accumu-
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lating GLIVIFSESs information attained from several sources.Atanassov, [6] Generalized
Fuzzy Sets which were proposed by Zadeh [63] by introducing Intuitionistic Fuzzy Sets.
In this thesis, Zadeh also discussed its applications. Atanassov, Gargov [7] introduced the
Intuitionistic Interval Valued Fuzzy Sets by defining the membership degree (MD) and non-
membership degree (NMD) on closed unit subintervals. In 2011, [12] N. Cagman, Enginoglu,
Citak, Described the FS set theory in multiple directions. In this paper, he also defined the
fuzzy soft aggregation operator and applied it to some examples to generalize the results. In
2001 [22] F.Herrera, L.Mart1 ‘nez developed the model which was related to linguistic vari-
ables in multiple directions, In this paper, they explain finite linguistic terms with different
examples. [25], In 2012, Jun et al. discussed the ambiguous or fuzzy information.
R.Verma and Sharma, put their efforts on fuzzy sets in many directions,[47] In
2011, they works on Intuitionistic Fuzzy Sets, which were introduced by Attanasov in 1983
[6] they defined some new properties and results on intuitionistic fuzzy sets. They also
generalized the intuitionistic fuzzy relative knowledge and discuss its properties in 2012, in
their paper [48]. In their different paper they explain the notion of fuzzy sets (FS), IVF
Sets. In the start of 2013, [49] they construct the applications to the multiple attribute
decision analysis on intuitionistic fuzzy sets. Later on in 2013,[50] they defined some ex-
ponential function on intuitionistic fuzzy sets. In their paper they defined, and explained
some fundamental concepts of fuzzy entropy, and an exponential intuitionistic fuzzy en-
tropy measure, this measure is a generalization of exponential fuzzy entropy proposed by
Pal and Pal [42] which is also mentioned in Verma and Sharma’s 2011 paper [47] based

on the concepts of Attanassov’s intuitionistic fuzzy sets [6] they also proposed a relation
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between exponential and exponential fuzzy entropy. They also introduced few interesting
properties on the same structure. Lastly they give a numerical example to show that the
proposed entropy . In the same year Verma and Sharma works together on intuitionistic
fuzzy sets to propose some new consequences.In their paper [51] they defiend also proved
the newly proposed properties. In the start of 2014 [52] Verma and Sharma proposed some
new ordered measures by using the notion of Rényi’s entropy, they proposed intuitionistic
fuzzy entropy having on the intuitionistic fuzzy sets theory. This measure is a generalization
of fuzzy entropy of order [42] which was proposed by Pal and Bhandari and intuitionistic
fuzzy entropy. In 2010, defined and explained by Vlachos and Sergiadis in thier mentioned
[58] paper, they studied the four important and few other properties of the defined measure
distinctly establishes the sustainability of the measure as an intuitionistic fuzzy entropy.
At the end of their paper they illustrate a numerical example to describe the proposed or
defined entropy measure.

At the end of 2014 Verma and Sharma, proposed a new accuracy measure the-
ory, also works on its applications on MCDM. In the start of 2015, [54, 55| Verma and
Sharma works on different directions of intuitionistic fuzzy sets. R.Verma, [56] in this pa-
per, real-life decision analysis problems are addressed by using linguistic decision-making
tools, also developed several aggregation operators, and discussed their properties and lastly
also illustrate the examples with them to make to the concept more clear.

Zadeh, [63] defines give the basic concepts of the Fuzzy sets and discussed the
degree of membership. Zadeh, [64] in this paper, he defines the interval-valued fuzzy sets.

In the start of 1975 Lotfi Aliasker Zadeh, [65] modifies his work by introducing the linguistic



variables and linguistic terms.
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Chapter 3

Preliminaries

Throughout this section, we will be reclaiming some of the fundamental notions
associated with this work, such as Crisp set, Fuzzy set (FS), Intuitionistic fuzzy set (IFS),
Interval valued fuzzy set (IVFS), Linguistic intuitionistic fuzzy set, Linguistic variables,
Linguistic intuitionistic fuzzy set, Linguistic variables, Soft set, Soft expert set (SES), Gen-
eralized interval valued fuzzy soft set, in order to build a new structure from previous

researches.

3.1 Basic Definitions

Definition 1 [11] The set theory or crisp set theory in 1870 was introduced by German
mathematicians Cantor and Dedekind, which plays vital role in some mathematical concepts,
“A crisp set is a collection of an object that consist of fixed, strict, well-defined, and clear

boundaries to show the object’s belongingness to (or non belongingness) to a set”.
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Consequently, frequent real-life problems cannot be managed by classical set the-
ory as the sets are evaluated only by the numbers {0,1}.This difficulty was overcome by

presenting fuzzy sets by Zadeh.

Definition 2 [63] In 1965, Zadeh who was appointed as a computer science professor in
Berkeley, at the University of California introduced the notion of fuzzy set which is defined

as “Fuzzy set is a set, which is based on the ambiguous or imprecise boundary”

Limitations of the fuzzy sets are, as these sets deal only with [0, 1]-valued mapping
generally recognized as membership functions.This difficulty was overwhelmed by Atanasov

in 1983, by giving the notion of Intuitionistic Fuzzy Sets.

Definition 3 [6/ Atanasov in 1983, generalize the Zadeh’s fuzzy set by assigning each el-
ement a non-membership degree along with their membership degree. Atanasov named his
. L “ A AA A
set as Intuitionistic Fuzzy Set (IFS), which is defined as “Let X = {1131,1132, ,:L‘n} be a
. A
non-empty finite set. An Intuitionistie fuzzy set I inX is represented as

i={(se(s) 0 (3) 18 € x

v A A
and £ : X — [0, 1], denoted the membership degree and V¥ : X — [0, 1], denoted
A .
the non-membership degree (NMD), of an element 2 e X tothe set I, with the condition
¢ (A = (A < (A = (A .
that 0 < & (x) + v (x) <1, futher1—¢ (m) - v (aj) 1s called degree of reluctance
A o -
or hesitancy for any number % € X, The pair (§ (9:) , U (Q)) is called Intuitionistic fuzzy

A . -
number (IFN) and represented as X = ({ , \I/> .

Example 4 One of the best example from our dauly life to go throuh the nation of Intu-

itionistic fuzzy set is, when a person took a part in election, stand for his/her desired seat
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in his/her favourite department then in intuistionistic fuzzy set, MD, NMD, and degree of
hesitancy. is defnied as

.Degree of Membership: He/She gets a vote in his/her favour.

.Degree of Non-Membership: He/She gets vote against them.

.Degree of Hesitancy: He/She gets reluctant or undecided vote.

Definition 5 “The notion of Linguistic varibles [65, 66, 67] is defined such as“By a lin-
guistic variable, we mean a variable whose values are words or sentences in a natural or

artificial language”.

Example 6 Height is a linguistic variable if its values are linguistic rather than numerical,
.e., tall, not tall, very tall, quite tall, small,not small, not very small and not very tall,

etc., rather than 4°97, 527, 567, 6°, 6’4" etc.

Definition 7 In 2014 Zhang [67] defined the Linguistic Intuitionistic Fuzzy Number as “Let
X = {Z1,Z9,...Tn} be a finite set which is also non-empty set, and S’[O,t] s a linguistic term
set (continuous).A LIFS A in X is given as A = {<:%,SC;1 (Z),8 4 (£)> |z € X} , where
S¢4(3) S@A(f) € S’[Oﬂ describes the membership degree (MD) and the non-membership degree
(NMD) of the element & € X to the setA, accordingly.For any & € X 0 < i+ \ilg <t
is always satisfied, and the linguistic intuitionistic index of & to A is defined as Sns (Z) =
St — (4 (z) .For a given element &, the pair (CA (Z),¥4 (56)) is represented as Linguistic

Intuitionistic Fuzzy Number (LIFN), and it is simplified as & = (SCia S%) 7.

Definition 8 [68] In 2009, Zhu et al. They defined the two dimensional linguistic variable

as “Let §:{5d|d =0,1, ...,t} and S@ = § = {gd/|d’ =0,1, ...,t} are two linguistic term
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sets having the odd cardinalities, where t and t are natural numbers. A variable S = (S’a, Sa)
1s represented as two dimensional linguistic variable, where s, € SO s 1-dimension linguis-
tic knowledge /information describing the expert’s or decison maker’s prefrence value for an
estimated attribute/object, while §, € S®) s 2-dimension linguistic knowledge/ information

representing the subjective judgment on the reliableness of their given consequences”.

. A
Definition 9 [1/]“A pair (F,S) is called a Soft Expert Set over U, where F' is a mapping
. A
given by F : S — P(U). Thus, a soft expert set can be considered as a soft set in which

parameter set is replaced with Cartesian product of set of parameters, set of experts and set

of opinions i-e Z = FE x X x O”.

R A
Definition 10 [3], [4]“A pair (F,S) is called a Fuzzy Soft Expert Set over U, where F

. A A A
is a mapping given by F : S — IV where IV denoted all fuzzy subsets of U”.

Definition 11 [5/“Let ﬁ = {d1, Gy, ..., 0} De the universal set of elements and P =
{01, 02, ..., 0} be the universal set of parameters. The pair <[AJ,]5> wll be called a soft
universe. Let F* : P — Int (ﬁ) and S be a fuzzy set of E,i.e. S: P — I =10,1], where
Int (ﬁ) is the set of all interval-valued fuzzy subsets on l/} Let Fy : P — Int (ﬁ) x I be

a function defined as follows:
A
FE(@0) = (F"(v)(a),5(0),vaeU

Then F7 is called a Generalised Interval Valued Fuzzy Soft Set (GIVFS set) over

AL
the soft set <U, P) 7,
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Chapter 4

General Linguistic Interval Valued
Intuitionistic Fuzzy Soft Expert

Sets (GLIVIFSESSs)

4.1 Introduction

It is a combination of the concepts of linguistic value sets and interval valued
intuitionistic fuzzy soft expert sets that we present here, a General Linguistic Interval
Valued Intuitionistic Fuzzy Soft Expert Set (GLIVIFSES), is a linguistic value set and an
interval valued intuitionistic fuzzy soft expert set doing the same job that is presented in this
chapter also modified these concepts by adding intervals to make decision analysis easier to
handle and broader their range, also described the proper definition of GLIVIFSESs and

give some basic operations and then operational laws on them. Which is encouraged and
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motivated by the research being made in this field.

4.2 Definitions

All] Al2]
Definition 12 Let S and S be two General Linguistic Interval Valued Intuitisnistic

Fuzzy Soft Expert Terms, with odd cardinality, these terms are defined as:

all]

s = {spz={adin a=[EE] d=[0.0];

and

Al2]

S = {S’le |2 = {dz,dQ}/\ do — [uu} dy = [yy}
500 € Sju) +5],] € S
Where t,t €2n ,ne N (Natural Numbers)
ASet § = <<S[é ¢ S <S[ﬂ,ﬂ/],éw7m>; (4.1)

e [1. 9] c g o). ) € [of])

is called General Linguistic Interval Valued Intuitionistic Fuzzy Soft Expert Sets

L/‘r}(

(GLIVIFSESS).

All]

Where <<S[572/],S[@7\p,]> S[O 0 & S[v u/} + S[\I!\IJ} - S[t t}) es

is representing decision maker’s (expert’s) assessment value for an evaluated objects(Attributes),

Al2]

While (<s[ﬂ,ﬂ,],sw]>; S100,001 S Sy + S S S[tgt/]) €s
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represents GLIVIFSE informations describing the subjective evaluation on the reliability of

expert’s given results. Also S[ 73[&;1’] defines degree of membership and S[\i, )’ S[ﬁ,f/’] defines

e?
All] Al2]
degree of mnon-membership in S and S

Definition 13 GLIVIFSESSs is called Original GLIVIFSESs, If

. . All] . - A2
S[E,E’}’S 0,5 €5 andSp s Spppy € S

GLIVIFSESs is called Virtual GLIVIFSESs, If

. . /\[1] . . /\[2]
S[E,é']’s{‘i’i’} ¢S orSp Sy €5
or
. . Al B N
S[E,é'}’s[@if’] €S orSpu), S &5
or
: . All] . B Al2]
Segp S €5 andSyuw, Sy ¢ S

Definition 14 For the comparision of any two GLIVIFSESs the score function and accu-
racy rule / function are described as follow:

Score Function of GLIVIFSESs denoted by 6 and defined as:

5(S):5

A b L W R B e 7
3t 3t/
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Where
' ' ‘ ' ~ : Al
<<S[Evél] , S[\i/,\i/l]> ;S[0,0] - S[E,E/] + S[(Il,‘i"] C S[t,t]) cS

<<S[uu]as[v v']> ;S[o, 0 & S[ﬂ’ﬁ/] + 5.'[;,75/] C S[t',t']> c g’p]

Al Al2]
S and S are two gernalized interval valued intuitionistic fuzzy soft expert terms, where

score function lies between the interval [—1,1] that is & (S) € [-1,1].

AAA A
Example 15 let S1,S5, Ssand Syare four General Linguistic Interval Valued Intuitionistic

Fuzzy Soft Expert Sets.

(<5[02 0.5)> 5[03 0.5 <5[02 0.7)> 5[01 }> where = 6, and§—4>

)
52— ((S0s. 0 G008+ (S0, ome Sios 0m)where (= Grand { ).
Sy = ((S05 . 071> 501 01)+ (Boa . 06 Sioz 0., where t=6,and { =4),
S, = ({504 051 S0 02)+ (S0 081 Sior . 01) . where 1= 6,and { = 4)

U(S) = Of(pesd i o (Litn —p=v!
31 3¢

Qe
~/~
>
Pt
—
Il
Qt

[(6+0A2+03.(56;0A3—0A5) % (4+0A2+03A(74;0A1—0A3)}

= 0]0.12202]

o <S2) = 0[(6-‘—045—0—%(’76;041—043) % (4+046+048—041—o.2)}

3(4)

= 0[0.16056]
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5'(SS) = &[(6+0A5+07—0A1—0.3)X(4+(0<4)+0.670-27044)]

3(6) 3(4)
= 0[0.13852]
o <§4) = &[(6+044+%(86;O417042) % (4+0‘5+%‘?4;O‘170‘2)}

= 0[0.15972]

Thus,
o (Sé) >0 <S4) >0 (5’3) >0 (S&)
Which implies that Sy > 8y > S5 > 5 is required ranking order of gernalized linguistic

interval valued intuitionistic fuzzy soft expert sets.

Definition 16 Accuracy Function p of gernalized linguistic interval valued intuitionistic

fuzzy soft expert sets (GLIVIFSESs) is defined as:

~

p(‘g):ﬁ IR A A i 4!
Kn+§+£;{\b+\lf )X<t+u+;;t;ﬁ— + ﬂ

The accuracy function lies among the interval [0,1] that is p <5’) € [0,1].

ACAA A
Example 17 let S1,Ss, Ssand Syare four General Linguistic Interval Valued Intuitionistic

Fuzzy Soft Expert Sets.
<<S[02 0.5 5[03 0.5 <5[0.2 , 0.7] 5[0.1 03]> where t =8, and { = 6)

S[O.G , 0.8]> 3[0.1 0.2 )» where { =38, and {=6

CQ>

( S 01 Spa . 03]

where =8, and f =6

)
(s ) ) )
Sy = ({505 07 So1.03): (S04 06 Sioz . 0), where t=8,and { =6).
o= (8 ) 2 )

3[0.5 , 0.8]> 5[0.1 0.2)

©n>

S 08 Spa, 02
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then accuracy functions of above mentioned GLIVIFSES sets are as follow:

S'1> = p[<8+0.2+%(58-;)-03+0‘5)X<6+0A2+03~(76-‘)r041+0-3)]

§1> = PD[0.1605]

ﬁ (Sz) = p[(s+o.5+%.(78j)to.1+o.3) « (6+0.6+%(8£041+0.2)]

ﬁ(&) = dj0.1711)

b ( A3> - p[<8+0.5+%.(784)»0.1+0.3> X(6+0.4+(§(664)r0.2+0.4)]

p(§3> = PD[0.1689]

/A) ( A4> = p[<8+0.4+%.(884)—0.1+0.2) « (6+0.5+034(86-&)-041+0.2)]
p ( A4> = P[0.1671]

Hence by using accuracy function p (S‘) on General linguistic interval valued intuitionistc

fuzzy soft expert sets we get the following ranking order
p(%) >0 (5) > 2 (1) >0 (%)
which implies that:
5’2 > Sg > §4 > ,§1 1s required ranking order.

A
The law of comparison is based on these two functions for two different GLIVIFSESs S

A
and Sy can be defined as follows:
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A A
i) If & <Sl) >0 <52) then S1 > Sy (order will remaing preserved)
A A A A A A
ii) If ¢ <51> >0 <Sz) then p <Sl) > D (SQ> then S1 > So
A A A A A A
i) If & (Sl> =a <Sg> and p <Sl> =p <Sg> then S1 = 5o

4.3 Algebraic Operations on General Linguistic Interval Val-

ued Intuitionistc Fuzzy Soft Expert Sets GLIVIFSESs

AA A
Let S, S1 and S be any three General Linguistic Interval Valued Intuitionistc

Fuzzy Soft Expert Sets (GLIVIFSESs), with odd cardinality.

[€.8]. [wl,wl C [0.1]; [m,ﬂ;} [ < [ot]).
O (AL P N s
[€0,80] [ 0] 10,015 [ i) [0 2] < [0.4])
Where
<<S[gi7g;}’s[@i,\i;]> §S[O,O] - S[éi,éi] + S[\i,ij,;} - S[Lﬂ) € g
(<5[ ] S[V v’]> 5[0 0] & S[ﬂi,ﬂél’g[%ﬁﬂ < S[tﬁ;’}) < g

then following operations are defined as:
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Definition 18 Sum of two General Linguistic Interval Valued Intuitionistc Fuzzy Soft

Ezpert Sets (GLIVIFSESSs) is defined as:

S £ £ 2!zl S-, ~/ =/ S o ey S ;o
A A gz E1dg 2 w1 EjEn §,F, T ) . S TV PSR L T Ly ,
516952 = < [£1+£2 1 7£1+§2 t ] [414 27 1¢ 2] [/111"1‘}1/2 7(’ ,M1+M2 7 } [V1t727 11;12}
o/

(66 [0 W] 0,03, ] [ 77) € [0,4] 5 where i = 1,2
A A
Example 19 Let S1 and S2 be the two General Linguistic Interval Valued Intuitionistc

Fuzzy Soft Fxpert Sets GLIVIFSESs.

g’1 = <<5[o,4 , 0.5]5 S[o.z , 0.3]> ) <S[0.4 , 0.6]> 3[0.2 7 0,4]> , where { =6, and 1;/ = 4)
g’z = <<S[o.5 , 0.7 5[0.1 , 0.3]> , <S[0.6 , 0.8]> 5'[0,1 , o.2]> , where t =6, and { = 4)

A A <S[0.4+0.5_ (0'4§0'5) 0.540.7— (0.5)650.7)] ) S[(o.z)ﬁ(o,l) 7 (0.3)6(0.3)] >
S1@ Sy =

S 0.4)(0.6 0.6)(0.8 S 0.2)(0.1 0.4)(0.2
[ e R

A A . . .. .
S1@® Sy = <<5[o.8667, 1.142]5 5100033, 0.015] » 5[0.94, 1.28] » 5[0.005, 0.02] >)

Definition 20 Product of two General Linguistic Interval Valued Intuitionistc Fuzzy Soft

Ezxpert Sets GLIVIFSESs is defined as:

S o owl gl S L
SESAK J T b9y & = N )
é\ ®§ < [ﬁ’ 1§2} [‘Ill+‘1127\1’1§\1,2’\1//1+\p/27¥}
1 2 = :
S g PR S v
Ao HF1Hg ) . . 5 Be L 5 .
< [%?%] [V1+l/2—”1£727l/;+y/2—’/1§:/2]

A A
Example 21 Let S1 and Ss be the two General Linguistic Interval Valued Intuitionistc

Fuzzy Soft Expert Sets i.e. GLIVIFSESs.

S1 = (<S[o.4 , 0.5]73[0.2 , 0.3}> ) <S'[0.4 , 0.6},5'[0,2 7 0.4}> , where t = 6, and f = 4)

Sy = <<5[0.5 , 0.7],5[0,1 , 0.3]> ) <5'[0,6 , 0,8},5'[0,1 . 0,2}> , where t =6, and ;’ = 4)
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then

S 0.4(0.5) 0.5(0.7) S (0.2)(0.1) (0.3)(0-3)
g g < [T’ T]’ [0.2+0.17T, 0.3+0.37T] ’
1 ® SS9 =
S S
< [0.4(40‘6)706340‘8)]7 [0'2 0.1 (02{4(01)’ 0.44-0.2 (0414(0‘2)]

g'l @ §2 = (<S[0.0333, 0.0583]75[0.29667, 0.585) > 5 <5[0.06, 0.12] 75[0.295, 0.58] >>

Definition 22 Scalar Product of any General Linguistic Interval Valued Intuitionistc

Fuzzy Soft Expert Sets (GLIVIFSESSs) is defined as:

A . . .. .
= v M 7 & - =/ >
AS <<Sﬂ(1<1§)a<1(1i)x]"gﬂ(“;)*,(i)AJ>’<S;'[(1—<1—;¢>A,<1—<1—*;,)A]’S’[(%) \( }> (A= 0)>

A
Example 23 Let S be any General Linguistic Interval Valued Intuitionistc Fuzzy Soft Fx-

pert Set ( GLIVIFSES ) given below and for any scalar A = 3 then

g*: (<5[0.4 , 0.7]5 5[0.1, 03] >,<5[o.4 , 0.6] > :9[0,2 , 0.4] >,where t=6,and { = 4)

o

N < <1%7>3>]’Sa[<°;>37<s>3] > ’
< (- (1%)3)]’54[(%)37(%)30
( S6[0 1870 , 03108} 9 S6[0.0000046 s 0.000125}>7

54[0 271 , 0.385875] 54[0 000125, 0. 001]>

[1 122 , 1.8648] > S [0.00002 , O. 00075}>

<S[1.084 , 1.5435] » 5Y[o.00075, 0.004]>

Definition 24 FExzponent of any General Linguistic Interval Valued Intuitionistc Fuzzy

Soft Expert Set GLIVIFSES is defined as:

A <Sg[(§>&<i')*}’ Sﬂ(l(l%)*,<1(1%’>*]> ’

3
<S¢'[<{7>*,<§¥)A1’ St’[(l(lﬁ)%(l(l’?)ﬂ> (A 20)
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Example 25 For

<5[o.4 07 Spo, o3 >,<5[o.4 06 » Sp2 . 04 >,

A
S —
where t = 6, and 1}1 =4
then
S , S :
W < 5[(2ay® , (52)%] 0 SO[i-(a-02)?, <1—<1—°s>3>]>
<S4[(°f)3 C(22)] 7 A (1-e2y?, 1<1°44>3]>
AN 56 0.0003 , 0.001588] > SG 0.04917 , 0.14263 )
2 < [ ]+ 6] }>

<S4[0.001 , 0.003375] 5 94[0.14263 0.271]>

<S[O.0018 , 0.0095] s 5[0.2950 , 1.626]>7

<3[0.oo4 , 0.0135] > 3[0.57052 , 1.084]>

A A
Definition 26 Let S1 and Ss be any two General Linguistic Interval Valued Intuitionistc

A A
Fuzzy Soft Expert Sets GLIVIFSESSs, then Subtraction of S1 and Ss is defined as:

<S[1nf{él, t—E;} Inf{é'l, t—ég}}’s[fnf{@h =¥}, Inf{¥), t—@2}]>’

A A
S16 S = : ; -
T <S [t (i, it} g (it} S {on, 104}, 1ms{, 1_@}}>a

[&5] : [\IJ\D’} C (0,45 [ i), [, 7] € [0, ;’} where i = 1,2

A
Definition 27 Let S be any General Linguistic Interval Valued Intuitionistc Fuzzy Soft
/\C
Ezxpert Set GLIVIFSES then its Complement is denoted by S and defined as:

(;@)C B <S[®7®/}7S[E,é,}> , <S[p7y},s[ﬂ7ﬂ/]> ’

_ €], [w.%] clo,gslm ), [7.7] < [o.¢]
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Example 28 et

<S[0.4 , 0.7] 5[0.1, 03]> ) <S[0.4 , 0.6] > 5[0.2 , o.4]>;

where =6, and 1}, =1

A\
S =

then

<§>c _ <S[0.1, 03] »5[0.4 , 0-7]> ’< 5[02 , 0.4] ’5[04 ; 0‘6]>;

where =6, and zjl =1

Theorem 29 Let

where
) All]
<<5[5§] S[WI]>;S[0,0] ST oY) CSM) €S
. . Al2]
(Bt St 510,01 € ) + Spage) € Spey) €5
then
A\ €\ € A
(5)) =5
Proof. L.H.S.
C ¢ S[\I/‘I’]’ [£§]>’<S[V7Vl]’s[ra7ral]>7
€€]. [0 (0.4 i), [7.7] < [0.¢]
_ < g W'>’<SMS[V A s
é g [0,4]; 7, 2], [7,7'] € [0,¢]
- R.H.S

Hence proved. m
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A
Definition 30 Let S be any General Linguistic Interval Valued Intuitionistc Fuzzy Soft

Ezxpert Sets GLIVIFSES then its negation s defined as:

(g)N:: <SF—34—4’SB@’Eﬁ4>’<gﬁ“ﬂ“f—”’gh“¢ﬁﬂ—ﬂ>;
€8], (o 9] clo): i), [7,7] < [o.¢]
Theorem 31 Let

5= <S@§’S@@w>v<ﬁmwp5mw0;
where

' C : : . . All]
<<S{E,El] , S[\i},\iﬂ]> ;S[0,0] c S[E,E,] + S[\i/,\i'] C S[M]) c S

.. . . . . . Al2]
(<S[ﬂ’ﬂ/], S[D,D’}> ;S[O.O, 0.0] - S[ﬂ’ﬂ/} =+ S[D,f/’] - S[tl,tl]) cS

then ((5) ) =5

Proof. L.H.S.

Hence proved. m
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A A
Definition 32 Let S and S2 are any two General Linguistic Interval Valued Intuitionistc

Fuzzy Soft Expert Sets GLIVIFSESSs, then Superimum and Infimum of GLIVIFSESs is

S'v o ,S ST I/ B S v ,
‘S/f\l . < _511 51} [‘I}h \Ill]> < [ Vl Vl >

[517{1 ’ [‘I’la‘iﬂl} C 10,45 (11, 11 5 VlaVl [Oaﬁ]

'j%z;ys[wl>’<5[~zuz 1)

[E2>§2: ) [@27‘1’/2} C [0, 45 [fig, fih] , (P2, )] |:07§]

defined as:

>
Il
c T
~ )
A%

(3(sunten. &) . swft &)] Slsontin, o ), sl 8211
oup {Sl’ 52} N (Slsuptin, )+ sy, 7)) SiSuptlin, )} Suplh, o)
(€& [0 0] < 005l ). [70,57] € [0.4] where i =1,2

(<S[]nf{él, 22} , Inf{{ll E;}]’S[Inf{\i’h Wy }, Inf{\il’l, \1~1’2}]>,
<S [Inf{i, i} Inf{i, ;1'2}]75[1nf{/11, fis} 5 Inf{v}, 17’2}]>5
[617 z} ) [\IIH\I’} 0,4; [Mmﬂ;] [Vza z] [0 t] where i = 1,2>

N N
fnf{51,52} =

4.4 Operational Laws of General Linguistic Interval Valued
Intuitionistc Fuzzy Soft Expert Sets (GLIVIFSESs)
Theorem 33 et

/\ ..
-

[55}[\1: vl coq; [mr], 77 C [0 ;] wherei:1,2,3)
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be any three GLIVIFSESs, where S ,S . o ,S . o defines the degree of belongingness
[575 ] [61’51] [52952}

A . .
;S describes degree of non-belongingness in S; and <S . o ,S[\p, @{]>,

dS.g oS
o [, ¥] €::€5]

(D1, 0] 7 [, 05

which are representing experts opinion about evaluated objects (attributes), while S'[ﬂﬂ/], S[ﬂlvﬂll]

and S[ﬂ%%] defines the MD Sy, ., S[Vl,l/l] and S[,,%V/Q] are describing the NMD in S; and
<S[ﬂ¢,ﬂ§]7s[ﬁw§-]> are describing the subjective evaluation on the reliability of the expert s
opinon then the operational laws of GLIVIFSESs are interpreted as:

i) Commutative Law with respect to Addition holds.
AA A A
S1® 52 =5 ®5
it) Commutative Law with respect to Multiplication holds.
AA AA
S1® 85 =5 15
iii) Associative Law with respect to Addition holds.
A A A A AA
(S1©S2) ©S3=51®(S2@ S3)
iv) Associative Law with respect to Addition holds.
A A A A A
(S1®852)® 853 =51®(52®59)
v) Distributive Law with respect to Multiplication over Addition does not holds.
A A A AA AA
S1® (52 @ S3) # (51 ® S2) @ (51 ® S3)
vi) De Morgan’s for any two GLIVIFSESs holds.
A AN € A A
i <51 ® 52) — Stw S

A AN € A A
i) <sl®52) _ Sto 8
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Proof. The above mentioned operational laws can be proved as follow:

. A A
(1) 51 @ Sy =5 D Sl

L.H.S , By using definition 18 of Sum,

Su . o vt 7S T R ,
< [§1+E2— 5162751+f2 5152] [\P1§ql2,%}>

t

N A
Sl @ SQ == S al ,S-’ A N (42)
[fy +iip— t’ uH1+H2 1/2] [V1V2 Az

1:/ El §l

&fz} , [\IIZ\IIQ] C (0,4 s [ 1] [93, 7] € [0 1;] where i = 1,2

S o o 2!zl 7S ~ o~ =/ =/ 5
< R [‘”2‘”1,‘1”2Q%]>

&

/\ /\ .. ..
5251 = S figft T RY-E S
[y ity — 2;/17/‘/2"‘/‘,1_ 2;/1} [Vi;/l: ill}

{El,é] , {‘iiz, \il;} 0,t] 5 [, /2] [Di,ﬂ;] C {0,‘9/} where 1 = 1,2

Su . of gl ,S L. =/ =/ R
< £ +E,—S1f2 £ 185182 [““1“’2,‘“1%]>

t 14

A A
SQ @Sl - S L . S : (43)
< [ +ig— Y2 iy - PAE2) 7 g B

/7§/

[éwé;} ) [\ijz;\i];] C[0,t]; [, 23] [1/Z7 z] C [0 t] where 1 = 1,2

A

AA A
By 4.2 & 4.3 we haveS1 & S, = S, ® 5y
Hence proved.

(ii) By using Definition (20) of Product

A A A A
S1® 8 =52® 51
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A A
Consider L.H.S 51 ® Ss

A A
Consider R.H.S S ® S;

S’ v o owl el S . 7 =/
§2811’7 ~ ~ ~ ~ b )
< [6251’ 2§ 1] [\112+\1117‘I’2‘I'1,\1;’2+\I/17 QE 1]

t

= o Y S VAW N
RBofiy Fol 0™ o L popq of o1 Dol ’
< (B =] e =227 oy 4 — =271

(€0 &) [0 9] € 1000 s 1) [, 74] € [0.4] where i = 1,2

~ ~ ~ ~ v v ?
< [51‘5215152] [\1114_\1/2_‘1’1‘1'27\1;’14,_\1/2_ IL 2]

t

A A
‘92 ® Sl = <S[f‘1f‘2 ﬂllﬂlz]7s 212 AR Dl117l2]> ; (45)

Y [171+1V/27 7 WUy — o

€8] [ 9] < 0,0 1), [72,7] € [0,0] where i = 1,2

By equation 4.4 and equation 4.5, we get the desired result,

A A A

AN
S1® 8 =52® 51

Hence proved.

A

AA
(iii). Consider L.H.S (S1 @ S2) & S3

Sv e R E o wr v/u/’S__ .y ,
(< [§1+§2*§2§A7§1+§2751tﬁ] [\P1§\1127‘P1§\I'2}>

A A
S1® Sy) = S '
( 1 2) <S[ﬁ1+/_)2_ﬂ1 H1H2]?S[V1D2 1711/2}

| Y]
I Wy F g — 7 T

[Ewé;} ) [‘iju‘i’d C [0, 4] 5 [fuis 1] [Di, lv/;] C {O,f} where 7 = 1,2)

By using Definition 18 of Sum of any two GLIVIFSE Sets



35

Now
. . v v . . o v v PP T T oo #l o
[E+E,— 215245 — (51%275152)i—?’,&ﬁfr%%s - (&ﬁsrﬁlﬁ)%],
9
~ o~ ~/ =~/
Y%, 192\ ¢
[( T=)¥3 (¢ )‘I”3]
t ’ t
AN A .
(51952)085 = S Boht AV i By A'2 p
[pin =2ty — (gt —"82 ) B8 i =2y, — (ﬂ’ﬁﬂé— . )TS]
. ;
7S Vv 17/15, ’
( 1/2)”3 ( 1/2)773
(e T )
!
o 0. U R TS I SR ! s
|:£ng| ) |:\111qu1:| g [071;]7[”17#@]7 [Vial/i] g |:07§:| Where 1= 17273
P v B8y EiEy 283 EiEofy @ w w EjE, EjEy EhEy | EEHE
[§1+§2++53*T*T*T+f v§1+§2+53*T*T*T+§72]:
)
S yiya, M
t2 7 2
- S oo fho  Bifiy_ fioftg | fiiofiy oy ns oo BiRh  ByRG EHRG | BYASAG
R e i e s e L L L ey e T A
)
’S ARPLE:! ‘V’ll”éf’:%
[Babgra g
AR R AR (R i, )] € 10,4 where i =1,2,3
é.ivgi ) 1y ¥4 _[ aﬂa[ﬂz’vﬂ]: 177/1‘ = 7§ where 1 = 1, 2,
(4.6)

AN AN
So @ S3 =

o~ B35 iy 22 2253 )
€8] [9 9] € 10,45l ], [70,7] € [0,4] where i = 2,3
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Now
S ) 9 v ov /V/ /VI
< [51+(§2+f3*51§2) Tl(ffrfzs S283 >5l+(§2+53 152 2) — Tl(ferfs 283 )L
o 9
S ~/ =/ >
J o - v,
By (F2Y3) ¥ (=38
’ t
AN A .
S10(52©S53) = S o iw .
s i~ E2E8) — B (g E208 ) gt gt~ 0 (= P22 ),
< S . o ! >’
11(278) vy (2%)
§, k] gl
v vl
! B U .
(€8 9, 9] © 10,4]: [ ), [0, 77] € [0.4] where i = 1,2,3
S CONUCC ST dy #d e g
[§1+£2++£37 - t - Jr 76 +£2+§37 t - t - 3 + §2 ]7
b
Ao Lob % psgea vivgvy
S1B(S2853) = ! !
S oo Bifio _ p1Rt3 _ Poit3 | B1iofh3 “/ﬂ‘/z By “2“3 “1“2“3
[fro+iig +iiz— -t 2 [y i — -y + 1,
7
S A
D1vab3y P1VoV3

By 4.6 and 4.7 we get:

(4.7)

A A A A A A
(S1® S2) @ S3 =51 D (S2 @ S3)

Hence proved.

iv)

AA
Consider L.H.S. (51 ® S2) ®

AN
S3
Suv 7 S rg!
E189 €185 v ’
5108 << 552 58 g - 102 0 - T
1 2
S i S /
figitg B7RGq0 27 v
<[ﬁﬁ,321[m+mﬁﬁwﬁv;§ﬂ
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By using Definition 20 of Product of any two GLIVIFSE Sets

Now

JA)

A A
(S1®S2) ® Ss

S vy TR
(152985 (1528
s G, 7
S "
t

(¥1+Ty— Y12

(T 4+, —

l
\1/ ol vy
)W — (U 0y FAF2) 52 2) Wy — (W) 0= —2) ]

9

S’ . s
(F 2y (Hr2)il
[ Ll ’ ‘(/ ] .
Y

S
(7

L72 ) 4irg — (i1 +79— 2172

!
) T 7(V1+V2 73]

[SZ,E;} (W5, Wl C {0, 4] 5 [/, 2] [V“ ] {0 t} where ¢ = 1,2,3)
Which implies that:

R

v ’
o/ ool 17
72 )HUg— (V1 +05— Vlt/ 2)

< SEOCEEEAR
(R
S TWy W U5 WpUg | U UyUg ;o whel wlel whel  wlwlwl
(W14 Wy ——4=2 — —=8 — =284 =g =5 W, 0, + W — — : g
A A A
(S1®52)®83 =

S[uwzug ”1“2“3}
;’ T2 .
)
SV o 17
!

(€8] 1w, 1) € 10,45 [ ) [72,7] € [0,] where i = 1,2,3)
(4.8)

Consider R.H.S.

S, . § »
vl )
A A << [525375253] [\1’2+‘I’3_\I’2t\113’l1112+\1/2”_ 231
So ® S3 =

S - i S /A
Pafiy Hak3q? Vol
< [ %/37 %/3} [1/2—‘,—1/3—7 V2V3

7 D+ —

By using the Definition (20) of Product of two GLIVIFSE Sets
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Now
N AN N
S1® (S2® S3)
S vy TR
85258 (523 |
t ’ t
)
S Tow v Tow ’ yoy e, el ]
A AA {\Ingr(\Ifer\Ifsf%)le(\Pﬁ\Psf 228), U (W + W — =22 ) — L (U + T3 ——2-3)
S10(52®83) =
S .~ o~ P
§, k) ;l
8 T T 2 2 AN R RN L N WM AN
U1+ (D2+v3— o7 )—7(V2+V3—T3)7V1+(V2+V3— 7 )‘7(”2‘*‘”3_73)
STeitts B8]
127 g2
! ! ! ! ! ! ! !
1\1’27\1’1\1’37\112\1/34»\1/1\1’2\1/{’)
t [} 2

1Ws  WoWg W WoWg o7 or o ¥
R ) ZE R JSR e
> |

< S
(¥1+Po+Ps5— \111;1/2 -z

... PR R
B1fiopng F1tak3 |?
) ;/2

A A A
S10(522853) =
< V
S . o . o - [V 17/15/ D/i;l lv/lij/ 17,17/17,
DIEE PSR/ .0 Lo SRS L B0 LE LS LS L2 38 /N //ANE 7 A > S L R 1 LG R A
t t ¢ t/ t t t/
~ ~ v v/ /! .
C [0,8]; [ 7] [76, 7] € [0,1'] where i =1,2,3)
(4.9)

[éia é;} ) [\Pi? \IJ;]

By 4.8 and 4.9 We get the desired result:
A A A A AA
(S1®852) ® 83 =51 ®(S2® S3)

Hence proved. m
Remark 34 Distributive law of multiplication over addition does not hold in General Lin-

guistic Interval Valued Intuitionistc Fuzzy Soft Expert Sets GLIVIFSESs.

Counter Example to disprove the above mentioned law is given below:
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Example 35
A AA AA AA
S1® <Sg & S3> 7'5 (Sl X SQ) D <Sl & Sg)
Let
AN AN AN
S1, So and Ssbe three GLIVIFSESs with odd cardinality.
Where
AN . . .. ..
S1 = (<S[o‘4 , 0.6),90.2 0.4}> ; <S[0.3 , 0.6),90.2 0.4]>)
A . . y .
Sp = (<S[0.5 ,0.7,970.1 0.3]> ; <S[0.6 , 0.8,5900.1 ,0.2]>>
N . . .. ..
S3 = (<5[0.4 ,0.7,50.2 0.3}> : <S[0.5 ,0.7,50.1 0.3]>)
Also

t=4, =6, ForallS; (i=1,2,3)

Consider L.H.S.

A\ N AN
S1® <Sz D 53)

A S 00 0003 |, DO Sron02 03037 )
_ (09— (402, 1.4 QURD] P QULD, CU0]
So B S5 =

S 0.5)(0.6 0.7)(0.8 S 0.1)(0.1 0.2)(0.3 >
< [1_1_< 10:6) ) 5 01 >} {( )0.1) - (02X >]

AA <S[0.85 , 1.2775],5[0.005 , 0.0225}>7
So B S5 =

<S[1.05 ) 1.40667],5[0.001667 , 0.01]>

S S
A A A < 04)(0.85)  (0:6)(1.2775)] D[ 9g5 (0:2)(0.005) 5 4ons  (0-4)(0.0225) )
S1® <Sz D Sg) = [ 4 4 } { 4 4 ]

S[(o.:&)él.os)’ (0.6)(1640667)] ,5[0.2016677 o.z(o.%owm)’ 0.417(0.4)?.01)] >

5 5, @ 8 <S[0'85 ' O-1916]#.?[0.2048 , 0.4203}> 5
NE\RO%) = (4.10)

<5[0.0525 , 0.14067),9[0.2016 0.4093]>
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Consider R.H.S.

S 0.4 (0.5) 0.6 (0.7 S 0.2) (0.1 0.4) (0.3 >
< (0400 08 O0] Plp3 02 0D g7 00 ©05)] )

N A
S1® 82 =
S’ 0.3 (0.6) 0.6 (0.8 S 0.2 0.1 0.2 0.4
[0 00 00 0] S5 02 (01 (g,5) 02 0]
<5[0.05 , 0.105),5]0.205 0.67}> ;
<S 0.03 , 0.08],5[0.29667 |, 0.58667]>

AA <5[04<f4> , W],S[m—% , 0.7_@»3)4«)4)]>,
S1® 83 =

S 0.3(0.5)  0.6(0.7) S (0.2)(0.1) (0.3)(0.4)
< [76 , 0007 ] [0.3—76 , 0.7 (0:3)(0-4) ]

= <<S[0.04 , 0.105],5[0.39 , 0.67]> ) <S[0.025 , 0.07],5[0.29667 , 0.68}>>

Now

< 5[0.07_(0.03)4(0.04)70.185_(0.08) 4(0.105)]7 >
b

A A A A S[(04295)4 (0.39)7(0.67)4(0.67)]
(51 & Sg) ©® (Sl ® 53) =

< 5[0.055_0.03 (604025) 70'15_(0.08)6 (0.7)]7

S[(0.29667)6(0.29667) 7 (04586676) (0468)]

<S[0.067 , 0.1829},5[0.2876 , o.11223}> ; (4.11)

<S[0.05425 , 0.056667},5[0.01466885 s 0.06649]>

By 4.10 and 4.11 we get
A A A A A A A
S1® <S’2 @ S ) #+ <51 ® 52) @ <51 ® Sg) As required.

Remark 36 Similarly, we can disprove by counter example that Distributive law of addition
over multiplication does not hold in General Linguistic Interval Valued Intuitionistc Fuzzy

Soft Expert Sets ( GLIVIFSESs )
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Proof. vi)

Consider L.H.S.

S 2 ’ ot S ’ o
g v &1&, o/ o EEs |7 U, U, U, ¥ ’
< & + o §2 €1+ 525152] {%771“ 2:|

S A S 1t )
. - o YA Y Y [ 2 7] )
< |:M1 fig— M1M2 N fly 1;’ 2:| |:u1tlu2 , 1( :|

By using Definiton (18) of Sum of any two General 1Linguistic Interval Valued Intuitionistc

A A
S1 65 =

Fuzzy Soft Expert Sets (GLIVIFSESs).

Now

S o S v
Uy Oy U0, [0 &8 ooy )
< [ 1§ 2, 1t 2} 51 + 52 2»61 5 6152}
A AN €
S1©9 S| = c c :
5 vy vy 717’2 S ST R SV Y Y
- fu + fro—= =70+ ==

o
€0 &) Wi, w1) € 10.8)3 g, ) [72,77] € [0,4] where i = 1,2
(4.12)

Consider R.H.S.

Where

1=
5% = <S[‘I}2’\I’IQ} ’ S[525§]> <S (22,15 S[Vz,vz >
[52752} [\112; ] = [0 ] [ﬂQ?NQ] [VQ,I/Z] - [() g']

By using the Definition (27) Complement of any two General linguistic interval

valued intuitionistc fuzzy soft expert sets (GLIVIFSESs )



Now

/\C /\C
Sl ® SQ —

By 4.12 and 4.13, we get the desired result

Sty o wrwals S .
[%,%} {#1 + fip— 11+ R

(€06 wi, v € 0,4]5 i) 95,7

“1”2}>

[ }Wherez—12

such as:

(So8) = (5) @ (%)

Hence Proved m

Proof. ii)

Consider L.H.S.

. <g_ﬂ, >
S ® Sy = {%,”1&72} [5+u2 V4 vh— 1§,2}
(€8] 1w, ) € 0,405, 1), [76,72] € [0,
where 1 = 1,2
Now

S
< [\lez—‘“f’?

A AN €
<51® Sz) =

[éwéz} ) [\Iliv \IJ;] -

1! S oy ol
VR 7 bt ] S18, §16 ’
1 2 1 ’ t Y

0,8)3 7 ] [, 7] € [0.1]

where 7 = 1,2

42

(4.13)

(4.14)
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A A
Consider R.H.S. S{® S5

<5wh%rsr@q>><ﬁmﬂw5mwm>s

(€8] 9, 9] € 10,4]: [y, 74 [0, 74] € [0,]

A
(S
ST =

(Spunsay Sy ) (Bimo Sy
(€06, (W2, W] € (0,1 [y 5], 72,74 € [0,¢]

By using Definition ( 27 ) of Complement

A
c __
S5 =

S \I/, ‘I/l S Y v v 9
< |:\I’1+\II2_\I’IQ\I/27 \Il/1+\11’2— 1t 2:|7 |:El§2 5152:|

A A S o o ol ,S’ AT 3
Si® S5 = < 71+ va= 27200 4 -T2 [”’“2’“1“2]> (4.15)

;/ bl §/

o!

(€8 (wi w)) < 10,4); Lo, i), [0, 77) € [0.1]

where ¢ = 1,2

By 4.14 and 4.15,we get the required result
A AN € A A
(Sl ® SQ) = Sf@ Sg
Hence Proved. m

AAA
Theorem 37 Let S, S1, So be any three General linguistic interval valued intuitionistc

fuzzy soft expert sets GLIVIFSES Sets and A, A\1, A2 be any positive real numbers such as:

<S[E£'1’ S[‘”’1> SRS



§2 = <S[Ez, 52} S[\I'27 \1//]> <5'[ﬂ2, ﬂ;},é[% 13’2]>5

[€2,&) 1w, W3] € 0,457, 4], 72, 78] € [0.1]

where
, All]
<<5[zlz]’5[% v]> 151000 € ST g1 T S[ww) € Swg) €5
. Al2]

(< [,U,Z,LL;]7S[V7, 17 ]> ) S[O 0, 0.0] - S[““u;] + S[z/Z ) - S[;’);’]) S
then:

i) )\(Sl ® 52) = )\(S ) D )\(52)

A A A
i) M(S) B AAS) = (M1 + A2)S
A A
iii) A1(A28) = (M A2)S
A AX AN AN
iv) (S1®853) =51®85
A arz A (AtA2)
V) S® S5 =S5
AM (AM1A2)
vi) (S)*=8
A A A A

Vii) )\(Sl D SQ) = )\(Sl) ) )\(SQ)

where S ./ S ¢ o S . . defines the degree of belongingness and S’[\Ij v S[

EE] T Erél] T [Eadal

A
MD in S; and <S[u“u;] S[\I,_7‘I,;]

Ak

S

44

A describes

> are representing experts opinion about evaluated objects

(attributes), while S[ﬂﬂ/], S’[ﬁhﬂ/l]and Sm%%]deﬁnes the degree of belongingness S’[,,’,,q, S’[Vh,/l]and

. A
S vavyare describing theNMD in Si .
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AA
Proof. Consider L.H.S A(S] ®S2)

S v v 2! 2l S ]
< R
[

)\ S A1k nhopl oy S VI D’ 13’ ;
- - - - |27
[y +itp— 1;/27/»1’1+le* 1;/2] [ 1,2,%

€8] 1w W] € 10,83 e, ] [ 77] € (0,8 wherei = 1,2
By using Definition of Sum ( 18 ) of any two General Linguistic Interval Valued Intuitionistc

Fuzzy Soft Expert Sets.

S’ S L Y Y Y S . AWANRY 5
< g{(1—(1_W_W)A>,<1_<1_“1?“2_”1;2“2) ﬂ E[(u?;){(vfgl) ] >
[Ezﬂgz] ) [\Div \I[;] - [Ovﬂ ; [ﬂz,ﬂ;] ) [Dia ﬁ;] - [O,ﬁ] where ¢ = 17 2
Consider R.H.S.
A A
AS1 @ AS
Now using the Definition of scalar product ( 22 )of any two General linguistic interval valued

intuitionistc fuzzy soft expert sets ,




46



47

<S?'{<1<1%w>ﬁ<l<lzé¢%+fz%z'2>*>>ﬁ<<%f>ﬁ<“%f;>*ﬂ>)

Where [&,&;] ., [w5, w) € [0,4]3 [, 1] [, 7] € [0.¢

[E—

where 1 = 1,2

By 4.16 and 4.17 we have

A N AN N
)\(51 D SQ) = AS1 B S,

Hence proved. m
. A A A
(11) AMS B NS = ()\1 + )\2) S

A A
Proof. Consider L.H.S. A\ S ® \2S

AS =

I
o
=
<
N
=
o
=
t\
3
t\
N

0,‘4 where ¢ = 1,2



A A
AMSBAS =

48
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Consider R.H.S.
(et oy ) )
(et ) () )

[€.€] 1w, v c 0,45 ), [7,7] < [o.¢]

n>
I

(M @ A2)

(4.19)

By considering 4.18 and 4.19 we get the desired result such as:
A A A
AMS+ XS = (M + X)) S

Hence proved. =
A A
(iii) A1 <>\QS) = (A1A2) S

Proof. Consider R.H.S
<S§ |:<1_(1_§))\1A2>’<1_(1_§:)>\1A2)' 7S|}(%1)A1A2 7§(\{>A1A2} > )
<S§’ [(1(15))\1)\2>,(1(1?,/>)\1>\2>: 75;/ {(?)MM ,g/(f,')MAZ} > ;

A
(MA2) S =

(4.20)

A2S =




Now

A2(AM1S) = (M1A2)

(e 6o Sraey™))

A

CQ>

(A1, A2 are Positive Real Numbers)

Hence proved the desired result. =

A

A AAA AN
(iv) <S1®S2> =5 ® 5

Proof. Consider L.H.S.

AA
(5’1 ® 52> =

S1®

S /1,8 !
PE, EF vl )
< [6152751;52] [\1/1+\1/27‘I'1;'2,\I/'1‘11'2771§ 2]

S L Y A S i
Viping BUBG [P o mywg oo 040
7 1 §/ vivg— t/ 7]/1y2— K/

14

ol

(&) S 1wi, W) € [0,4] i, ] [0, ) € |0,8'] where i = 1,2

50

(4.21)




Now

A AN
<S1 ®S2> =

Consider R.H.S.

WWWWWWWWWW

o1

(4.22)
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Now 57 ® 53 by using the Definition ( 20 ) of product

Sy

[ECIOROI0H!

—
oo
e
RS
S
=g
N
=)
o,
=
=«
fadiind

S
:\
N
L
==}
—t+
5
=
=
¢
=
@
.
Il
\.’—‘
[\]

2 5 2] 5 ’ 1

g g, _

< YT i\ (#8\M 2V (o (1o (e v\ MY (1 (Zre A\ >
§/2 k) §/2 I §/ §,2 El §/ §,2

€8] 12w € [0.4]3 [, ], [0, 7] € [0.4] where i = 1,2

(4.23)
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By 4.22 and 4.23 we have

A(A1+A2)
(4.24)

Consider L.H.S
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AML AA2
Now § ® 8§

<S§’ (1_(1_%>A1+<1_<1_?)A2>)_W, : >

< < S5y (1)
ST (o) (s "

2

= y AM+Ag i\ AHAg] s O L\ A A2 5\ M A2 ; (429)
(S et )

(€8] 1w vy 0,405 [ i), [, 7] < [0t
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By equation no. 4.24 and equation no.4.25 we have Proved the desired result, that is:

AAL AA2 A(A1+A2)
S ® S =
| ]
(Am)h A(A1A2)
(vi) S =S
(A1A2)
Proof. Consider R.H.S.g o
<S§ |:(§>)\1>\2’(%/))\1>\2]7S§ |:(1_<1_%)>\1>\2)’(1_<1_%,)A1>\2):| > R
g(hh) _

<S£'[(5)A1A2v(?)w]vsg'{(l(15)*“2),(1<1;’)*W)D;

(4.26)



Now

By 4.26 and 4.27 we have Proved the desired result such that:

AL A2 AALA2
S =S5

56

(4.27)

A
Definition 38 For some particular cases of A and S, Where A be any scalar number and

A A AN
S be GLIVIFSES then A\Sand S will be defined as:

Case (a) If



S[W Sip i) So.s 1>
v,i/]  [0.¢]

Then
<s; S >
)\g _ “ [( ( t) )’ ( s)} [(t) ’(&)}
Sy AN A S [/ 00 7oy
< E [(1(15) ):1(151) ] t [(7) (%) }>
- <<S§[(1—(1—1)A)71—(1 DA St[O : 0}>’<S£'[1—(1—1)A,1—(1—1)*]’S?'[o , 0]>>
(<S Ut , ¢ St[o 0]> <S U] S.EI[O , 0}>>
o [ Ferorieereen)
Sur N TSy x o1
< ’ [(%) (9 [1—(1‘?) 1-(1-9) }>
- <<S§[§ ; ﬂ’Sﬁ{O ; 0}>’<S';3'[g’,g] t'[o 0]>>
Case (b) If
g( <5{g,g]’5’[W> < w]S[u> )
& & c o, 2] < 0.1
= (80050 . a) (S0 0. 1)
Then



o8

= ({6 0:50, 01> (S0 05 1))
o [ Gl o)
S, S SN\ A I\ A
(oror ¥ - )
( [t E]SO 0] <§[0 0]’ SE[t t]>>

Sww mﬂ1ﬁ 1> )

V I/] - [O,;l]

'r'O

Case (c)

RS

OP&LAO’<SW, (150 m>)

Then

- <<S[O . U]’S[‘; ; H> ) <St’ [t 1;']’5;, 0, O]>>
§ = <S[£ €] SW“”> <SWW“SWﬂﬂ>?)

[, € [0,4): [ ), [1,7] € [0, ]

Case (d) If

= (<S[o , o]aS[t,t]>7<S[0 ) 0}’5[5: §']>)



Then
2 ( <S§[<1—(1—§)A>,1—(1—?)1’SE[(E)A’G)A}>’ ]
(¥ )
:<<S'§[070},5.;[1 1> <St[0 0]’ St[l 1>)
= (<S[0,0}>5[§7§]> <50 0> S >)
N ( <S@[< )Wf)ﬂ’sﬁ[l(li) (1 >A}> )
oy o] o)
=(<S t[o , o SE[ ]> < [0, o) E[l 1]>>
=<<S[o o) St , 4 <t[0 0’ tg t>
Case (e) If
(o) )
= (<S[o oS o]>a<5fo ; 01’5[5, zs’]>>
Then

Ag( <éﬁ@<l?f>10iﬁﬂﬁﬂcrxwﬂ>’ ]
<S§/[(1(13)A)’1 } [( ) ”>
= ((Sto, 050 1) (S0 o Sha L 11)

¢
= ((50, 0:50.,0) (S0 0: 5 . 1))
3 (<<&Rw*wfysbogrl<lwﬂ>’ )

S [OXOAI Sy () ()] >

99
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- (<Sﬁ[0 L0 i 0]>’<S§’[o : 01’5;’[1 : 11>>
= (80 050, 0)» (S0 05, 7))

Then
0 ( <S§[(l—<1—s>k>ﬁl—<1—g>x]’S?[Ws)*}>’ )
()] Vo o)
= (80 0’5?[0 0> <Sm 150 0))
(50 oo} {5 0 )

( <S§ O)A,l—(l—?ﬂ>’ )
S, - 13)A:1(15”>

t[o , 0] S§0 0> Ié[l 1 E[O 0]>>

(< 0. 050, 0> <5[0 0> S >>

Case (g) If
(e ) o)
:(<5[§, ;}75[0, 0}>7<3[0, 0]75[07 0]>)

Then
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- <<5t[1 180, 0}> ’ <‘§@[0 oS °}>>

E 5) - (19
- <<S?U 1850, 0}>’<S§’[o : 01’S¥’[0 : o1>>
= ((Su. 0:50. 0)+ (S0, 0.5 . a))

Then

S, A AT ST AT ) s
N ( < {(1—(1—?) ),1-(1—;) ] {(r) () ]> )
< 0-0-8))a-0-0)T S@’[<3>ﬁ<s>*}>
= ést[o o) St[l 1]> < tjo, 0] SE[O 0]>>
S0, 0 St | t]> <S[0 0+ 5o . 01>>

S o\A 7oVA , S AN ,
gf _ ( < [(f) (2) } .[l<1£> 1-(1-4 )
<S§'[(3>ﬁ<3>*}’5§/ (30" <1—3>1>

ot
S~—
>
—

- <<S§[O ; 0}’S§[1 , 1]> ’ <St'[0 , 0}’51'[0 , 0] )

Case (i) If
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A . . . .
S = <<S[ E 7 é’}?S[‘I/,\I/’]> ’ <S[ﬂ,ﬂ’]7 S[D,D’}>)

N <<5[§,;}»5[§7ﬂ>’<5[0’°]’5[° ’ °}>>

— 0,

Then

- (<S§[1—1 , 1—1]’S§[1 : 1]> ) <Sé'[171 , 171}’5; 1, 1]>)

=<<5[0 0}7S[p,§}>7<3[0 0]’5[9" §/]>>

- <<S§[1 1}’S§[1—1 : 1—1}> ’ <S£’ il 1]’51'[1 —1, 1—1}>>
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({50 S0 oh (e ade o)

Case (j) If
§ = (<S[ i 5/],5[\11,\1/'}> ; <S[ﬂ,ﬂ’]’s[l’7ﬁ/]>>
and
A — 00
Then

A
AS =

A — 0o conider Term

when A approches to positive infinity that is A — 400 then,

0<é<1 -‘-o<‘§‘§<<1
o\ A o %\ 2 2\ 3
N AO—1)(A—2
<1_%> :1_T§+ (A )(§> —%(%) F ey +00
o<<§><<1
=1-1=0

SO
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Now

(%))\ as A — 00
<

U <1 ,t > 0 positive even integers
0<¥<<1
v % v\? ()"
(f) f> (?) approaches to zero
A
(%) —0

A5 = (<5§[1fo,1fo]752[0 70}> ’ <5§[170 10 S 70]>)

— <<S[§ 7 ﬂ,s[o ,0]> ) <S[t’ : p’]’g[o ’0]>)

= (<Sc[o , 0] Stu—o ,1—0]> ) <S£’[o , 0]’5.2’[170 71*0}>)

- <<5[0 L0 S ,ﬂ> ’ <S[O oSy ’ﬂ>)

AAA
Theorem 39 For GLIVIFSESs. S, S1,S2 are the sets obtain by definition 12 are still

GLIVIFSESs.
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Proof. For this we shall prove only 21@ ggand A S are GLIVIFSESs, while
others can be proved similarly.

Since

Where

. . 1] . . . [2] ,
S[“ “’_]aS[\ili, @1]765 [0>§] and S[p“ ﬂ;‘]’s[vi, v;] €s [071;] )

So

v

00, 0.0] < |&, &, [Bi, ¥) <[6,4],10.0, 0.0 < [jn, ] . [, 7] < [t,1]

and



Thus

and

Thus

4 B
1251 Ha § g
282 a7
U1+ g — <Y, 4 vy — =2
t t

~1 ~/ S

. . Hify | V1V9
iy + fiz — TR <t

A A
S1 & Sz is GLIVIFSESs.

Also

Also

Further

urr‘l-eil

66



Similarly, we can prove that

Also

and >
|

A
Hence AS is a GLIVIFSESs.

Similarly for

67
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Further

vty - b @1@2 Chrh o 5152 L —sl)p(; - &) B
and

oy BGL WYy g G (=) (o)

Thus General Linguistic Interval Valued Intuitionistic Fuzzy Soft Expert Sets GLIVIFSESs

AACA
S, S1,S2 are the sets obtain by definition 12 are still General Linguistic Interval Valued

Intuitionistic Fuzzy Soft Expert Sets GLIVIFSESs. m
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Chapter 5

General Linguistic Interval Valued
Intuitionistic Fuzzy Soft Expert

Aggregation Operators

In this chapter, we will define some arithemetic and geometric aggregational oper-
ators which based on proposed operational laws for GLIVIFSESs, for putting together the

collection of GLIVIFSESs as

S’i = (<S[él,éﬂ7s[‘i’w‘i’;]> , <S[n,ﬂ;]7é[ﬁi,ﬁ§]>; where i = 1, 2, 3‘..,71)

Let Y be the collection of all GLIVIFSESs.



70
5.1 General Linguistic Interval Valued Intuitionistic Fuzzy

Soft Expert Weighted Averaging (GLIVIFSEWA) Oper-

ator

GLvirsiss. S ((S(c ¢) (o, )+ (500 59 where (=1, 25

be the collection of n General Lingusitic Interval Valued Intuitionistic Fuzzy Soft Expert
sets, then the GLIVIFSEWAOs i.e. General Lingusitic Interval Valued Intuitionistic Fuzzy
Soft Expert Weighted Averaging Operator of n dimensions is defined as:

A mapping or a function from Y™ — T such as; GLIVIFSEWA: Y™ — T; that is
associated with the weight vector & = (&1, @, ....@, ) 'such that &; € [0,1] and 3. @; = 1

then

Then GLIVIFSEWA is called the Gernalized Lingusitic Interval Valued Intuitionistic Fuzzy
A

Soft Expert WAO, @ = (w1, @s,....w,)" is then weighting vector of S; with w; € [0,1],

> w; = 1. Particularly if w = (l %%)t , then the GLIVIFSEWA operator diminished

into GLIVIFSEAO Presented as:
~ ~ A N 1 noa
GLIVIFSEWA ($1, S5, 53..8,) = - <-@1Si>

Theorem 40 Let
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be a collection of GLIVIFSESs, then GLIVIFWA (5”1, 5’2, S‘n) =

Proof. By using mathematical induction, we prove the above result, for n

Let n=2, for GLIVIFSESs. from Operational Laws given in definition number 9,

we obtain,

w151 =

waSe =

and Hence GLIVIFSEWA (5‘1, S’g) = 1591 B @25,
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Thus
GLIVIFSEW A (Sl, Sg) - <

It is clearly seen that result exist for n = 2

Further, we assume that equation # is valid for n=k, i.e

GLIVIFSEWA ($1,Ss,...8x)

when n = k +1, according to the 12 and further operations, we get

GLIFIFSEWA(SH, S, .. ,Sk,S,m) — GLIVIFSEW A (Sl,ég

76
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<St I k 2\ wi : Wht1
1-1I (1_?‘) +1_<1_ k‘gﬂ> 1
=1 !
k v\ Wi 2 Wk+1
FI(1-5) 7+ (1 %1)
=1 3 ¥
k 2\ Wi 5 Wk+1
1 (1 _ fz) <1 _ k+1> 7
i=1 § ¢
k o\ Wi o/ Wh+1
1-1I (1—%‘) +1—<1 fk;l)
=1
k o\ @i o Wh41
~14+ 11 (1-%‘) n (1 1?1)
1=
k v Y W41
1 (1_%) (1_ skt+1>
= L i=1 § ¢
S, kE /&.\ k (¥ \F v
S‘g r k N\ @i i W1
L B e e I
i=1
k w1 - w k wi - w
(157 (1= 2e) ™ (1= )T (1 )T
i= { i—
k -1\ W o1 wg
1—H(1—%) +1—<1 “kt+l) o
=1 3 L
k “1\ Wi ! Wi k ~/ ~ w
YR s VIO
L =1 s ) =1 3 3 ¥
STk o & (2\= Y

5
-

k
II

i=1

(8" -

II

=1

i

<!
Si
§

o7

1—#7;) wz} ’S;E [z

k
II
i=1

k

II
=1

2

RS

v,

v

)Wi
s

s

(%

k
i=1

uf

)Wk+1
3 )

wi k
)™ A (
=1

N

A
i

%

24

!
7

¢

>“ﬁ]>’

)

So above equation holds for n=k+1 Thus holds for all n Hence Proved. m
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Theorem 41 Let

A . . B .
5= (5 gm0 (e st 1)

be a collection of GLIVIFSESs, then the aggregated value according to the GLIVIFSEWA

operator is also a GLIVIFSES

Proof. The proof of this Theorem is directly follows from Theorem # 1 =
The Proposed GLIVIFSEWA operator satisfies the following properties.

Property No. 1 [Idempotency] :

A

AA A
GLIFIFWA(S1,S2, ....5,) = S.
Proof. As
é\i = g = <S[é’v St[\i}’®I]>’<S[[L7ﬂ,]st[ﬁ’lj/]>;

]
[€n&] [B0 0] € 0,00 s ) [ 4] € [0.0]  for al

so by using equation 5.1, we get

N

Sifa caym g (any
GLIVIFSEWA(SAl,§2,§3....Sn): LEl(‘) -4 (%) }
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= <<S§ [E : 5']’319[@ , q,/]> ) <S;t/[11 , ;2’],52/[1“/ 7 p’]>>

A
= S
]
Property # 2 [Monotonicity] :
e B <S[zi &), @;]> A8 a) S o)
[52’5;} ) [\ijlv \IJ;] g [Ovﬂ ; [ﬂz’p’;] ’ [’jiv I;;] - [0’ ‘Q,} for all i
and

A

% = <<S[4i » Gl S[% : sog]> ’ <S[77 ) Sty 7’]>)
A A AA A AAA A
such that S; < $,¥, then GLIVIFSEW A (S, S, ....S,) < GLIFIFSEWA [ $1, Sa, S3.- Sn

Proof. Since
then

OR

A A AN A A AN AN
GLIVIFSEW A(Sy,Sa, ....S,) < GLIFIFSEWA [ S1, S9, S3... S,y

Hence Proved m
Property # 3 [Boundedness) :
AAA A
Let 57,551,952, ....S5, be the collection of General linguistic interval valued fuzzy
soft expert sets and

A A A A A A A A

S~ =min (51, S2, ....S,) and ST = max (51, Sz, ....Sp),



then
A A

A JASEAN
S™ < GLIVIFSEWA(S1,Ss, ....Sy,) < ST

Proof. It can be proved by using Property # 2 ®
Property # 4

If éz <<5[cl- ¢, 5[% : soi-,]> ’ <S[m X S[” 77;]>)

be on other GLIVIFSESs, then

A A A A A A A A
S1® 8, S2® §, S3® S,...5.@ S,
A A

Sn) @ S

GLIVIFSEW A (

AN A
= GLIVIFSEW A(S:8, S, ...

A A

Proof. Since S;, $ € GLIVIFSESs : So
S o £, o/ gt S £ g )
< o ttd ot ) {}>

S 0! / S ol )
- i - B, @ U v,y Y
< [“”L“’_M £+ = } [VZ%W’ K }

>
S>)
on >
Il

Ll

{Ewé;] ) [‘i’i, i’;] C [0,¢]; [, 5] [Di,f/;] C {O,f} for all i

A NA ANA A A A
therefore GLIVIFSEWA(SleB S, S26@ S, 53P S,...5.D S].

82
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A A
= GLIVIFSEWA <Sl, S2,..5, | @ §

Hence proved m

Property # 5

If 5 > 0 be a real number, then

AA A
GLIVIFW A (,BSl, BS2, ..., Sy

A A A
= B <GLIVIFSEWA <sl, S, Sn>) .

A
Proof. Since S; € GLIVIFSES V;, then for any 5 > 0 we get



AA A
GLIVISEWA (ﬁSl, BS2, ..., BSn>

AN A A
B <GLIVIFSEWA (51, S, Sn>> .

Hence Proved the desired result. m

Property # 6

If

/\ . . . .o
§= (<5[< ], e W]>7<S[n ) S v’]>>

and S > 0 be a real number, Then,

84
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AN A NOA A A A
GLIVIFSEWA (ﬂSl BS,85®S,85588S,....,65, P S,)

A A A A
=f (GLIVIFSEWA <Sl,Sg, Sn)> DS

Proof. By property 4, we have

A NOA NOA A A A
GLIVIFSEWA | 8519 S,85, 95,6538, ....,85, ® S,
(5.2)

A A A A
=GLIVIFSEW A <,35’1,65’2, ...,65’”) &S

and by using property # 5, we get

A A A
GLIVIFSEW A <BSl,5Sg, ooy BSh

AA A (5.3)
=8 <GLIVIFSEWA <Sl, S, Sn>)

Combaining 5.1 and 5.1 we have

A NOA A

A A A A
GLIVIFSEWA | 8S1 5,856 S,853 9 S, ...., 85, & S,)

A A A A
=f (GLIVIFSEWA (Sl,SQ, Sn>) @S

Hence proved the desired result. =

Property # 7

A . . . .
Let Si= <<S & &), 1 m> (B ). S ”ﬂ>>
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and

$= ({3 ¢ S (50 500 )

by any two collections of GLIVIFSESs, Then

A A : A A A
GLIVIFWA | S; ®S1,5 ®Ss,...5, @S,

A A A A VANVANEVAN A
—GLIVIFWA <51,52,53,....Sn>@ 91,55, Ss, ..., | -

AA
Proof. Since S;,3;, € GLIVIFSES So

S 2 2~ S 3 APy 5
< |:§'L + <1_€ZLC2 7§’IL + C;_glt42:|7 |:‘I’1,§ Lp: Z;O :|

S A S 2!~
- il s M. 1. U v,y
< i+ -t S, )

AA
Si DY =

§l
therefore

A A : A A A
GLIVIFWA | S1@S,,5 ® Sy, ..., B S,,




N AN AN N
= GLIVIFSEWA (sl, Sa, Ss, sn>

VANVANVAN N
@GLIVIFSEWA (Sla SQ? S?n Sn)

Hence proved the desired result. =

In 1988 Yager give the notion of ordered WA operator,we define General linguistic

interval valued intuitionistic fuzzy soft weighted averaging (GLIVIFSEOWA) operator.
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5.2 General Linguistic Interval Valued Intuitionistic Fuzzy
Soft Ordered Weighted Averaging (GLIVIFSEOWA) Op-

erator

GLIVIFSESs. S; = <<S[5,752]7s[‘i’wi’ﬂ> , <S[ﬂpﬂ§]73[’7w”§]> ; where (1 =1, 2, 3...,n) >
be the collection of n General Lingusitic Interval Valued Intuitionistic Fuzzy Soft Expert
sets, then the GLIVIFSEOWAOs i.e. General Lingusitic Interval Valued Intuitionistic Fuzzy
Soft Expert Ordered Weighted Averaging Operator of n dimensions is defined as:

A mapping or a function from Y™ — T such as; GLIVIFSEOWA:YT" — T; that is
associated with the weight vector & = (&1, @, ....@, ) 'such that &; € [0,1] and 3. @, = 1

then

Then GLIVIFSEOWA is called the Gernalized Lingusitic Interval Valued Intuitionistic
Fuzzy Soft Expert Ordered Weighted Averaging operator, associated with weight vector

A
w = (w1, w3, ....w,)" is then weighting vector of S; with w; € [0,1], . w; = 1.
Theorem 42 Let

A : : . .

Si = <<S[éz , é;] Sﬁ[‘i’i 7 \i,;]> , <S[ﬂ¢ 7 ﬂ;}st[m 7 ﬁ;]> ,i=1,2.3,..... ,n>

be a collection of n GLIVIFSESSs, then the aggregated value according to the GLIVIFSE-

OWA operator is also a GLIVIFSES

Proof. The proof of this Theorem is directly follows from Theorem 40 m

The Proposed GLIVIFSEOWA operator obey the properties given bellow.
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Property # 1 [Idempotency] :

As

AN A

AN A\
Proof. GLIVIFSEOWA (51, Sa, ....S,) =

é\‘ _/\ B <S[E,Z']S§[‘i’,‘i”]>’<5[l]vﬂ'}‘§§[b,f/]>>
€8] [9 0] < 0.4]3 e ) [, 5%] © [0.4] For al
so by using related Theorem 5.1 which is previouly proved , we get

A

A N N
GLIVIFSEOW A(Sh, Sa, Ss....Sy,)

€] [T 0] € 10,8): s ) [ms72a] € [0.1]



5,

n
Since 'le%i =1. ie w1 +wy..w, =1
=

(€] [ 0] € 10,8 s ] [ms 72a] € [0.1]

Vo, € [0 1]

St y \@1+@9t+E3...Tn o\ B1+Ee+E3...Tn
_(1-&m _&m
1-(1 : , 1 : ,
)

St |:<\i}m)1%1+1%2+1%3m&;n (i,{m)ﬁ1+ﬁ'2+ﬁ'3m&'nj|
t ? t

5.'.;/ {(M>@l+@2+&3...an <f14n

ﬁ'1+2~22+ﬁ3.“ﬁn:|
=)

ol

(€ Eon) [T W] S 10,03 s ] [ms 7] € [0.1]

—
|

(i) -0 ). ()

(€] [T @] € 10,8]5 it ) [ 7] < [0,

90
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Sin 615000 ) (s 1 St )
N ECRE T NI

(€] [ 0] € 10,81 s ] [ms 73] € [0.1]

(€] [T 0] 10,81 s ] [ 2] € [0.1]

A A
where S, is the mth largest value of S;. Thus we can clearly see that GLIVIFSEOWA
operator is also a GLIVIFSESs. m
Property # 2 [Monotonicity] :
/\ /\

Let S;and §;be two collections of General Linguistic Interval Valued Intuitionistic

Fuzzy Soft Expert Sets GLIVIFSESs.

5 _ (5, € 5 o) (B, S )
68 [9 ] < 0.8] s ) [72,72) € [0.] For

and

8 (S, e St 1) (S w1, S )

S, =
Gy Gl Tes s @S M0.8]50m, 71,1y, Y] C [0,1;'} For all i

A A
such that S; < S,;V;, then

AA A AAA A
GLIVIFSEOW A (S, S, ....Sy) < GLIVIFSEOWA | S, Sa, Ss... S,,

/\ /\
Proof. Let S;and §;be two collections of General Linguistic Interval Valued Fuzzy

Soft Expert Sets and

A A
S; < §; for all i,
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then,

OR
GLIVIFSEOW A(S, So, ....S,) < GLIVIFSEOW A ( S1, So, Ss... sn>

Hence Proved the required result. m
Property # 3 [Boundedness] :
AAA A
Let S, 51,59, ....S, be the collections of General Linguistic Interval Valued Intu-
itionistic Fuzzy Soft Expert Sets such that:

A AA A A A A A

S~ =min (51, S92, ....S,) and ST = max (51, S2, ....Sy),

then

A A A A A

S~ < GLIVIFSEOWA(Sy, S3, ....S,) < ST

Proof. It can be proved by using Property 5.2 m
Property # 4 [Commutativity] :
A

A
Let S; and §;be any two collections of General Linguistic Interval Valued Intu-

itionistic Fuzzy Soft Expert Sets such that

S = < & VI]SE v }>’<S[m ,ng]gﬁ[pi ,p;]>;
[é“é;] ’ {\i}“@;} [0,4]; {13, /], (73, 77] C {0 t} where 1 =1,2,3,.....,n
then,

N

AACA AN
GLIVIFSEOW A <5’1,52, S3, Sn> =GLIVIFSEOWA (Sl,SZ,Sg’ Sn>

N A
where S;(i = 1,2,3,.....,n) be any permutation of S;.



Remark 43 If

then

A

AN A A A AN ANAN
GLIVIFSEOW A <51,SQ, 53, Sn> = Sm(z) = Sl = max <S1,S2,Sg,

Remark 44 If

then

ANEANAN A A N ANEANEAN
GLIVIFSEOW A (Sl, 52753, Sn> = Sm(z) = Sn = min <51, SQ, 53,

A A
where Sy, ;)is the ith greatest / largest value of S;.
Remark 45 if

w; = 1,@; = Oandi # j,
then

AN N N A\
GLIVIFSEOW A <Sl, Ss, Ss, Sn> =S
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5.3 General Linguistic Interval Valued Intuitionistic Fuzzy

Soft Expert Weighted Geometric (GLIVIFSEWG) Op-

erator

In this section, we will define General Linguistic Interval Valued Intuitionistic

Fuzzy Soft Expert Weighted Geometric (GLIVIFSEWG) Operator on GLIVIFSESs. Then

some properties related to described operator.
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Let

E{)>
Il

(G ) R ey
€.8], 8 %] clo0.s i) [ 7] € [0.d])
where i = 1,2,3,....,n, ben GLIVIFSESs.

if GMVHWEWG(ghg,%wm$>:§§%

then GLIVIFSEWG is called General Linguistic Interval Valued Intuitionistic Fuzzy Soft

Expert Weighted Geometric (GLIVIFSEWG) Operator,where @ = (1, @a, ....zﬁn)T is then
A

weighting vector of S; with &; € [0,1],Y@; = 1. Especially,if @ = (L,1..1)" Then

GLIVIFSEWG operator reduced into GLIVIFSEG operator presented as
1

AN A A n An

GLIVIFSEWG <Sl,S2 ..... Sn> =®5,;

Theorem 46 Let

5 <5[5i €], St @;]>’<9[ui ) B )
[€.&] ., [# 9] < 0,45, ), [0, 7] < [0,¢]

where 1 = 1,2,3,....,n, be a collection of n GLIVIFSESs,then aggregated value by using
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the GLIVIFSEWG operator is also a GLIVIFSESs and

ol

[6152} : [\E\I’;} C [0, [ ], [0, V] € {0, §’] For all i

Proof. On the basis of operational laws for GLIVIFSESs described in definition
12, related theorem can be clearly proved m
In a same way to the GLIVIFSEW A operator, the proposed GLIVIFSEWG

opertor also obey the properties given below:

Property # 1 [Idempotency] :if

<5[é PR @’1> (St )
S =9 = {glgl} , [@,\D;} C [0,4];
i)+ [p7i] € [0, Foranli
then

AN A A
GLIVIFSEWG(S, S, ....5,) = S



Proof. As

A A
S =85 =

<S[é : é’},s[\i/ , @/]> ’ <S[ﬂ i) St pq>;
[éwé;} ) {\i’z;‘ij;} C [0,t];
[, 23] [lu/i,ﬂﬂ - {O,f} For all ¢

N

AN A
GLIVIFSEWG(S:, S2, S3....5n)
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n
Since .Zlfm =1. de wi+w..+ wy,=1 for all co; € [0 1]

1=

S@' 4\ T1T®2 @3 En i\ T1tEatEs. @
< 1-(1-4) - (%) >

Sg/ |:(i;>1%1+‘&—;2+1:—;3m1%n (b,)fz1+ﬁ2+ﬁ3mﬁn}
14 R

o

|
Property # 2 [M onotonicity] :
Let é\, and gibe any two collections of GLIVIFSE Sets .
<5[zi 2] S @;1>’<% ), S o)
A
Si= [€.&] [9:, %] < [o,4);
[y 1] [Di,f/;] - [O,QI} ,where 1 =1,2,3,...,n
and

$i= ((S, . a1 5o 1) Bt Sy )00 =1,2,3,00m)

97
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such that

A A
then

AA A AAA A
GLIVIFSEWG (S1,Ss, ....S,) < GLIFIFSEWG ( S1, Sa, Ss... sn>

A A
Proof. As S; and $;be any two collections of GLIVIFSE Sets

Also
A A
S < §,Vi
then
n AWi n A Fi
eSS, <&,
i=1 i=1
OR

AA A AACA A
GLIVIFSEWG(S, Sa, ....Sn) < GLIFIFSEWG ( S1, So, Sa... sn> .

Hence Proved m

Property # 3 [Boundedness] :

Let S’AZ be the collections of General Linguistic Interval Valued Intuitionistic Fuzzy
Soft Expert Sets such that:

A AA A A AA A

S~ =min (51, S2, ....S,) and ST = max (S, Sa, ....S),

then

A AN

A A A
S~ < GLIVIFSEWG(S1, Sa, ....5,) < S

Proof. It can be proved by using Property 5.3 m



Property # 4

If
(S, et Spor . o11)

<S["z A S[% ; W§]>;
¢, ¢ le s @S0,

o >
|

., 7],y 7] ¢ [0,1:'}

be on other GLIVIFSESs, then
A ANA AA A A A
GLIVIFSEWG | S1® 8, S2® §, S3® $,...5,® §,
AA A A
= GLIVIFSEWA(S1,S2, ....5,)® $
A A
Proof. Since S;, S € GLIVIFSESSs, So

(s

S P S ol Al
i m By M o 2 o vy
< [Mg V]’ 1§ :|’ |:Vi 7_"%77’1,2__‘_ 7,_%}

~ 7 ! = ’ Y
Dy + o=t gy -t e >

where
(6.6 [ ] <00 [ ] [0, 7] € [0,4] for all i
and

[Cz ) C;] ) [(pi ’ @;] C [O"Q]; [771' ) 77;] ) [’72’ ) ’7;] - [072’} for all 4
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therefore

A A A A\ A N A A\
GLIVIFSEWG | S1® §, S2® S, S3® S,...5,® S

<<S§{Cf , %]’ Sg{l—(l—*"g)’l_(l_f;)} >7

where
[éwg;} ; [\iz;\i];} C [0,t]; [, 4], [, 7] € [0,‘9/} for all
and



where
[0,8] 5 [, f27] [, 7] € [o,;’} for all i

N

[Ewéz} ; [\ilza \ilz:|
and
(€6t [i s @) 10415 [ mi] s [ 4] € (0,4 foralld
AA A A
=GLIVIFSEWG (Sl, So, ... Sn> ® 9

Hence proved =
Property # 5

If 5 > Obe a read number, then

A A AN N N
GLIVIFEWG < BS1, BSa, ... BSn ) =8 <GLIVIFSEWG (51, Ss, ..

101
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A
Proof. Since S; € GLIVIFSES for all i, then for any 8 > 0 we get

=

S, [((JB)W n<(§)5> w]

[55} : [\I/\If’} C 0, 8] 5 [, 2], [, 7] € [o,;’] For all z)
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AN A\ A\
= B <GLIVIFSEWG (Sl, S, Sn>) .

Hence Proved the desired result. m

Property # 6

If

<S[C < S[‘p ’ ‘p']> ’ <S[77 , ], S[v , v’]>;

¢, e, @1C00,8):m, 71,1y, V1S [O,E'}

and S > 0 be a read number, Then,

A NOA A

AN AA
GLIVIFSEWA | 851 © 3,852® 3,853 @ 3, ....,8S, ® S,)

A A A A
=0 (GLIVIFSEWA <Sl,Sg,....Sn>> DS

A A A
Proof. By using property 5.3, we have GLIVIFSEWA (55’1 B9,85%65,858,..

A A A A
=GLIVIFSEWG <6Sl,ﬂ5’2, ...,ﬂSn) eSS

€06 [90 9] < 0.0 [ i), [72,7] < [0,4] For al

A

A
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and by using property 5.2, we get

A\ A\ N
GLIVIFSEWG ([5’51, BSs, ..., ,BSn>

AA A
= f (GLIVIFSEWG <Sl, So, Sn>>
Combining equation 5.4 and equation 5.5 we have
AA A A
I} <GLIVIFSEWA <Sl, Sa, Sn)> D9

Hence proved. m

Property # 7

Let

(5550
< IZNah S[”“w]>.

NC_/_)>
Il

(€06 [#: 1] < (0.9 s 1) [52. 7] € [0,6] for a i

and

<S[<i , ¢l S[% , @;]>7

S= <S[m Al S['Yz ) ’Y;]> ;

(Cis i) lei s D 10 8)5mi s mi) s [ve i) € [O,E']

By any two collections of GLIFIFSESs, Then

A
N N

A A
GLIVIFWG [ S1®S1,5 @©S9,....5, &S,

JANVANVAN

AN
= GLIVIFWG (sl,sz,sg,.... ) (sl,sg,sg,....
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5.4 General Linguistic Interval Valued Fuzzy Soft Expert Or-

dered Weighted Geometric (GLIVIFSEOWG) Operator

In this section, we will define General Linguistic Interval Valued Intuitionistic
Fuzzy Soft Expert Ordered Weighted Geometric (GLIVIFSEOWG) Operator on GLIVIF-

SESs. Then some properties related to described operator.

Definition 47 Let

be n GLIVIFSESs.if

A

A AN A n {\
GLIVIFSEOWG (Sl, S, S3, Sn> = 250

then GLIVIFSEOWG is called General linguistic interval valued intuitionistic fuzzy soft
expert ordered weighted geometric (GLIVIFSEOWG) operator,where @ = (w01, w2, ....&n)T

A
is then weighting vector of S; with ¢o; € [0,1],>" ¢; = 1. Especially,if & = (2, %....l)T, Then

n

GLIVIFSEWG operator reduced into GLIVIFSEG operator presented as
1
AA A n An
GLIVIFSEOWG <Sl,5’2 ..... Sn> = @ Sm)
i=1

Theorem 48 Let

<S[£ V&L S[‘i’i ’ ‘i’é]>’<5[ﬂi ) S | D§]>§
A /
Si= [Ez)éz} , |:(I}z7\il;:| C 10,45 [y, 1] [;jhﬁ;] C [0’ f] )

where 1 =1,2,3,....,n
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be a collection of n GLIVIFSESs,then aggregated value by using the GLIVIFSEOWG

operator is also a GLIVIFSESs and

AA A
GLIVIFSEOWG <51,Sg ..... Sn>

ey Ems] - [Tmor Bin] € 10,05 [y By |+ [Pt Py < [014]
where m(3) is largest value of gz

Proof. On the basis of operational laws for GLIVIFSESs described in defini-
tion,theorem 7 can be clearly proved by using previous related theorems. m

All the other properties namely monotonicty, idempotency, boundedness, and com-

mutattivity holds in GLIVIFSEOWG.
Remark 49 If & = (1,0,0,0,.....,0)¢ then

ACACA A
GLIVIFSEOWG (Sl, S, Ss, Sn>

A A AAA A
= Spu) = S1 = max <51,52,53, ....,Sn>

Remark 50 If & = (0,0,0,.....,1)7 ,then
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VANVANEVA A
GLIVIFSEOWG (51, Sa, S5, sn>

A A AACA A
= Sm(z) = Sn = min (Sl, Sg, Sg, ceuny Sn>
A A
where Sy, ;)is the ith greatest / largest value of S;.
Remark 51 if @w; = 1, @; =0 and i # j, then

AAA A A A
GLIVIFSEOWG <S1,52,53, 5n> = Sm(i) = 5i

5.5 Decision Analysis on GLIVIFSESs.

In this section, a real-world problem is discussed in which we aim to search for
the best team for cricket. Since Cricket is a bat-ball game, played on a big ground (oval
shaped) among two teams, each team having 11 players. In the middle of the ground,
22 yards rectangular area, called a pitch also plays an important role during the match.
Cricket is one of the most favorite and entertaining games for most of the people in different
countries. Because of its reputation, glamour, and the excitement involved in it, more and
more people from all over the world are taking interest in this game. The actual purpose
of any of these teams is to win the match, but the success and failure of any team depend
upon the abilities and skills of the team’s players. Thus, the team’s performance depends
upon the performance of the players, and the player’s performance is assessed on the basis
of some parameters like strike rate, and averages, total runs scored by batsman, number of
wickets taken by bowler, bowling averages, and economy rate. Team’s strength or weakness

depends on all of these parameters which are evaluating the players performances.
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So, for estimating the team’s performance, which are made of different eleven
players of different caliber, so we may estimate or evaluate by using General Linguistic
Interval Valued Intuitionistic Fuzzy Soft Expert Sets, the more stimulating or cchallenging
condition can be faced when the teams are made up of different worth of players, having the
different ranges of attributes, and we have to judge or give our opinions collectively about
the teams, this is possible now by using recently construted structure, that is General
Linguistic Interval Valued Intuitionistic Fuzzy Soft Expert Sets.

At the international level different types of cricket played, like test match / cricket
which consists of 5 days and each day has 90 overs, One Day match, which is 50 overs per
innings match, and Twenty—20 in which 20 Overs per innings were played.

Recently in Pakistan, the “Pakistan Super League 2023 (PSL 2023)” is going to
be held, which will be a source of entertainment and interest. In our decision analysis
problem, we wish to select the best team among Trg (Team of Lahore Qalandars) Ty
(Team of Islamabad United) and Tpz (Team of Peshawar Zalmi) evaluation of teams is
done by comparing their attributes described as;

A1. The team strength,

As. The team against strength,

A3 The most balanced team.

Where Team strength is defined and considered as the internal bounding between
players, that is, how they played like a time, or we may say to check their team-work
altogether.

Team against strength is defined and considered as strategies and bounding against



109

the opposite team that is how the players perform like a team to deal with the pressure
built by opposite team on them.

How much the team is balanced we may say on standards the balanced team is
defined and considered as the team, is balanced if it has the five best batsmen, five bestand
strong bowler according to the pitch of ground, one of them must be all rounder player.

We assign the weight vector to each attribute of its importance

W=(0.30,0.30,0.4)

Which is given on the bases of expert’s preferences.

Three experts E 1, E o, E 3 are evaluating the teams performance, where E;
is medical /Physician Eg is the Instructor/Selector of players of team, Egz is coach who
is experienced player and having the strong previous record also included in top ranking
players previously. The weight vector W = ( 0.25, 0.5, 0.25 )T Associated with Experts
familiarities.

Here our aim is to select the best team among the Ty, Tpz, Trg. The experts
give their preferences on each characteristic or attribute in term of GLIVIFSESs according

to following General linguistic fuzzy soft expert terms

All] S Z, = Very srong, S z, = strong , S 2 = slighlty strong, S 23 = neutral,
S =
SZ4 = slightly weak, Szﬁ = Weak,57 = very weak,
where

-

(0.8 , 0.95], S[o , 0.05]>>

(50 5e)) 50—

(50 5)) =50~ ((S07-0m. 5 02)
(50 5)) =50~ ((Sma0m 5 0)
(50 5)) 50— )

5[0.5 , 0.5, 5[0.5 , 0.5]
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(<5d4 ) Sd;l>) = 524 = (<S[o‘4 , 0.5, 5[0.3 , 0.4]>)
<<5d5 ) Sdg>> = st = (<5[0.3 , 0.4], 5[0.2 , 0.4]>>
(<Sd6 ; Sdg>> = SZG = (<S[0.1 , 0.2, 5[0.5 , 0.8]>>

be the first General linguistic interval valued intuitionstic fuzzy soft expert term
and

Let

Al2) S 7, = extermly familiar, S 7z, = moderately ,

S 2 = some what familiar, S 23 = slightly familiar, S 2, = not at all familiar

(<Sd0 ) S’d6>> = <<3[0.9 , 0.95], 5[0 , 0.05]>)
S’Z{ = (<Sd1 ) Sd’1>) = (<S[o.7 , 0.9], 5[0.05 , 0.1]>)

(<Sd2 ) Sd’2>) = (<5[0.5 , 0.7, 5[0.1 , 0.3]>

(«

)
§d3 R Sdg>) = (<S[o.4 , 0.5], 5[0.3 , 0.5]>)
Sz = <<5d4 ; Sd§1>) = (<S[0 J0, S, ”>>

be the second General linguistic interval valued intuitionistic fuzzy soft expert
term. After assessement of available Teams or alternatives, The experts constructs the
following GLIVIFSE matrixes M(9) = [Si(;-])] , (g =1,2,3) as given in following Tables. Table
# 1, Table # 2, and Table # 3.

Step 1: There is no need to do the normalization process on atributes, as all of
these attributes are of same kind.

Step 2: Since the weight vector is associated with expert (decision makers) is
already normalized so there is no need to put any operation on it.

Step 3: General linguistic interval valued intuitionistic fuzzy soft matrix M4 pro-



vided or given by experts E1, Eo , E3. Here we have t = 6,

Table 1

and t =4
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General linguistic Interval valued intuitionistic fuzzy soft expert Analysis Matrix

MO provided by Expert or decision makes E1, Ey, E3 about the attributes Aj , Ay  Ag of

all the teams Ty , Tpz , Trgrespectively.

Aq A, Aj
- <5m6 0.7, Spo.1 03> <5m3 0.4, So.2 04> <5m7 0.8, Sjo.1 oz>
" <5m4 0.5, S0.3 om> <Sm4 0.5, 0.3 05> <505 0.7, Sio.5 01>
- <Sm7 08, Sjo.1 0. <5m5 05, Sjos o5> <Sw6 07, Spo1 03>
v <5m4 0.5, S0.3 om> <5m4 0.3, 0.3 05> <504 0.3, 0.3 05>
Tro <5m6 0.7, Spo.1 03> <503 0.4, So.2 o4é <Sm6 0.7, Sio.1 o3é

<5m4 05, So1 oa>

<So4 0.5], 5[03 0.5

Table number 2

<S[04 0.5, 503 0.5
Table 1

General linguistic Interval valued intuitionistic fuzzy soft expert Analysis matrix

M@ provided by Expert or decision makes E1, Eo, Es.about the attributes A; , Ay Az of

all the teams Ty , Tpz , Trgrespectively.
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Ay

Ay

Aj

Trv

<SD70& 50102>
<5m5 07, So1 oa>

<Sm4oa 5030

)
)

Si0.6 , 0.7, Sml 0.3]

Tpz

<5m4oa So304>
<Sm5 0.7], 501 oﬂ>

<Sm6 0.7], Sm1 0.3
¢

<5m40a 5030

)

(¢
<So4 05, Sjo3 , 03]
(s

<Sm5oa 50505>
<5m5 0.7], 501 oa>

5
Sio.6 0.7, Sm1 0.3
5
2

<507 0.8], Sml 0. >

<5m4 0.5], 503 0.5

)
)

< 0.6 , 0.7], Sml 0.3] ) s

<So4 0.5], Sm3 0.5]
[
<So4 0.5], 5m3 oa>

)
)
Slos , 0.5], Sms oa>»
)
)

Table 3

Table

General linguistic Interval valued intuitionistic fuzzy soft expert Analysis matrix

M(3)provided by Expert or decision makes Ei, Eg, Es.about the attributes A; , Ay As of

all the teams Ty , Tpz , Trgrespectively.

Table 3

A, A, As

Tos <5m6 0.7, So1 o3> <Sm7 08, S0 om> <5m5 05, S5 .m>,
<5m5 0.7], 501 03> <505 0.7], Sml 0$> <5m7 0.9], S[ . >
<Sm7 08, Spo1 02> <Sm6 07, So1 om> <Sm6 07, Spo1 o >,

r 55m5oﬂ Sio1 03] ; 5505 0.7, Sm1039 <<Sm7(m15[ . i
S5 0.5] Sm5 0. S5, 0.5, S[0.5 0.5] Sio7 08, Sj.1 0.2 )

i <Sw5 0.7], 501 03> <Sm5 &ﬂ,SmJ 03> <Sm7 &m,gm . >
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By using

S§ n /& ] @i . (G wi
n( (m(z))) B < m(z))
R i—1 t [ t

GLIVIFSEW A(S1, Sa, S3,....5,) =

Sgl n v nwion (v T
|;£I1< (WZ(Z))> ’zgl(nz(l)> }

Here we calculate the evaluated values given by all the experts E1,E2 and Eg , giving their

prefrences or opinons about the attribute A; of team Tjy.

S ' ,
< 6[1_(1_(%6)0‘25(1_%)05(1_%;6)025’1_(1_%7)0.25(1_%)05(1_%7)0.25} >

<SG[1—OA89163, 1—0.87496] SG[OA01667, 0410574]> )

<S4[0,011881, 0.162774] 84[0.0329, 0.08522] >

<S[0.65022, 0.75]75[0‘10002, O.6344]> )

<S[0‘47524, 0.651096]784[0.1316, 0.34087]>

Consider Team Tjy, Attribute As, Experts Eq1, Eo, E3
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[(%)0.25(%)045(%)0.25’ (%)0.25(%)0.5(%)0.25]

<S[0A55203, 0.6521] 7 56[0,118921, 0A2913]> ?

<S[0A4253, '0.55111]? 54[022795, 0.44006] >

Here we calculate the evaluated values given by all the experts E;,E2 and E3 , giving their
prefrences or opinons about the attribute As of team Tyy.

< 56{17(17%)0-25(1706%6)0‘5(17%65)0-25"17(17%)025(170%67)0'5(170?5)0‘25]7 >
Se

[(22)°% (22)°% (242)° %, (57)° 2 (o) (%)

<S[o.6005, '0.67611] 56[0.1495, 0420534]> J
<S[0.5022,' 0.6542] S4[0421779, 0.36371] >
Here we calculate the evaluated values given by all the experts E;,E2 and E3 , giving their

prefrences or opinons about the attribute Ay of team Tpy.
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[(%)0.25(%)045(%)0.25’ (%)0.25(%)0.5(%)0.25]

<S[0<5521,' 0.6521]7 56[0,17321, 0A2828]> ’

<S[044753, 0.651098]’ 54[0.13161, 0A34087]>

Here we calculate the evaluated values given by all the experts E;,E2 and E3 , giving their
prefrences or opinons about the attribute As of team Tpy

< SG|:17(17%)0‘25(17%)0-5(17%)0‘25; 17(170%)0.25(170‘#)0.5(17%)0,25]7 >
Se

ﬂ;‘o

[(%)0.25(%&)0‘5(%)0,257 ( .5)0,25(%)0.5(%)0.25]

<S[0.5752, '0.65069] 7 56[0.1495, 0.340897]> )
<S[o.4253, '0.55111] 7 54[0.22795, 044400559]>
Here we calculate the evaluated values given by all the experts E;,E2 and E3 , giving their

prefrences or opinons about the attribute As of team Tpy.
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1 0.5 0.5 0.1

)045( )0.25’ ( )0.25( )0.5( )0.25]

<S[0A5764, '0.60003] 7 S6 [0.22361, 0,3873]> ’

<S[0,4775, 0.604596] * S4[0A1917, 0A3344]>

Here we calculate the evaluated values given by all the experts E;,E2 and E3 , giving their

prefrences or opinons about the attribute A; of team Trg.

0.5

("

Se

17%)0.25(17

%§)0.25(1

6

[(%)0.25(

S4

0.1

I

N

)0.5(1

0.5
6

0.5

. )05(17

_05
6

)0.5(06%)0425’ (

0.5

4

)0.25(%)0.5(%)0.257 (

0.7

0.5

0.5

)0.25‘ 17(1

777)0,25(177)0‘5(1777

)0.25]7 > |

)0.25: 17(17%)0.25(17%7)0.5(17%7)0.25]7 >
>0.25]

0.3

T)0425(0%65)0.5(0;65)0.25]

0.3

. 0.3
4

)0.25(T)0.5(%

<S[0.5252, 0.55069] 7 56[0.3344, 0.4400558]> )

<S[0.4753,' 0.6511]° S4[0.1, 0.3] >

Here we calculate the evaluated values given by all the experts E1,E2 and Eg , giving their

prefrences or opinons about the attribute Ay of team T7q.
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0.5 0.3

)0.25( )0.5( )0.25]

<S[0A5525, 062796]756[0,17783, 0A29907]> ’

<S[o‘4253, '0.55110] 7 54[0422795, 0.440056) >

Here we calculate the evaluated values given by all the experts E;,E2 and E3 , giving their

prefrences or opinons about the attribute Az of team T .

S ,
< 6[17(17%)0.25(17%)0.5(17% 7%1)0.25(17%)0‘5(17%)0.25] > |
S
B 6[(%)0.25(%)0.5(%)0425’ (%)0425(%)0.5(%)0.25]

704;4)025(17%4)0‘5(17

0.7
4

)0.25‘ 17(1

)025? 17(17%)0.25(17

0.5

4

)

)0A5(17%)0.25] ) >
)0.25]

(e

54 0.5

0.3 .
4

. 0.3
4

. 0.5
4

. .25
4

[( )0.25( )0.5(¥)0.257 ( )0.25( )0.5(04

<S[o.6252,'0.7252] ) 56[0.1, 0,2711]> ’

<S[0.4775,.046064] ’ 54[0.1917, 0.42045]>

Table 4
Collective General linguistic Interval valued intuitionistic fuzzy soft expert decision

matrix M, by using GLIVIFSEWA operators.
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S10.6005 0.6761], 5[0.1495 0.2053]>7

Sl0.5022 0.6542], 9[0.21779 0.3637]>

<S [0.5756 0.6009], S [0.2236 0. 3873]>

<S [0.4775 0.6046], S [0.1917 O. 3344]>

<5[o 6252 0.7252, S[o.1 0. 2711}>

<S 0.4775 0.6046], S[O 1917 0. 4205]>

Here we calculate the evaluated values given by all the expert E; , giving their prefrences
or opinons about the attribute A;, Ao, and Az of team Tyy.

Se

( 06502 0.3 (1 .0552 0.3 (1 _ 0.6005)0-4 ’
{ 075 0.3 0.652110.3 0.3761 0.4 }
< S0 > (1 - 252)°% (1 - ogzer) >
01000 01189)0~3 (0.1495 04
bl
{ 06344 02913 0.3 02053 0.4 }
- . 50 ()
Sy ’
(1 _ 0.4752\0.3 (1 0.4253)03 (1 . 0.5022)0-4 }
T4 4 J
0.3 0.3 0.4
< { 1 _“(1 06211) (1 _ 0.5211) (1 _ 0.64542) > |
PS40 01316108 02280108 (02178104
{ ((04§40!2)U3((0%1401))03((0%3637)047 }
4 1) (77 '

= (<S[o.6010, '0469122]’56[041237, o.3199]> ) <S[0.4712,.0.6227] ) 54[041898, 0.3777] >)

Here we calculate the evaluated values given by all the expert Eq , giving their
prefrences or opinons about the attribute A1, Az, and A3z of team T,,..

Aq As
- <5[0 65022 0.75], S[0.10002 0. 6344]> ; <5[0 5520 0.6521], S[0.1189 0.2913 >
U
<S 04752 0.6511], S[0.1316 0. 3409]> <S[o 4253 0.5511], S[0.2280 0.4401 >
- <S[o 5521 0.6521], S[0.1732 0. 2828]> ; <5[0 5752 0.6507), S[0.1495 0.34096] ) »
Pz
<5 0.4753 06511, S[0.1316 0. 3409]> Sio.a253 0.5511], S[0.2280 0. 4401
- <S 05252 05507, S[0.3344 0. 4401]> ; <S 05525 0.6280], S[0.1778 0. 2991
LQ
<S[0.4753 06511, S[0.1 o.3]> <5[0 4253 05511], S[0.2280 0. 4401]>
As




S6

S4

[ ¥

0.3 : 0.3 0.4
_ (1 _ 0.56521) (1 _ 0.5752 (1 _ 0.5756)

(1

6 6 6
0.3 0.3 04 7°
_ (1 _ 0.4153) 03(1 _ 0.4553) 03(1 _ 0.4275) y }
_“(1 _ 0.6211) . (1 _ 0.54511) - (1 _ 0.6246) . > |
Sy,

119

6 6 )
PR )

5o (0.1732)03 (0.1495)0-3 (0.2236)04
6 6 6 )
{ (0.2828)0-3 (0.3409)03 (0.3873)0-4 }

0.131610-3 10.228010-3 (0.1917)0.4
( 0451403 03( 0%1401) 03( 043344 04 }
(7)) (%) (B9)

<S[0456884; 0.6313]? 36[0,1237, 0.3199]> ’

<S[0.1835,.043392] ) 54[0.4613, 0.60247]>

Here we calculate the evaluated values given by all the expert E; , giving their prefrences

or opinons about the at

Hence ) < |
I <<

Tpz <

v |

S10.6010 0.6912], 5[0.1237 0.3199]>
5[0.4712 0.6227], 5[0.1898 0.3777)
5[0.5684 0.6313), 5[0.1835 0.3392]>
S10.4613 0.6027), 5[0.1803 0.3652]
3[0.5735 0.6442], 5[0.1707 0.3229)

<S[O.4613 0.6067], S[0.1661 0.3852]

tribute Aq, Az, and A3 of teamT .

< SG{1*(1*0'56252)0‘3(1*0'56525)0'3(1*0‘66252)0'4’ 17(170.5507)03(17%&)0-3(170.7252)0‘4]’

SG {( 0.3344 )0‘3(01&778 )0~3(%)0~4, (0‘45101 )0‘3(02%391 )0-3(026711 )0~4]

1_ 0.44753 )0-3(17 0.44253 )0-3(17 0.42175 )0-4: 17(17 0.65)11 )0»3(17 0.5211 )0-3(17 0.65)46 )0-4] ?

54[(%)0-3 ( 0.2280 )0-3(01}317 >0~4’ (%)03(0‘4‘;101 )0~3( 0.4205 )Oﬂ

<S[0.5735,.046442] ) 86[041707, 043229]> )

<S[O.4613,‘ 0.6067]? 54[0.1661, 0.3852]

:
)

)

~

Since for comparison of any two GLIVIFSESs we use score function so,

By using 7?7

7 <S> T O (1 (bt~
2 217

)
)
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g (STIU) - U{(6+O46010+0.691270.123770.3199) X<4+0.4712+0.622770.1898—0.3777
3(6 3(4)

= 5[( 6.8486 ) (4.5264)]
= 01[0.3805]x[0.3772]

& (STyy) = G0.1435)

4+40.461340.6027—0.1803—0.3652
x 3(2)

g (STPZ) = J[(6+0.5684+0.63?]).(36;0.183570.3392

= 010.37094] x [0.3765]

& (S1y1,) = G0.1397]

o (STLQ) = a[(6—0—0.5735—0—046442—0.1707—043229) « (4+0.4613+0.6067—041661—0.3852)]
2(6 2(4)

= 0'[647241]X[4.5167]
18 12

= 010.1406]
& (STyy) = G0.1435)
G (STp,) = F[0.1397]
7 (St1y0) = G0.1406]

Step 5: Rank all the Teams (alternatives) T;; ( Ty, Tpz , Trg ) according to score values
7(St,;) of the overall General Linguistic interval valued fuzzy soft expert preference values

as T[U > TLQ > Tpy.
Hence Islamabad United Team Performed the best.
In the above illustrated example we can use GLIVIFESEOWA operater, GLIVIF-

SEWG operater and GLIVIFSEOWG operaters by following the same steps.
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Chapter 6

Conclusion and Future Work

In this thesis, we have explored the decision-analysis problems under the GLIVIF-
SESs. Firstly, this thesis has represented the proper definition of General Linguistic Interval
Valued Intuitionistic Fuzzy Soft Expert (GLIVIFSESs) and then described some basic op-
erations and then operational laws defined on them. One of central features of GLIVIFSESs
is that it associates the advantages of 2-DLIFVs and IVFSESs in a particular formulation.
So, we are able to characterize ambiguous or fuzzy knowledge / information in a more
genuine and practical manner. GLIVIFSESs have the benefit over the current theories in
that it gives better results for each interval separately. This thesis has also developed a
comparative method for GLIVIFSESs by using the score and accuracy functions.

Moreover, we established numerous aggregational operators such that, the GLIV-
IFSEWA operator, GLIVIFSEOWA operator, GLIVIFSEWG operator, GLIVIFSEOWG
operator for accumulating GLIVIFSESs knowledge / information attained from several
sources. Additionally, on the basis of these operators, A decision analysis has been for-
mulated in this thesis, which is based on the knowledge submitted by the experts, which
is embodied in the form of GLIVIFSESs. In decision analysis defined structure that is
GLIVIFSESs is a flexible and more accurate for dealing with vagueness, obscurity, and un-
certainty than fuzzy sets. We have also presented a numerical example to illustrate how the
decision-analysis procedure is implemented in practice and to provide evidence to support
the validity of the newly developed approach. Furthermore, we have included a comparison
study between some of the newly developed strategies and existing procedures to illustrate
how they compare.

It will also be examined in the upcoming work or research how GLIVIFSESs are
applied in various fields. Moreover, we will take into account the comparative measure
among the experts or decision makers in order to examine the group decision analysis
problem with GLIVIFSE knowledge / information. Further, we intend to investigate the
distance and entropy measures related to this structure.
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